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On the Sensitivity of the 
Radial Mode Analysis (RMA) 
for the Experimental Evaluation 
of Sound Propagation in a 
Low-Pressure Turbine

The aeronautical industry is confronted with an increase in the volume of passengers 
and transported freight. While this tendency encourages the industry expansion 
and a further technology development, it brings along concerns related to the 
accomplishment of the noise standards dictated by the governing authorities. 
This situation is critical for citizens living close to airports, as they are increasingly 
affected by the noise exposure. This problematic is addressed by means of the 
development of innovative and low-emission aircraft propulsion solutions which 
demand, however, a deep understanding of the sound transport mechanisms 
taking place. Accordingly, the Institute of Turbomachinery and Fluid Dynamics 
studies the sound propagation through a low-pressure turbine with the purpose 
of developing quieter aircraft engines. In this regard, sound propagation is 
quantifi ed by means of the Radial Mode Analysis (RMA). Thus, the current work 
focuses on three central topics. In the fi rst place, the RMA is implemented for the 
quantifi cation of the associated acoustical mode amplitudes. The implementation 
of the RMA is achieved by means of a turbine-integrated rotating measurement 
unit. The development process associated with the device constitutes the second 
central topic. Thirdly, the RMA is optimized with respect to the quality of its output. 
To this end, a sensitivity analysis of the parameters which infl uence the overall 
error associated to the RMA is performed. The analysis concentrates on the effect 
of two data acquisition parameters: the number of triggered rotor revolutions 
and the circumferential spacing of microphones. The selected data acquisition 
parameters have an infl uence on the output of the RMA. A suffi cient number of 
circumferential measurement positions along with a specifi c quantity of triggered 
revolutions guarantee a low relative error of the circumferential mode amplitude. 
This knowledge is useful to defi ne the requirements for high-fi delity in axial 
turbomachinery in-duct acoustical measurements. 

Berichte aus dem Institut für 
Turbomaschinen und Fluid-Dynamik
Band 9/2016
Herausgeber: Jörg Seume





On the Sensitivity of the Radial Mode Analysis (RMA) for the
Experimental Evaluation of Sound Propagation in a

Low-Pressure Turbine

Von der Fakultät für Maschinenbau
der Gottfried Wilhelm Leibniz Universität Hannover

zur Erlangung des akademischen Grades
Doktor-Ingenieur

genehmigte Dissertation

von
Juan David Laguna Trujillo, M. Sc

geboren am 8. Januar 1985
in Bogotá, Kolumbien

2015



Schlagwörter:
Schallausbreitung, Turbine, Radialmodenanalyse (RMA), Sensitivitätsanalyse

Keywords:
Sound propagation, Turbine, Radial Mode Analysis (RMA), Sensitivity analysis

Vorsitzender: Prof. Dr.-Ing. Ludger Overmeyer
1. Referent: Prof. Dr.-Ing. Jörg Seume
2. Referent: Prof. Ph.D. Stéphane Moreau

Tag der mündlichen Prüfung: 17. Dezember 2015



Abstract
The aeronautical industry is nowadays confronted with an important increase in the
volume of passengers and transported freight. While this tendency encourages the in-
dustry expansion as well as further technology development associated with this branch,
it brings along serious concerns related to the accomplishment of the stringent noise
standards dictated by the governing authorities. This situation is especially critical for
citizens living close to airports, as they are increasingly affected by the noise expo-
sure. This problematic can be addressed by the development of innovative quiet and
low-emission aircraft propulsion solutions. The development of such propulsion units de-
mands however a deep understanding of the sound transport mechanisms taking place in
real turbomachinery. Accordingly, the Institute of Turbomachinery and Fluid-Dynamics
(TFD) studies the sound propagation through a low-pressure turbine with the purpose
of developing quieter aircraft engines. Sound propagation is thus quantified by means of
known established evaluation methods, one of these being the Radial Mode Analysis
(RMA).

The current work focuses on three central topics. In the first place, the RMA is
implemented for the quantification of the associated acoustical mode amplitudes. The
implementation of the RMA is achieved by means of a turbine-integrated rotating mea-
surement unit. The development process associated with the abovementioned measuring
device constitutes the second central topic. Thirdly, the RMA is optimized with respect
to the quality of its output for a single operating point (ṁ = 5 kg s−1, Ω = 3500 min−1).
To this end, a sensitivity analysis of the parameters which influence the overall error
associated to the RMA is performed. The analysis concentrates on the effect of two data
acquisition parameters: the number of triggered rotor revolutions and the circumferential
spacing of microphones.

The results of the present RMA exhibit an acoustical modal structure composed of the
modes m[1,0] and m[2,2] propagating at fBPF = 1750 Hz and at f 2BPF = 3500 Hz, respec-
tively. Regarding the selected data acquisition parameters, these do have an influence
on the output of the RMA. An increase of the circumferential angular spacing (more
azimuthal measurement positions) results in a decrease of the relative error associated
to the circumferential mode amplitudes. In this way, a sufficient number of circumfer-
ential measurement positions assures a low relative error of the circumferential mode
amplitude. This is only true if the number of triggered revolutions is high enough. The
sensitivity analysis shows that only a sufficiently high number of triggered revolutions
ensures satisfactory results independent of the circumferential mode order. As such, a
realistic measurement setting for future experiments should be performed with maximal
circumferential resolution (∆ϕ = 1°) and at least N = 50 triggered revolutions. In this
way, relative errors below 10% should be expected.





Zusammenfassung

Die Luftfahrtindustrie wird heutzutage mit zunehmenden Passagierzahlen und steigen-
dem Volumen zu transportierender Fracht konfrontiert. Während diese Tendenz eine
formschlüssige Industrieexpansion sowie weitere verbundenen Technologieentwicklungen
fördert, führt sie unmittelbar zu Emissionsanstiegen. Dabei sind insbesondere die Lärme-
missionen in der Umgebung von Flughäfen eine große Belastung für Mensch und Umwelt.
Die Entwicklung leiser und emissionsarmer Flugantriebe könnte zur Beseitigung dieser
Problematik führen. Die Entwicklung solcher Flugantriebe erfordert jedoch ein tiefes
Verständnis der in realen Turbinen wirkenden Schalltransportmechanismen. Dazu wer-
den am TFD experimentelle Untersuchungen zur Schallausbreitung in Niederdrucktur-
binen durchgeführt. Ziel ist es, durch die Optimierung und Weiterentwicklung bereits
existierender Mess- und Auswertungsmethoden sowie durch das Anpassen geeigneter
akustischer Messtechnik, solche Untersuchungen zu ermöglichen. Die Quantifizierung
des sich im Turbinenkanal ausbreitenden Schallfelds erfolgt mittels eines empirischen
Analyseverfahrens, der Radialmodenanalyse (RMA).
Die vorliegende Arbeit konzentriert sich auf drei zentrale Themen. Zunächst wird

die RMA zugleich mit der notwendigen akustischen Messtechnik implementiert, um
Rückschlüsse auf die dominanten Schallfeldanteile ziehen zu können. Dies erfordert die
Entwicklung einer drehbaren Messeinheit, die in den Turbinenkanal integriert werden
kann. Der auf die Messeinheit zugeschnittene Entwicklungsprozess stellt den zweiten
Schwerpunkt dieser Arbeit dar. Schließlich ist eine Optimierung der RMA vorgesehen.
Dazu wird die Sensitivität der RMA auf zwei Datenaufnahme-Parameter analysiert,
die die Qualität und den Gesamtfehler der Messmethode beeinflussen. Diese Parameter
sind die Anzahl getriggerter Umdrehungen und der Abstand bzw. die Auflösung der
Umfangsmesspositionen. Die durchgeführte Sensitivitätsanalyse der gemessenen experi-
mentellen Daten dient dazu, eine optimale Kombination für die jeweilige Messsituation
bestimmen zu können.

Die Ergebnisse der RMA weisen in diesem Fall auf ein akustisches Feld hin, das aus
den sich ausbreitenden Moden m[1,0] und m[2,2] zusammengesetzt ist. Das akustische
Feld breitet sich bei den tonalen Frequenzen fBPF = 1750 Hz und f 2BPF = 3500 Hz.
Die ausgewählte Datenerfassungsparameter spielen eine entscheidende Rolle in Bezug
auf die Ergebnisse der RMA. Eine Erhöhung der Auflösung der Umfangsmesspositio-
nen führt zu einer Reduzierung des relativen Fehlers der modalen Umfangssamplituden.
Dazu gewährleistet eine ausreichende Anzahl von Umfangsmesspositionen einen niedri-
gen relativen Fehler. Dies gilt nur, wenn die Anzahl der getriggerten Umdrehungen hoch
genug ist. Basiert auf die zuvor gewonnenen Erkenntnisse, ein realistischer Messaufbau
für zukünftige Versuche mittels der RMA sollte mit einer maximalen Umfangsauflösung
(∆ϕ = 1°) und mindestens 50 getriggerte Umdrehungen durchgeführt werden.
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t s Time
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V Orthogonal transposed matrix
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1 Introduction

The first commercial jet flight took place in the early 1950s (Mensen 2003). In May 1952,
the British de Havilland Comet jet airliner departed from London flying to Johannes-
burg as its final destination. This historical milestone was a result of many technological
advances that had taken place over several decades, including the development of flight
aerodynamics, propulsion, and navigation systems. Despite these advancements, the
early Comet was involved in a series of accidents as a result of fuselage structural prob-
lems, severely damaging both the company’s image and the machine’s reputation. This
prevented the commercial flight industry to quickly rely on jet propelled aircrafts. De-
spite this fact, in October 1958, the Pan Am jet passenger airliner Boeing 707, equipped
with four JT3D Pratt & Whittney turbojet engines, took flight and proved over the
years, to be highly reliable with respect to operation and maintenance (Price 1967).
Consequently, the commercial feasibility of jet transport was finally confirmed.

The growing popularity of jet transport initiated by the introduction of the Boeing
707 turbojet was, however, accompanied by numerous complaints about noise emissions
from residents in neighborhoods around airport areas (Galloway and Von Gierke 1966,
Beranek 1969). Particularly in the United States, many airports were confronted with
legal actions from those communities even before the corresponding permissions to begin
jet aircraft operations were granted. In 1968, a report regarding the aircraft noise prob-
lem was presented by the Aeronautics and Space Engineering Board (ASEB 1968), an
american governmental agency established in 1967 with the task of introducing appro-
priate aerospace policies and programs. Within this report, the increase in noise levels
with the introduction of each successive new aircraft generation was documented. A se-
ries of quantitative results was obtained in terms of the maximum perceived noise levels
(PNL)1 for a Douglas DC-3 propeller-driven airplane (year of introduction into airline
service, 1936) and a Boeing 707-120. The measured PNL of both airplanes showed a
difference of 31 PNdB and 21 PNdB during take-off and approach, respectively. These
figures strengthened the argument that commercial jets exceeded the usual noise lev-
els emitted by other types of aircrafts (propeller-driven and piston-powered machines).
At the same time, they justified the rejection of communities close to airports to the
introduction of the new type of jet transport.

The negative community reaction to the new jet transport era was and still is sup-
ported by several medical and psychological studies which describe the effects of noise on
human beings. Those effects include cardiovascular disease, disruption of rest and sleep,
changes in auditory threshold, tinnitus, irritation, general mental distress and losses in

1 Scale reflecting the human annoyance to emitted aircraft noise at different frequencies (Smith 1989,
Kryter 1960). The perceived noise level is expressed in units of PNdB.
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1 Introduction

work capacities, among others (Cohen 1969, Jansen 1969, Franssen et al. 2004, WHO
2011). In order to reduce or at least prevent the adverse effects of noise on exposed
populations, a series of noise goals and guidelines were recommended during the years
following the introduction of the turbojet engine (ASEB 1968, EPA 1971). Some of these
recommendations regarding the improvement of environmental performance of aircrafts
have materialized through the standards, policies and guidance material prepared by the
ICAO (International Civil Aviation Organization) over the past forty years. Specific
noise certification standards aimed at reducing noise at the source are given in Annex
16 (ICAO 2008). They intend to ensure that the most recent noise reduction technology
is incorporated into aircraft design. The incorporated noise reduction technology should
allow normal everyday operation and guarantee a proven quantitative noise reduction
around airports (ICAO 2008).

The quantitative noise reduction mandated by the aforementioned legal regulations
has been achieved over the last few decades through the introduction of various airplane
noise-reducing features. These include, among others, the increase of the engine bypass
ratio, defined as the ratio of the mass flow through the fan to the air volume flowing
through the core engine (Wilson and Korakianitis 1998). Higher bypass ratios contribute
to lower jet exhaust velocities, thus generating reduced jet noise levels while maintaining
the same level of thrust (Martens 2002). Further noise reduction solutions comprise the
use of acoustical linings, (Bräuling 2009) core serrated nozzle designs which are better
known as Chevron nozzles (Bartlett et al. 2004, Reed et al. 2006), and active noise
control (ANC) mechanisms (Tapken et al. 2001, Enghardt et al. 2009).

Public concern is expected to grow with the projected increase of general aircraft
traffic in the years to come. This in spite of the technological achievements developed
by the aeronautical industry and the research community to meet the stringent noise
standards derived from noise certification processes. New aircraft will be put into service
as well as more departures and landings are expected, with an associated increase in the
volume of passengers and freight (Airbus 2013, Boeing 2013). The number of passengers
on commercial flights, for example, has been growing at an almost constant annual rate
of 6% over the past four decades. This trend will continue - at lower levels - but still
close to 5% annually (Airbus 2013). This aggravates the general aircraft noise problem,
as residents close to airports are to be increasingly and more frequently exposed to it.

The research cluster "Bürgernahes Flugzeug" (BNF - citizen-friendly airplane) was
launched in July 2009 with the aim of addressing this problem. This joint research ini-
tiative of the Braunschweig University of Technology (TU Braunschweig), the German
Aerospace Center (DLR–Deutsches Zentrum für Luft- und Raumfahrt), and the Leibniz
Universität Hannover (LUH), aims at developing the basic technology required to ma-
terialize the future of inter-European air transportation (Hummel 2012). This future is
based on the vision of providing people with efficient point-to-point connections from
small airports close to cities, while considerably reducing the negative impacts on cit-
izens caused by noise and emissions. In order to accomplish this vision, the research
cluster focuses its efforts on the development of new aircraft design concepts such as
lightweight airframe designs, innovative flight system technologies, and new quiet and
low-emission propulsion solutions (Bartelt and Seume 2011).
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Regarding the latter of the aforementioned concepts, the Institute of Turbomachinery
and Fluid-Dynamics (TFD) at the LUH experimentally investigates the sound propaga-
tion through a Low-Pressure Turbine (LPT) with the aim of developing quieter aircraft
engines (Bartelt et al. 2013). However, the development of such alternatives requires a
detailed study and consequent understanding of the sound transport mechanisms taking
place within such a complex system. In order to attain this understanding, a series of
experimental measurements focused on the in-duct sound propagation are conducted
on a model air turbine, by applying appropriate sound field decomposition techniques.
In this way, the spatio-temporal structure of the acoustic field propagating within the
turbine can be identified. Therefore, the following objectives and the associated tasks
can be established for the current thesis:

• Implementation, optimization and further development of already existing acous-
tical measurement and analysis methods suitable for sound propagation in axial
turbomachinery. In this respect, a series of acoustical field decomposition tech-
niques denominated as direct methods (Holste 1995) have proven to be suitable
for sound propagation analysis in axial turbomachinery. Among the already exist-
ing methods, the Radial Mode Analysis (RMA) is considered for implementation
in this work. The RMA is a well-established evaluation technique developed by
the DLR (Holste and Neise 1992) to quantify the sound transmission of the dis-
crete tonal noise components present in turbomachinery and propagating at the
Blade-Passing Frequency (fBPF). The method resolves the sound field as a super-
position of acoustical modes, i.e., space and time varying sound pressure patterns.
In this way, a complete representation of the turbine in-duct sound field can be
established. Complementary to the further development of the RMA, the imple-
mentation of the appropriate acoustic instrumentation required for such studies is
envisaged as well.

• Detailed measurement concept for sound transport measurement in high resolu-
tion. The implementation of the RMA for the intended sound propagation studies
requires the development of a measurement unit, integrated into the model air
turbine flow channel. As a result, a rotating measurement unit equipped with con-
denser microphones is proposed as test carrier for the detection of the in-duct
propagating acoustical structure.

• Sensitivity study of the already existing analysis methods for turbomachinery acous-
tical studies. A potential for improvement related to the quality of the results
derived from the RMA was identified, suggesting the possibility to optimize this
existing method. This conclusion derives from the fact that recent studies related
to the RMA focus mainly on this aspect rather than on technical implementation
details. Numerical studies carried out by Tapken and Enghardt (2006) and Tapken
et al. (2008) pointed out the dependence of the RMA output on operating, data
acquisition and sensor-related parameters. Despite of the relevance of the results
from these investigations, there have been no experimental studies of the influence
of such variables on the outcome of the RMA so far.
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1 Introduction

Based on the latter item, the present research examines the influence of selected
data acquisition parameters on the RMA output. This study is based on sound pres-
sure measurements performed by the aforementioned instrumented rotating-ring system
designed for this purpose. The measurement variables taken into account are: (1) the
circumferential spacing of the measuring positions, and (2) the number of rotor-triggered
revolutions. Both parameters are varied accordingly, allowing to analyze the impact of
the performed variations on the output of a measurable quantity, namely, on the sound
pressure amplitude of the circumferential modes. Measurements are done under realistic
turbine-related conditions including swirling flow, typical operating temperatures and
pressures and a single-stage blade configuration.

This approach is useful for several purposes. First, it provides a sensitivity analysis to
determine the impact of data acquisition parameters on in-duct acoustical measurements.
This is meaningful for planning and implementation of an experimental measurement
campaign, which ensures minimal uncertainty in the obtained results. Additionally, an
order of magnitude of the expected measurement error from the RMA can be estab-
lished, allowing a careful experimental design as well as a detailed selection of proper
measurement parameters. Finally, this knowledge can be used to define optimum ranges
for the data acquisition parameters previously listed.

Having established the scope and main objectives of the present research work and
following this introduction, Chapter 2 lays out the theoretical principles related to in-
duct and axial turbomachinery sound propagation. A review of several measurement
techniques developed during the last four decades for the study of sound propagation
in ducts and in axial turbomachinery is presented in Chapter 3. The theoretical aspects
and practical application of the RMA are emphasized. Additionally, studies related to
its sensitivity to operating and measurement variables are presented as well. Chapter
4 is concerned with the TFD low-pressure multistage air tubine test rig. In the con-
text of this chapter, the experimental setup is presented along with the instrumented
rotating-ring used for the in-duct acoustical analysis. The results derived from the RMA
for a single-stage turbine configuration and for a selected operating point are presented
and discussed in Chapter 5. The propagating acoustical modes are identified and subse-
quently the circumferential and radial amplitudes corresponding to the aforementioned
modes are determined. Chapter 6 presents and discusses the results derived from the
sensitivity analysis along with the validation of a simulation routine previously devel-
oped to predict the influence of varying measurement and operating parameters on the
output of the RMA. This validation is carried out by comparison with the experimental
results previously obtained from the turbine measurements. The present document is
finalized by presenting the conclusions derived from the performed work along with a
series of suggestions for further work.
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2 Theoretical Principles of the
Sound Propagation in
Turbomachines

As stated in the introduction of the present document, the focus of the current research
is to determine the influence of data acquisition parameters on the output of the Radial
Mode Analysis (RMA). However, an adequate interpretation of the experimental results
derived from the RMA demands a good understanding of the underlying principles of
sound propagation within axial turbomachines. As a consequence, within the scope of
this chapter, several fundamental topics related to sound propagation are discussed.
The chapter starts with the derivation of the acoustic wave equation. This is followed
by a discussion of particular cases involving its application and solution for cylindrical
geometries. In this respect, special attention is paid to sound propagation in circular
and annular geometries, as in general, turbomachinery flow passages feature both cross-
sections. Finally, tonal and broadband noise along with rotor-stator interaction and
turbomachinery specific sound field structures are presented.

2.1 Mathematical model of the acoustic wave
propagation

Among the broad range of disciplines of classical mechanics, aeroacoustics deal with
sound generated aerodynamically, either by turbulent fluid motion or by aerodynamic
forces interacting with surfaces (Beranek 1969, Delfs 2011). Within the physical proper-
ties most frequently occurring in fluid mechanics, those directly related to viscous and
inertial effects contribute to pressure fluctuations within the flow field. Viscous effects
are reflected on the elasticity of the fluid, quantified by the bulk modulus K, a measure
of the fluid reaction to compression. Additionally, inertial effects are quantified by the
mass of the air molecules and its resistance to be displaced from their rest position. Be-
cause of these two properties, pressure disturbances take place once air molecules are put
into motion as a result of aerodynamic forces (aeroacoustics) or externally applied forces
or motion (classical acoustics). Those fluctuations are transmitted to the surrounding
medium, i.e., to the adjacent air molecules and propagate as sound waves away from the
excitation source.
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2 Theoretical Principles of the Sound Propagation in Turbomachines

The sound propagation process is therefore caused by the small perturbations in the
flow about a mean reference value. The physical processes taking place can be described
by the acoustic wave equation, which is in turn derived from the classical conservation
equations of the fluid mechanics. In this respect, and considering that aeroacoustics are
related to sound propagation through fluids with low dynamic viscosity (µ = 2·10−5 Pa s)
and thermal conductivity (λ = 2.4 · 10−2 W m−1 K−

1), both effects can be neglected
(Goldstein 1976), thus allowing the quantification of the flow fluctuations by means of
the continuity (cf. Eq. 2.1) and Euler equations (cf. Eq. 2.2) in vector notation:

∂ρ

∂t
+∇ · (ρv) = 0 (2.1)

ρ

(
∂v
∂t

+ (v · ∇) v
)

+∇p = 0 (2.2)

The variable ρ represents the fluid density, v is the velocity vector of the fluid and p
its pressure. Both expressions are defined for the Cartesian spatial coordinate system
(x, y, z) (cf. Fig. 2.1).

x

z

y

r

Pϕ

(x, y, z) (x, r, ϕ)/

Ri

Ro

Figure 2.1: Representation of a point P in a concentric duct in Cartesian and cylindrical
coordinates

Following the wave equation derivation approach of Ehrenfried (2004), both conservation
equations (Eqs. 2.1 and 2.2) are first linearized. This requires the distinction of the
intrinsic flow field magnitudes from those exclusively related to the acoustic phenomena.
This is done by replacing all flow variables (p, ρ,v) present in the conservation equations
by a small unsteady perturbation (p′, ρ′,v′) superposed to steady mean values (p0, ρ0,v0):

p = p0 + p′ (2.3)

ρ = ρ0 + ρ′ (2.4)

v = v0 + v′ (2.5)

In this way, all flow variables are constituted by a mean steady value plus a small
and unsteady perturbation. For the velocity decomposition (cf. Eq. 2.5), it will be first
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2.1 Mathematical model of the acoustic wave propagation

assumed that the fluid is in rest (v0 = 0). This assumption is however not realistic
when considering turbine flow. As a way to overcome this limitation, the results of this
section are complemented with the representation of the acoustic wave equation under
the assumption of uniform flow in Sec. 2.3. The expressions including the mean values
of the variables superposed by the unsteady fluctuations are accordingly substituted in
the conservation equations (Eqs. 2.1 and 2.2). Products between unsteady fluctuations
are considered to be very small and are therefore neglected, resulting in the expressions:

∂ρ′

∂t
+ ρ0∇ · v′ = 0 (2.6)

ρ0
∂v′

∂t
+∇p′ = 0 (2.7)

The set of resulting equations describe the small fluctuations of a steady inviscid mean
flow in terms of the flow variables pressure, density, and velocity. In this respect, and
in order to establish a single expression for the fluctuating sound pressure p′, the time
derivative of Eq. 2.6 is determined accompanied by the calculation of the divergence of
Eq. 2.7. This procedure results in the following equations:

∂2ρ′

∂t2
+ ρ0∇ ·

(
∂v′

∂t

)
= 0 (2.8)

ρ0∇ ·
(
∂v′

∂t

)
+∇ · (∇p′) = 0 (2.9)

Both equations are subtracted, giving rise to the expression:

∂2ρ′

∂t2
−∇2p′ = 0 (2.10)

with∇2 representing the Laplace operator. To account only for the acoustical phenomena
within the inviscid flow field, a separate equation for the pressure perturbation has to
be established. This is necessary, since Eq. 2.10 still comprises two fluctuating flow
variables. A single dependent variable differential equation is established by setting a
mathematical relationship between density and pressure. This is accomplished with a
Taylor series expansion, in which the fluctuating pressure as a function of density is
represented as an infinite sum of terms, calculated from the function’s derivative at an
specific point:

p(ρ) = p0 + p′ = p0 +
∂p

∂ρ

∣∣∣∣
ρ0

ρ′ +
∂2p

∂ρ2

∣∣∣∣
ρ0

ρ′2

2
+ ... (2.11)

Higher order terms are dropped, resulting in a relationship between two state variables
and the speed of sound, which is defined according to Spurk and Aksel (2010) as:

a2 =

(
∂ρ

∂p

)−1

(2.12)
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2 Theoretical Principles of the Sound Propagation in Turbomachines

In this way, the resulting expression turns out to be the fluid equation of state for an
isentropic gas, in which the pressure varies only with the fluid density:

p′ = a2ρ′ (2.13)

The acoustic wave equation is finally established by inserting Eq. 2.13 in the previously
linearized pressure-density relationship (cf. Eq. 2.10):

1

a2

∂2p′

∂t2
−∇2p′ = 0 (2.14)

The acoustic wave equation describes the sound propagation in a geometry defined by
the Cartesian coordinate system (x, y, z), in which no air flow is present.

2.2 Acoustic wave equation in cylindrical coordinates

The linearized acoustic wave equation represents the starting point of any analysis re-
lated to sound propagation. Its importance lies in mathematically defining the time
and space variation of sound pressure. As such, an analytical solution of the acoustic
wave equation leads to a clear representation of the distribution and time history of
the sound pressure within defined spatial boundaries. Those boundaries are chosen to
be a straight, hard-walled concentric cylindrical duct, as represented in Fig. 2.1. These
geometrical attributes resemble the flow channel of an axial turbine. In the sections to
follow, the mathematical background of the sound propagation within cylindrical geome-
tries is presented and discussed previous to the introduction of the RMA. As previously
indicated, the sound propagation within axial turbomachinery is modeled by assuming
a cylindrical, hard-walled geometry. In order to adapt the sound propagation domain to
the existing mathematical model, an expression for the linearized acoustic wave equation
(cf. Eq. 2.14) in cylindrical coordinates (x, r, ϕ) has to be established. For this purpose,
two operators are introduced, the gradient (∇), and Laplacian (∇2) operators:

∇ =

(
∂

∂r
,
1

r

∂

∂ϕ
,
∂

∂x

)T
(2.15)

∇2 =
1

r

(
r
∂

∂r

)
+

1

r2

∂

∂ϕ2
+

∂

∂x2
(2.16)

The substitution of the Laplace operator (cf. Eq. 2.16) in Eq. 2.14 results in an expression
for the linearized wave equation in cylindrical coordinates, under the assumption of no
in-duct air flow:

1

a2

∂2p′

∂t2
− ∂2p′

∂x2
− 1

r

∂

∂r

(
r
∂p′

∂r

)
− 1

r2

∂2p′

∂ϕ2
= 0 (2.17)

A uniform air flow condition within the cylindrical duct may be accounted for the math-
ematical model under the following simplifications and assumptions:
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2.3 Solution of the acoustic wave equation for uniform flow

1. The air flow possesses a single axial mean velocity component v = (u, 0, 0), con-
stant everywhere.

2. The flow velocity is assumed to be subsonic, i.e., Max �1 (Max = u/a, Mach
number defined in axial direction).

3. No gradients of the speed of sound are considered to occur over the in-duct cross
section, i.e., the speed of sound a is constant.

4. Wall friction effects are neglected, i.e., no boundary layer effects are considered.

The incorporation of the previously listed assumptions in the mathematical model
requires the substitution of the time derivative in Eq. 2.17 with the material derivative,
expressed for the fluctuating sound pressure p′:

Dp′

Dt
=
∂p′

∂t
+ (v · ∇)p′ (2.18)

Thus, the linearized wave equation in cylindrical coordinates under the assumption of
uniform axial flow and in terms of the axial Mach number is:

1

a2

∂2p′

∂t2
+

2Max
a

∂2p′

∂x∂t
−
(
1−Ma2

x

) ∂2p′

∂x2
− 1

r

∂

∂r

(
r
∂p′

∂r

)
− 1

r2

∂2p′

∂ϕ2
= 0 (2.19)

2.3 Solution of the acoustic wave equation for
uniform flow

A solution for the wave equation of the form

p′(x, r, ϕ, t) = f(x)g(r)h(ϕ)eiωt (2.20)

is proposed. The solution approach is based on the method of separation of variables,
in which for each variable an independent function is determined. According to the
separation approach, all terms depending on the space coordinates (x, r, ϕ) have to be
individually isolated on one side of Eq. 2.20. In order to guarantee the validity of the
undertaken approach, both sides of the modified equation have to be constant. In this
way, a single partial differential equation (PDE) can be transformed into three ordinary
differential equations (ODE) with corresponding boundary conditions.

Starting with the circumferential variable ϕ, a close examination of Eq. 2.20 reveals
that after multiplying the whole expression with r2, the ϕ-only dependent term can be
moved to the right and set to be equal to a constant ν. This is possible due to the fact
that the function h(ϕ) is independent of r and x, as previously pointed out. Accordingly,
the ordinary differential equation for the function h(ϕ) is:

1

h(ϕ)

d2h(ϕ)

dϕ2
= −ν2 (2.21)
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2 Theoretical Principles of the Sound Propagation in Turbomachines

A similar procedure is performed for the x-only dependent terms, resulting in an ordinary
differential equation for f(x) of the form:

(
1−Ma2

x

) 1

f(x)

d2f(x)

dx2
− 2ikMax

1

f(x)

df(x)

dx
= −α2 (2.22)

in which k represents the wave number, defined as the ratio of the angular frequency
to the speed of sound, k = ω/a. For the remaining variable r, a direct derivation of an
independent function for g(r) is not possible, since two terms of the partial differential
equation depend on r. To overcome this situation, g(r) is written in terms of the unknown
constants ν and α. After reorganizing, the ODE for g(r) is expressed as

r2 1

g(r)

d2g(r)

dr2
+

1

g(r)

dg(r)

dr
+ r2β2 − ν2 = −α2 (2.23)

with β2, the radial wave number (Nijboer 2001), defined as

β2 = k2 + α2 (2.24)

In this way, the governing equations for the space coordinates x, r, and ϕ and their
respective functions f(x), g(r), and h(ϕ) are defined. The solution for each ordinary
differential equation is separately covered in the sections to follow.

2.3.1 Circumferential sound pressure distribution

A proposed solution for the ODE for ϕ (Eq. 2.21) is a function of the form e±iνϕ,
specifically:

h(ϕ) = A1e−iνϕ +B1eiνϕ (2.25)

Since the solution for the circumferential pressure distribution has to be valid for a
cylindrical axisymmetric geometry, it is reasonable to consider the establishment of a
periodic boundary condition. This boundary condition guarantees the periodicity of the
circumferential sound field and is expressed in terms of the following equations:

h(ϕ) = h(ϕ+ 2π) (2.26)

h(ϕ)

dϕ
=
h(ϕ+ 2π)

dϕ
(2.27)

Both boundary conditions can only be fulfilled if the solution is a periodic function with
an arbitrary integral number of periods ν around the physical domain circumference.
In the related literature (Carolus 2013, Ehrenfried 2004), the constant ν is denoted by

m and referred to as circumferential mode order. It defines the number of sound pressure
periods taking place in the circumferential direction and is mathematically expressed as:

ν = m ∈ N (2.28)
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2.3 Solution of the acoustic wave equation for uniform flow

Equation 2.25 stands for the circumferential sound propagation in counterclockwise or
positive direction (first term) and clockwise or negative direction (second term). The
inclusion of negative integrals for the circumferential mode order simplifies Eq. 2.25 to:

h(ϕ) = A1e−imϕ (2.29)

2.3.2 Radial sound pressure distribution

The function g(r) mathematically describes the sound propagation in radial direction.
It is determined by first rearranging Eq. 2.23 to

r2d
2g(r)

dr2
+ r

dg(r)

dr
+ (r2β2 − ν2)g(r) = 0 (2.30)

with the substitutions

s = βr (2.31)

and ν = m (cf. Eq. 2.28). Equation 2.30 resembles a Bessel differential equation, found
in the literature as (Abramowitz and Stegun 2007):

s2d
2f(s)

dr2
+ s

df(s)

dr
+ (s2 −m2)f(s) = 0 (2.32)

The general solution of the Bessel differential equation is

f(s) = A2Jm(s) +B2Ym(s) (2.33)

where Jm and Ym are the ordinary Bessel and Neumann functions, respectively. The
order of each function is given by m. A2 and B2 are unknown constants. The first four
Bessel functions J0, J1, J2, and J3 as well as the first four Neumann functions Y0, Y1, Y2,
and Y3 are sketched in Figs. 2.2 and 2.3, respectively. It can be noticed that J0 resembles
a damped cosine function, whereas higher order Bessel functions are similar to damped
sine functions. Neumann functions present a comparable harmonic damping behavior,
but in contrast to the Bessel functions, they exhibit a singularity at the origin (s = 0).
The general solution f(s) can be adapted to the initially given ODE, Eq. 2.30 using the
above established substitution, Eq. 2.31. The result is summarized as follows

g(r) = A2Jm(βr) +B2Ym(βr) (2.34)

and given in terms of the constant β. The determination of the unknown constants
β, A2, and B2 requires the establishment of appropriate boundary conditions and the
distinction of two geometrical cases. The considered geometries are a cylindrical duct of
radius Ro and an annular duct, also of external radius Ro, with a co-axially integrated
inner cylindrical body of radius Ri. Both cases are discussed separately (cf. Fig. 2.1).
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Figure 2.2: Bessel function Jm plot for integer orders m = 0, 1, 2, and 3
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2.3 Solution of the acoustic wave equation for uniform flow

Circular cross-section

Since the duct surface is assumed to be rigid, the particle velocity in radial direction u′r
(cf. Fig. 2.1) should vanish at the duct wall. This is mathematically expressed as:

u′r(Ro) = 0 (2.35)

As a consequence, the sound pressure gradient normal to the wall takes a value of zero,

∂p′

∂r
|r=Ro = 0 (2.36)

resulting in the boundary condition:

dg(Ro)

dr
= 0 (2.37)

A further boundary condition has to be established, as two unknowns have to be deter-
mined. However, the second boundary condition cannot be directly deduced from geo-
metrical considerations, but instead is set by examining the Neumann function waveform
(cf. Fig. 2.3). At s = 0, the Neumann function presents a singularity, i.e., the function
is discontinuous at its origin. This means, in a formal sense, that a solution at r = 0,
in which B2 6= 0 (cf. Eq. 2.34), would lead to a nonphysical solution, as a result of
the singularity at this location. Considering this, for the case of a cylindrical duct, the
Neumann function is assumed to vanish, resulting in a value of zero for the constant B2.
Applying this derived result, the function R(r) is reduced solely to the Bessel function

g(r) = A2Jm(βr) (2.38)

Based on this result, the derivative of g(r) represents the second and last boundary
condition required for the determination of the unknown constants:

J ′m(βr)|r=Ro = 0 (2.39)

As shown in Fig. 2.4, the derivative of the Bessel function Jm oscillates about zero. This
fact is a direct consequence of the infinite local extrema present in the Bessel function Jm.
As a result of this, an infinite number of β-values which fulfill the boundary condition in
Eq. 2.39 can be chosen. For future reference, the derivatives of the Bessel and Neumann
functions are defined by the following identities as a function of the radial wave number
β, renamed as β[mn], according to Abramowitz and Stegun (2007):

J ′m(β[mn]r) =
1

2
[Jm−1(β[mn]r)− Jm+1(β[mn]r)] (2.40)

Y ′m(β[mn]r) =
1

2
[Ym−1(β[mn]r)− Ym+1(β[mn]r)] (2.41)
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Figure 2.4: Bessel function derivative J ′m for the integer orders m = 0, 1, and 2

The positions of the local extrema are arranged according to their order of appearance
along the s-axis (cf. Fig. 2.4). These positions are consecutively numbered with an integer
n = 0...∞. Accordingly, the local n-th extrema of the m-th order Bessel function is
identified by the variable s[mn], the eigenvalues of the radial sound pressure function
g(r), defined analog to Eq. 2.31 as

s[mn] = β[mn]r (2.42)

In this way, the solution to the ODE describing the radial behavior of the sound pressure
is complete, except for the amplitude A2, which is simply regarded as a scaling factor.

Annular cross-section

An annular-duct geometry resembles the flow channel of an axial turbomachine. The
annular duct is formed by two coaxial cylinders, an external and an internal one with
radius Ro and Ri, respectively (cf. Fig. 2.1). In this particular case, two Neumann
boundary conditions arise based on the magnitude of the particle velocity u′r:

u′r(Ro) = 0, u′r(Ri) = 0 (2.43)
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2.3 Solution of the acoustic wave equation for uniform flow

Analogous to the hollow cylinder case, the sound pressure gradient in radial direction is
zero at the outer and inner duct wall:

dg(r)

dr
|r=Ro = 0,

dg(r)

dr
|r=Ri = 0 (2.44)

As opposed to the previously discussed geometry, the solution of the ODE for g(r)
comprises a Bessel function of the first kind as well as a Neumann function, also known
as Bessel function of the second kind:

g(r) = A2Jm(β[mn]r) +B2Ym(β[mn]r) (2.45)

Alternatively, g(r) can be written in terms of an amplitude factor Q[mn], defined as the
ratio of the constant B2 to A2, Q[mn] = B2/A2, resulting in the expression:

1

A2

g(r) = Jm(β[mn]r) +Q[mn]Ym(β[mn]r) (2.46)

The determination of the constant β[mn] and the amplitude factor Q[mn] is performed by
first replacing Eq. 2.46 in Eq. 2.44. This results in the expressions:

d

dr

[
Jm(β[mn]r) +Q[mn]Ym(β[mn]r)

]
|r=Ro = 0 (2.47)

d

dr

[
Jm(β[mn]r) +Q[mn]Ym(β[mn]r)]

]
|r=Ri = 0 (2.48)

which are equivalent to:

J ′m(β[mn]Ro) +Q[mn]Y
′
m(β[mn]Ro) = 0 (2.49)

J ′m(β[mn]Ri) +Q[mn]Y
′
m(β[mn]Ri) = 0 (2.50)

Equations 2.49 and 2.50 represent a system of equations with two unknowns, β[mn] and
Q[mn]. The determination of both constants is accomplished by first eliminating Q[mn]

from Eq. 2.49:
Q[mn] = −

J ′m(β[mn]Ro)

Y ′m(β[mn]Ro)
(2.51)

The substitution of the right side of this expression into Eq. 2.50 results in:

J ′m(β[mn]Ri)Y
′
m(β[mn]Ro)− J ′m(β[mn]Ro)Y

′
m(β[mn]Ri) = 0 (2.52)

The derivatives of the Bessel and Neumann functions in Eq. 2.52 are afterwards substi-
tuted by the expressions in Eqs. 2.40 and 2.41, resulting in two general equations, one
for the amplitude factor Q[mn] and a second one for the determination of the constant
β[mn] and the corresponding eigenvalues s[mn]:

Q[mn] =
Jm+1(s[mn])− Jm−1(s[mn])

Ym−1(s[mn])− Ym+1(s[mn])
(2.53)
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2 Theoretical Principles of the Sound Propagation in Turbomachines

0 = [Jm−1(s[mn]σ)− Jm+1(s[mn]σ)][Ym−1(s[mn])− Ym+1(s[mn])]

− [Jm−1(s[mn])− Jm+1(s[mn])][Ym−1(s[mn]σ)− Ym+1(s[mn]σ)]
(2.54)

The variable σ in Eq. 2.54 is the hub-to-tip ratio, defined as the ratio of the duct inner
to outer radius (σ = Ri/Ro). The procedure to determine β[mn] and s[mn] is analogous
to that performed for the cylindrical geometry. To clarify this procedure, the right side
of Eq. 2.54 is equated to the variable Uσ

m(s[mn]) instead of being set equal to zero:

Uσ
m(s[mn]) = [Jm−1(s[mn]σ)− Jm+1(s[mn]σ)][Ym−1(s[mn])− Ym+1(s[mn])]

− [Jm−1(s[mn])− Jm+1(s[mn])][Ym−1(s[mn]σ)− Ym+1(s[mn]σ)]
(2.55)

The function Uσ
m(s[mn]) is plotted for m = 1 and σ = 0.5 (hub-to-tip ratio), as shown in

Fig. 2.5. The function has an infinite number of roots. These represent the eigenvalues
s[mn] required for the determination of the radial wave number β[mn].
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2.3 Solution of the acoustic wave equation for uniform flow
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2 Theoretical Principles of the Sound Propagation in Turbomachines

Additionally, Fig. 2.6 shows several eigenvalues for chosen mode combinations m and
n as well as for σ = 0...0.9. It can be noticed that a change in σ for low order mode
combinations moderately affects the magnitude of the related eigenvalues, whereas for
higher order modes, a pronounced increase of the eigenvalue’s magnitude is perceived
for a change in σ. Figure 2.6 is complemented by the representation of selected radial
pressure profiles for the specific mode combinations and the hub-to-tip ratios σ = 0.5
and 0.75, as shown in Fig. 2.7.

2.3.3 Axial sound pressure distribution
The proposed solution for the ODE representing the analytical sound pressure distribu-
tion in axial direction (cf. Eq. 2.22) takes the form:

f(x) = A3eiλ
+x +B3eiλ

−x (2.56)

Before establishing the complete solution to the axial function f(x), the value of the
constant λ in Eq. 2.25 is first determined. This is done by replacing Eq. 2.25 into Eq.
2.22, leading to the expression

λ2 − kMax
1−Ma2

x

λ− k2 −
α2

[mn]

1−Ma2
x

= 0 (2.57)

with α replaced by α[mn] and defined as

α2
[mn] = k2 − β2

[mn] (2.58)
after reorganizing Eq. 2.24. As reported by Hanson (1973), Zorumski and Lester (1974),
Schiffer (1976) and Hanson (1994), among others, the constant λ is known as axial
wave number. This constant will be denoted by k[mn] to highlight its dependence on the
mode orders m and n as well as to avoid confusion with the plane wave number k. The
quadratic expression presented in Eq. 2.57 is solved for λ, i.e., for k[mn], resulting in two
analytical expressions for the axial wave number

k±[mn] =
kMax ±

√
k2 − (1−Ma2

x)β2
[mn]

1−Ma2
x

(2.59)

with k+
[mn] and k

−
[mn] representing the downstream (i.e., in the same direction of the flow)

and the upstream axial wave numbers, respectively. This equation is relevant from the
point of view of the expected in-duct sound pressure field, since it analytically predicts
the axial propagation of specific mode combinations. Before proceeding to the discussion
related to the general propagating sound field structure, the general expression for the
sound pressure distribution in axial direction is rewritten in terms of the axial wave
number:

f(x) = A3eik
+
[mn]

x +B3eik
−
[mn]

x (2.60)
As previously indicated, the prediction of the in-duct propagating acoustical structure
is based on the numerical value of k[mn]. Further details related to this structure and
its relation to the axial wave number under the influence of turbine-related conditions
including swirling flow are discussed in Sec. 2.3.5, following the presentation of the
general in-duct sound pressure distribution.
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2.3 Solution of the acoustic wave equation for uniform flow

2.3.4 General in-duct sound pressure distribution

With the functions f(x), g(r), and h(ϕ) entirely established, each one is subsequently
replaced in the proposed general solution for the acoustic wave equation (cf. Eq. 2.20).
This leads to the general analytical expression for the in-duct pressure distribution for
a single frequency component ω:

p′[mn](x, r, ϕ, t) =
(
A3e

ik+
[mn]

x
+B3e

ik−
[mn]

x
)
g(r)A1e

−imϕeiωt (2.61)

Equation 2.62 presents a compact version of the previously stated equation, in which
the constants A1, A3, and B3 have been summarized in the constants A+

[mn] and A
−
[mn]:

p′[mn](x, r, ϕ, t) =
(
A+

[mn]e
ik+

[mn]
x

+A−[mn]e
ik−

[mn]
x
)
g(r)e−imϕeiωt (2.62)

Considering that the acoustic field prevailing inside a turbomachine is composed of
several superimposed space and time dependent sound pressure waves, a complete field
representation arises as a result of the addition of individual solutions. In this way, the
in-duct pressure distribution is characterized by the general expression

p′[mn](x, r, ϕ, t) =
∞∑

m=−∞

∞∑
n=0

(
A+

[mn]e
ik+

[mn]
x

+A−[mn]e
ik−

[mn]
x
)
g(r)e−imϕeiωt (2.63)

where p′[mn] is the sound pressure and A+
[mn] and A−[mn] are the complex radial mode

amplitudes. As stated before k±[mn] represent the axial wave number. Both parameters
are characterized by a (+) and a (−) sign. Both symbols account for the axial propagation
direction of the sound waves, which takes place both downstream and upstream of the
machine flow channel (cf. Fig. 2.8). Further variables include the angular frequency ω
and the time t. The radial dependent term g(r), representing the radial mode shapes,
i.e., the sound pressure distribution in radial direction with associated eigenvalues s[mn],
is the solution of the general m-th order Bessel differential equation (cf. Eq. 2.45).
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Figure 2.8: Direction of propagation of the radial modes in an annular duct geometry
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2 Theoretical Principles of the Sound Propagation in Turbomachines

The general analytical solution represents the sound field generated by an infinite
number of acoustical modes (m,n). Each mode combination (m,n) constitutes two sound
pressure waves with a common angular frequency ω and respective radial amplitudes
A+

[mn] and A−[mn]. Both waves can propagate in axial direction but in opposite senses.
While propagating, they rotate and displace radially as well. The ordered pair (m,n)
defines a specific acoustical mode. The index m (cf. Eq. 2.28) defines the number of
sound pressure cycles taking place in the circumferential direction. The index n, the
radial mode order, gives an indication of the sound pressure nodes (zero pressure zones)
present along the radial direction.

The general analytical solution (cf. Eq. 2.63) describes in a compact way the three-
dimensional and time dependent acoustical modal structure within a duct. This de-
scription is carried out through the decomposition of the complex sound field in three
elementary harmonic functions, each assigned to a specific space coordinate. Thus, a
complete definition of the in-duct sound field requires the specification of a few param-
eters, including the circumferential mode order m and the associated eigenvalues and
axial wave number for a single frequency or even for several frequencies, which implies
the superposition of each analyzed component. In order to illustrate the previous state-
ment, the modal structure of a selected mode mn[2,1] is represented schematically in Fig.
2.9.
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Figure 2.9: Schematic representation of an in-duct mn[2,1] acoustical mode
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2.3 Solution of the acoustic wave equation for uniform flow

A circumferential sound pressure pattern corresponding to the azimuthal mode order
m= 2 and representing the function h(ϕ) can be recognized. The pressure pattern rotates
about the x-axis with the frequency ω, featuring an overall quantity of two maximum
and two minimum peaks. Beside the circumferential wave form of the sound pressure,
the radial modal structure represented by the function g(r) is plotted. For this particular
case, a single zero-crossing along the duct radius is identified, which corresponds to the
magnitude of the radial mode order, in this case, n = 1. In axial direction, a single
wave propagating upstream is shown for a particular radial and circumferential position
as well as for an specific instant of time. This information is complemented by the
three-dimensional pattern shown at the bottom of Fig. 2.9 corresponding as well to the
analyzed mode mn[2,1] for the time t = 0. For this time instant, a set of spiral waves with
varying color patterns representing positive and negative sound pressure magnitudes can
be recognized.

With the aim of complementing the previously presented diagram, a cross-sectional
representation of the same mode for the time instant t = 0 and x = 0 is shown in
Fig. 2.10. The diagram originates from the product of circumferential and radial sound
pressure wave forms varying between ϕ = 0°...360° and r/R = 0...1. In order to clarify
the rotating character of the sound pressure, the cross-sectional representation of the
chosen mode is shown as a sequence of diagrams for several instants of time in Fig. 2.11.
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Figure 2.11: Rotating acoustical mode mn[2,1] for selected time instants t and x = 0

2.3.5 Propagating modal structure

Knowing beforehand the space variation of the in-duct sound pressure, the current sec-
tion deals with analytical aspects related to the propagation of such field. In respect
thereof, theoretically, an infinite number of acoustical modes constitute the sound field
within a cylindrical or annular geometry. However, flow and geometrically related condi-
tions allow the propagation of only a certain quantity of them. The modes constituting
the propagating sound field are quantified by the axial wave number k±[mn]. In this re-
spect, according to Taddei et al. (2009), the accuracy of the sound field decomposition
- which is in turn associated with the resulting propagating structure - improves once
the dominating in-duct real flow field is adequately modeled. This modeling demands
however the consideration of flow non-uniformities, e.g., swirling flow, which prevent the
derivation of analytical functions for the axial wave number as that previously derived
in Sec. 2.3.3 (cf. Eq. 2.59).

As a consequence, several analytical approximations as well as numerical approaches
have been proposed to account for the effect of such non-uniformities in the in-duct
acoustical structure (Salant 1967, Lohmann 1977, Golubev and Atassi 1996, Kousen
1999). In respect thereof, Bartelt (2014) conducted a detailed examination and compar-
ison of the validity of several analytical approximations to the axial wave number under
consideration of uniform and swirling flow. The considered approximations model the
swirling flow in terms of solid body rotation, by which the tangential velocity linearly
varies with the radial distance from the duct center line. Among the approximations
to the axial wave number k±[mn] analyzed by Bartelt (2014), those developed by Kousen
(1996) and Nijboer (2001) featured a good agreement with swirling flows results of k±[mn]

available in the open literature. As a result, the approximation developed by Kousen
(1996) is used throughout this work as mode propagating model for the identification of
the resulting in-duct acoustical field. The mathematical model is expressed as follows:

k±[mn] =
Max

Ma2
x − 1

·
(
k −mMaϕ

Ro

)
∓ 1

Ma2
x − 1

√(
k −mMaϕ

Ro

)2

+
(
Ma2

x − 1
)
·
(
s[mn]

Ro

)2

(2.64)
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2.3 Solution of the acoustic wave equation for uniform flow

where Maϕ is the circumferential Mach number and s[mn] the eigenvalues of the radial
sound pressure. The latter are not a function of the swirl, represented in terms of the
circumferential Mach number, but rather only of the mode orders and the hub-to-tip
ratio. A real axial wave number results in a cyclic propagation of the sound pressure in
x-direction. This is made evident once k+[mn] or k

−
[mn] are incorporated into the exponential

terms A3e
ik+

[mn]
x and B3e

ik−
[mn]

x of f(x) (cf. Eq. 2.60). A complex axial wave number gives
rise to a pure real exponent, resulting in an exponential decay or growth of the traveling
acoustic wave depending on the sign of the imaginary term. A positive imaginary term
represents an evanescent mode; a negative one stands for an amplifying mode. The latter
is discarded as non-physical (Golubev and Atassi 1996). Finally, a value of zero in the
square root term of Eq. 2.64 derives in a limiting situation, leading to the definition of
the Cut-On frequency

fCut-On =
a

2πRo
· (mMaϕ + s[mn]

√
1−Ma2

x) (2.65)

at which a mode (m,n) is first able to propagate. Should 2πfCut-On be greater than the
angular frequency ω of a particular mode, then it will contribute to the in-duct acoustical
field. Figure 2.12 complements the information regarding the axial wave number variation
based on changing flow conditions. The real and imaginary parts of the downstream axial
wave number k+

[mn] are shown for a fixed k = 10, σ = 0.5, circumferential mode orders
varying betweenm = 0, 1, 2, ..., 30, and a single radial mode order, n = 1. The considered
flow conditions include no flow, uniform flow with Max = 0.3 and positive and negative
swirling flow with Max = 0.3, Maϕ = 0.2. The no flow and uniform flow conditions exhibit
similar symmetrical patterns, except for a left shift in Re(k+

[mn]), which is reflected in
the propagation of more modes. Additionally, modes rotating in the direction of the
swirling flow (−♦−) cut on earlier, i.e., at a lower frequency than that required for
modes rotating in the opposite direction (− ∗ −). Hence, swirling flow influences the
propagating properties of the sound pressure field within an annular geometry.
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Figure 2.12: Downstream axial wave numbers k+[mn]
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2 Theoretical Principles of the Sound Propagation in Turbomachines

2.4 Sound propagation in turbomachinery
Having before analyzed the spatial and temporal variation of the in-duct sound pressure
along with its propagation properties, this section gives an insight of the specific sound
propagation mechanisms in turbomachinery. In this respect, in turbomachinery-related
flows, not every acoustical mode is able to propagate. Sound fields described by the
general solution to the wave equation (cf. Eq. 2.63) are excited by an acoustic source, i.e.,
the rotating and stationary blading in the specific case of turbomachinery (Schiffer 1976,
Költzsch 1984). As such, issues related to the in-duct acoustic excitation mechanisms
and the resulting noise spectral characteristics are shortly discussed in this section.
Additionally addressed issues include potential blading interactions and their influence
on the propagating sound field structure within the machine.

2.4.1 Acoustic excitation mechanisms in turbomachinery
The acoustic output of axial flow machines is characterized by a typical frequency spec-
trum composed of broadband noise resulting from laminar and turbulent boundary layer
shedding and discrete noise components generated by impulsive blade loading (Wright
1975). Responsible for the broadband noise are also the mean wake distortions of the
flow (Mongenau et al. 1993). A representative noise frequency spectrum from an axial
turbomachine exhibits discrete frequency peaks rising above low amplitude broadband
noise distributed over a wide range of frequencies (cf. Fig. 2.13). Although the current
research is concerned with the turbine noise having components that are multiples of the
blade-passing frequency, rather than broadband noise, both noise sources are discussed
separately in the following sections. Accordingly, emphasis is set on the tonal noise, since
it is the dominant source when treating turbine sound propagation (Smith 1989).
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Figure 2.13: Typical frequency spectrum of an axial turbomachine (TFD air turbine,
ṁ = 5 kg s−1, Ω = 3500 min−1)
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2.4 Sound propagation in turbomachinery

Broadband turbine noise

Broadband noise is of aerodynamic origin (Tyler and Sofrin 1962). It is a consequence of
the pressure fluctuations associated with the turbulent flow past a blade surface, resulting
in generation and subsequent propagation of sound of random nature. Turbulent flow
is induced once air flow is disturbed by a solid surface. Consequently, elements such as
the machine inner duct wall and the rotating and stationary turbine stages turn out to
be sources of turbulence generation. In this way, in each turbine stage, broadband noise
arises as the result of two mechanisms. The first mechanism leading to broadband noise
generation is the rotor blade tip interaction with the inner duct wall turbulent boundary
layer. In this process, turbulence levels tend to be high provided that the blade tip-
speed is a maximum (Smith 1989). A further broadband noise inducing process arises
due to the interaction of the turbulent wake shed by the rotor with the the stator (Lowis
and Joseph 2006). As concluding remark, several measurement techniques have been
developed during the last years to allow the quantification of broadband noise, including
inverse methods (Lowis and Joseph 2006) and decomposition of broadband acoustical
modes based on the spectral cross correlation techniques (Enghardt et al. 2007).

Tonal turbine noise

The source of discrete tones in axial turbomachinery are the cyclic pressure field and wake
interactions between rotating and stationary stages (Smith 1989). Both processes take
place once rotating blades and stationary obstructions, including stator stages, support
struts and inlet guide vanes interact (Yardley 1974). Each discrete tone is associated
with a specific frequency, the blade-passing frequency (fBPF), defined as the product of
the number of blades in a row and the rotor angular speed (Peake and Parry 2012). Fig.
2.14 ilustrates the concept of the fBPF for a four-bladed rotor turning at Ω = 120 min−1.
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Figure 2.14: Example of a frequency spectrum of an axial turbomachine
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2 Theoretical Principles of the Sound Propagation in Turbomachines

The pressure patterns resulting from the previously mentioned interactions lead to
rotating lobe-shaped pressure distributions, the so-called spinning modes. The spinning
modes propagating within axial turbomachinery are predominantly produced by two
acoustic sources, a single rotor (i.e., fan) or a rotor-stator configuration. For the case of
a single rotor, the pressure field is constituted by the superposition of circumferential
pressure patterns turning with rotor rotational speed Ω. Each circumferential pressure
pattern is represented by a number of lobes proportional to an integer multiple or har-
monic h = 0,1,2,... and the number of rotor blades B.

m = hB (2.66)

Thus, the number of lobes associated with each rotating pressure pattern corresponds
to the circumferential mode order m. In this case, only one circumferential mode is
excited for the fundamental fBPF as well as for each corresponding harmonic component.
However, this is not the case for the rotor-stator interaction, in which for each single
frequency a wide variety of spinning modes are produced. The rotor-stator interaction
noise at fBPF and associated harmonics is in contrast generated by several superposed
sound pressure patterns, i.e., acoustical modes, each pattern having a specific number
of lobes and a defined rotational speed. The specific modes produced as a result of the
rotor-stator interaction are defined by the following model proposed by Tyler and Sofrin
(1962):

m = hB + sV (2.67)

In addition to the variables of the rotor-alone configuration, V denotes the number
of stator vanes and s is an integer (s = ...,-2,-1,0,1,2,...). The Tyler and Sofrin relation
implies that for a particular harmonic of the fBPF, the sound pressure field is determined
by the successive values of m, generated as an index s, which ranges over all positive and
negative integers. This circumstance is equivalent to adding and subtracting multiples
of the number of vanes from the product hB. Additionally, each m-lobe circumferential
pattern rotates at a different speed, defined as:

Ωm = hBΩ/m (2.68)

This rotational speed guarantees the generation of h times fBPF, as not every circumfer-
ential mode is turning with the rotor angular velocity. A positive value of m represents
a mode turning in the same direction as the rotor, whereas a negative m corresponds to
a rotation in the opposite sense. A simple case of an eight-bladed rotor (B=8) and a six
vane-stator (V=6) is considered in order to illustrate in diagrammatic form the sound
pressure field resulting from the rotor-stator interaction (cf. Fig. 2.15). Consequently, the
rotor-stator interactions are highlighted once the rotor turns in counterclockwise direc-
tion. Equation 2.67 predicts the occurrence of a m = 2 circumferential pressure pattern
(for the fundamental of the fBPF, h = 1 and s = -1), rotating at 4 times the shaft
speed (cf. Eq. 2.68). Once the rotor goes past a stator vane, two interaction pulses occur
simultaneously, suggesting the appearance of a two-lobed sound pressure pattern. The
successive intermediate positions of the rotor shaft in Fig. 2.15 evidence the difference
in angular speed between the rotor and the rotating mode. As seen, the circumferential
mode shifts one complete revolution during just a quarter turn of the rotor shaft.
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2.4 Sound propagation in turbomachinery
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Figure 2.15: Tone generation by rotor-stator interaction

For multi-stage turbine configurations, the frequency spectrum contains additional
discrete tones resulting from the interactions between the flow wakes and the successive
rotor and stator stages of the machine. This is exemplified by the specific case of a two-
stage turbine, which is schematically shown in Fig. 2.16 along with the denominations R
and S for the rotor and stator stages, respectively. Furthermore, a frequency spectrum
showing the fundamental blade-passing harmonics and intermediate frequencies resulting
from the interactions S1-R1, S1-R1-S2 and S2-R2 is shown. In order to account for the
additional interactions, the Tyler and Sofrin relationship can be extended to n-th rotor
and stator stages provided that all stages turn at the same rotational speed. A general
expression for the circumferential mode order m is therefore given by:

m =
∑
i

hiBi +
∑
j

sjVj (2.69)

where hB has been replaced by hiBi and sV by sjVj.
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Figure 2.16: Schematic representation of a two-stage turbine (a), and spectrum with
intermediate frequencies resulting from additional stage interactions (b),
adapted from Smith (1989)
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2 Theoretical Principles of the Sound Propagation in Turbomachines

2.5 Concluding remarks

The set of theoretical foundations covered in the present chapter are considered to be a
basis for the material to follow. The foundation of the experimental methods for the study
of the propagating field within axial turbomachinery lies on the general solution of the
acoustic wave equation along with the concepts associated with the acoustical spinning
modes. Important aspects related to the sound propagation in cylindrical geometries
include:

1. The acoustic field prevailing inside a turbomachine can be represented by super-
imposed space and time dependent sound pressure waves, known as acoustical
modes.

2. From a mathematical point of view, an acoustical mode is an individual solution to
the homogeneous acoustic wave equation in cylindrical coordinates satisfying spe-
cific boundary conditions. The superposition of individual solutions, i.e., acousti-
cal modes, results in a clear representation of the propagating sound pressure field
structure in a turbomachine.

3. Each acoustical mode is uniquely defined by an ordered index combination m and
n, representing a circumferential and a radial mode order, respectively. The index
m defines the number of sound pressure cycles taking place in azimuthal direction,
while n stands for the total of sound pressure nodes along the radial direction.

4. Although an infinite number of acoustical modes can be generated within an axial
rotating machine (being the acoustical source the moving blading), only a limited
quantity of them propagate. The Cut-On frequency fCut-On defines the excitation
frequency at which a specific mode combination (m,n) is able to propagate ac-
cording to the dominating flow conditions in the machine and its geometry.

5. Specific circumferential modes are produced as a result of rotor-stator interaction
in turbomachinery. The circumferential mode order can be predicted by means of
a mathematical relationship developed by Tyler and Sofrin (c.f. Sec. 2.4.1).

Having discussed the previously mentioned topics in the context of this chapter, avail-
able in-duct measuring and analysis methods for the the experimental determination
of the acoustical structure within axial turbomachinery are considered in the following
chapter. Accordingly, emphasis is set specifically on the Radial Mode Analysis (RMA)
evaluation technique and specially on the effect of relevant measurement parameters on
its output.
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3 Experimental sound propagation
by the Radial Mode Analysis
(RMA)

As stated in the previous chapter, the sound field propagating within a duct, i.e., an
axial turbomachine, can be expressed as a sum of acoustical modes. Each mode repre-
sents an analytical solution of the acoustic wave equation which satisfies given boundary
conditions. The quantification of the acoustical structure is carried out by means of
in-duct modal analysis, a set of measurement techniques developed to deduce the ampli-
tude of each tonal component from sound pressure measurements performed inside the
turbomachine flow channel.

Among the existing in-duct measurement techniques, the Radial Mode Analysis
(RMA) has established itself as a well-known evaluation method to experimentally study
the sound transmission of the discrete tonal noise components present in turbomachinery
(Holste and Neise 1997). As such, this chapter describes this analytical method by first
presenting some historical background regarding the development of related experimen-
tal in-duct measurement techniques. This is followed by the theoretical background of
the RMA and concluded with some remarks concerning the practical application of the
method to the TFD model air turbine. Special emphasis is set though in the involved
data acquisition parameters and the quantification of the RMA output sensitivity to
variations in these parameters.

3.1 Literature survey of modal analysis techniques

For more than fifty years, research efforts in the context of aeroengine noise have focused
on understanding sound propagation phenomena as well as on developing appropriate
measurement methods, techniques and approaches to quantify it. In the early 60s, spe-
cial effort was taken to understand the generation, transmission and radiation of noise
from axial turbomachinery. Pioneer work in this aspect was accomplished by Tyler and
Sofrin (1962) and exposed in a detailed publication on axial compressor noise studies.
The authors analytically clarified these processes and experimentally demonstrated the
spinning nature of the in-duct sound pressure structure. Over the years to follow, sev-
eral experimental techniques for the acoustical field decomposition and mode separation
were developed. Special attention was payed to the quantification of the amplitude of
the dominant acoustical modes propagating at specific frequencies within axial turbo-
machinery.
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3 Experimental sound propagation by the Radial Mode Analysis (RMA)

For instance, an early attempt to demonstrate the cut-off phenomenon and the space
and time variation of a selected mode was performed by Morfey (1964). Accordingly, a
selected mode was excited by a siren coupled with a cylindrical duct with no steady flow.
In this way, the theoretical Cut-Off frequency of the mode was identified by varying the
siren frequency until observing a sudden variation in its sound pressure. Additionally,
the radial sound pressure profile in the duct was measured and afterwards compared to
a theoretical curve for the chosen mode, resulting in close agreement.

Mugridge (1969) and Bolleter and Crocker (1971) went a step further by implementing
a so-called indirect analysis procedure, specifically, a space-time correlation technique
between two transducers to determine the amplitude and phase of the propagating spin-
ning modes in a fan test-rig. In contrast to Bolleter and Crocker (1971), who made use
of condenser microphones to implement the measuring method, Mugridge (1969) used
hot-wire anemometers for the same purpose. The execution of the measuring technique
required the installation of transducers at different positions. One transducer was placed
at a reference fixed position, the second one was arbitrarily displaced to a selected in-duct
position.

The recorded signals were subsequently multiplied and used to generate a cross-
spectral matrix (Rossing 2007). With this done, a mathematical model based on the
general solution of the homogeneous acoustic equation (cf. Eq. 2.14) was formulated for
the incident and reflected propagating modes. This procedure resulted in a large number
of cross products with associated amplitude factors, representing the modal amplitudes.
A similar approach was undertaken by Schiffer (1976), who additionally considered flow
effects such as uncorrelated boundary layer alternating pressure and flow noise. Both
effects were suppressed with a narrow band filter before performing the cross-correlation
of the sound pressure signals, leaving only the tonal propagating noise components and
thus avoiding the influence of broadband noise components.

Parallel to Mugridge’s (1969) work, and despite not directly related to mode decom-
position, Mason (1969) gave advice on the effect of fluid flow on the Cut-Off frequencies
of propagating acoustical modes. Several Cut-Off frequencies were detected by evaluat-
ing the duct pressure spectra of a complex acoustical field generated by a loudspeaker.
From the performed measurements, it was established, that the Cut-Off frequency for
the excited modes decreased with increasing flow speed (cf. Sec. 2.3.5).

Returning to the cross-correlation method for in-duct modal analysis, similar work
based on acoustic signal correlation for sound power computation was performed some
years later by Salikuddin and Ramakrishnan (1987) and Michalke (1989, 1990). Salikud-
din and Ramakrishnan (1987) determined the acoustic power for incident, reflected, and
transmitted fields for cylindrical and annular geometries. In addition, Michalke (1989,
1990) extended the method by determining the sound power spectrum by separating the
influence of the flow field from the developed models and results.

Besides cross-correlation techniques, acoustical modal decomposition was alternatively
carried out by other researchers by using microphone arrays flush mounted to the duct
wall, techniques commonly referred to as direct in-duct analysis methods (Holste 1995).

30



3.1 Literature survey of modal analysis techniques

In the context of this procedure and with the recorded data, the sound pressure pattern
is separated into circumferential and radial acoustical modes. As depicted before, early
attempts to identify acoustical modes by performing such modal breakdown were car-
ried out by Tyler and Sofrin (1962). A microphone was placed in the inlet of an axial
compressor and was then circumferentially displaced along a constant radius arc in the
direction of the shaft rotation. An instantaneous sound pressure signal was displayed
every time the rotor passed by a trigger. Once the microphone was displaced, it was
noticed that the sound pressure signal arrived later, indicating a pressure pattern grad-
ually rotating. This fact suggested a circumferential mode coupled to the rotor angular
velocity. The performed analysis had a qualitative nature, as no sound pressure level or
amplitude was directly measured.

Based on the same principle, Moore (1972) quantified the amplitude of rotating cir-
cumferential modes by performing a series of measurements on a four-bladed ducted
ventilator. Similarly, a microphone was circumferentially traversed and the recorded sig-
nal was triggered once per shaft revolution. Each recorded signal was analyzed with a
Fast Fourier Transformation (FFT), allowing the quantification of the signal amplitude
and phase variation with frequency. Afterwards, the sound pressure and the phase an-
gle variation in the azimuthal direction were reconstructed. This was accomplished by
analyzing the magnitude of the signal amplitude and phase for the fBPF or one of its har-
monic components from each position previously traversed by the microphone. Finally, a
spatial FFT was performed over the reconstructed circumferential sound pressure signal,
enabling the quantification of the azimuthal mode amplitudes.

An extension to include the amplitude of the radial modes was also undertaken and
presented in a later publication by Moore (1979). In what the author denoted radial
transform, three different methods were investigated and later validated with experi-
mental data from an axial fan. According to Moore (1979), it is possible to determine
the magnitude of A±[mn] by integration, matrix inversion and least squares fitting. All
three methods were based on the previous knowledge of the magnitude of the circum-
ferential mode amplitudes, which are in turn a function of the unknown radial mode
amplitudes A±[mn] (cf. Eq. 2.63).

Following the findings of Moore (1979), a series of experiments in the early 90s were
performed to examine the dominant sound generation mechanisms of tonal noise com-
ponents in complex turbomachinery. Acoustical measurements were initially carried out
by Holste and Neise (1992) in a novel counter rotating prop-fan designed by the com-
pany MTU Aero Engines (Schimming 2003). The conducted measurement routine for
modal decomposition was referred to as Radial Mode Analysis (RMA) and comprised
similar implementation steps as those applied by Moore (1972) during his research. By
installing radial microphone rakes, a spatial frequency analysis of the sound pressure
signals was first performed followed by matrix-inversion and least square fit algorithms
for the determination of the radial mode amplitudes. The measured propagating modes
in the work of Holste and Neise (1992) resulted from the rotor-stator and rotor-support
struts interaction, an extension to the research of Moore (1979), which considered solely
rotor alone generated modes.
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3 Experimental sound propagation by the Radial Mode Analysis (RMA)

The RMA was further implemented for acoustic measurements in the outlet duct of
a three-stage low pressure axial turbine. Measurements were carried out by MTU Aero
Engines in cooperation with the Institute of Propulsion Technology, a research institute
appointed to the DLR (Enghardt et al. 2001, Neise and Enghardt 2003). The study
concentrated its efforts on determining the influence of several exit guide vane (EGV)
designs on the acoustic structure in the turbine outlet. Additionally, the total radiated
sound power was quantified for selected acoustical mode combinations. The effect of
multiple stator and rotor interactions due to the multi-stage turbine configuration was
taken into account by extending the Tyler and Sofrin’s rotor-stator interaction mathe-
matical relationship by Enghardt et al. (1999). This mathematical expression involves
multiples of the rotor and stator blades and vanes (cf. Eq. 2.69).

Improvements to the RMA technique were introduced by Rademaker et al. (2001) in
the context of the RESOUND project in a Rolls-Royce model fan rig (Fisher and Self
2002). The improvements were related to the development of an optimized circumfer-
ential array consisting of 100 unsteady pressure transducers able to decompose up to
180 circumferential mode orders m. Meanwhile, Sijtsma and Zillmann (2007) proposed
four different techniques for circumferential mode detection when using circular micro-
phone arrays. The proposed processing techniques for mode detection included conven-
tional rms-averaging (RMS), diagonal removal (DR), cross-correlation with a reference
channel (CC) and Principal Component Analysis (PC). Further details concerning each
analytical approach is found in Sijtsma and Zillmann (2007).

Recent studies related to the RMA concentrate, however, on the quality of the analysis
results rather than on its technical application, which, as previously mentioned, has been
carried out for more than 20 years. Related to this fact and based on an optimization
study, Tapken and Enghardt (2006) stated that the quality of the RMA output strongly
depends on the arrangement of the measurement transducers and the flow parameters.
On the one hand, the latter influences only the propagating characteristics of the in-
duct sound field. On the other hand, regarding the sensor arrangement, and based on
a generalized simulation approach, Tapken and Enghardt (2006) found that significant
discrepancies arise when implementing wall-flush sensors rather than radial sensor rakes.
In this respect, wall-flush arrangements are adequate for decomposing low order modes,
while radial sensor rakes detect higher order modes more efficiently.

More recently, Tapken et al. (2008) studied the influence of microphone related charac-
teristics including the sensor signal-to-noise ratio (SNR), the mode detection sensitivity
to microphone mal-positioning and failure when installed in an array. These parameters
were investigated by generating a synthetic sound field comprising selected acoustical
mode combinations and superimposed noise. High SNR values varying between 10 and
20 dB, yielded appropriate results for the modal decomposition as the signal background
noise remained below the original signal level. In contrast, lower SNR values resulted
in background noise almost matching the original measured signal level. Moreover, mal-
positioned microphones shifted in the radial direction relative to a reference coordinate
system led to signal phase shift, resulting in varying acoustical mode amplitudes after
the RMA implementation when compared to a reference case without mal-positioning.

32



3.1 Literature survey of modal analysis techniques

Regarding the omission of data points as a result of microphone mal-functioning,
Tapken et al. (2008) found that the failure of up to eight transducers is reflected on an
underprediction of the studied mode amplitude in the order of magnitude of 1.5 dB. The
predicted amplitude increased as more microphones failed, reaching differences as high
as 12.5 dB with respect to a reference modal amplitude.

Complementing this study, Tapken et al. (2011) extended the RMA sensitivity analysis
with tolerances in sensor rake installation, considering additional sensor displacement in
the axial and circumferential directions. The undertaken approach was similar to the one
developed by Tapken et al. (2008), namely, the study of systematic errors derived from
the RMA algorithm by generating a synthetic sound field. The obtained results indicated
that axial and circumferential misalignment led to significant mode amplitude deviations
when compared to a reference amplitude, specially for low order modes. Although mode
amplitude differences resulted from radial microphone misalignment, it turned out that
these were not as high as those produced by axial and azimuthal mal-positioning.

Additional sensitivity studies of the RMA were performed by Laguna et al. (2013a,b).
These studies concentrated on examining the influence of selected data acquisition pa-
rameters on the RMA output based also on a numerical simulation. The considered
parameters taken into account were the microphone SNR, the circumferential spacing
of microphone measuring positions, the number of recorded triggered revolutions, and a
time trigger delay. The numerical simulation was performed under the consideration of
realistic turbine-related conditions (Laguna et al. 2013a) and swirling flow (Laguna et al.
2013b). Regarding the influence of the SNR, similar results to those found by Tapken
et al. (2008) were attained. SNR values above 30 dB led to relatively low discrepancies
in the acoustical mode amplitude, normally around 1%. In contrast, SNR values below
10 dB resulted in differences above 10%. Enough circumferential measurement positions
assured acceptable results provided that the microphone SNR was high enough. For
low SNR transducers (below 10 dB) the acoustical mode amplitude errors were above
10% even for circumferential resolutions as high as 1°. Meanwhile, a sufficient number
of triggered revolutions (>10) guaranteed optimal output acoustical modal amplitudes
independently of the mode order. Finally, a time delay represented a noticeable error
source, considering that delays in the order of magnitude of 1 ms resulted in amplitude
errors of more than 5%.

From the consulted literature related to the sensitivity of the RMA to data acquisi-
tion parameters and installation tolerances, it is clear that no experimental studies have
been performed to assess the influence of such parameters on real turbomachinery. Con-
sequently, the current work goes a step forward by examining the impact of two specific
data acquisition parameters on the output of the RMA on a multi-stage low pressure tur-
bine. As mentioned in the Introduction (cf. Chapter 1), the studied parameters are the
measurement circumferential resolution and the number of triggered revolutions. This
is accomplished by a rotating ring equipped with condenser microphones and installed
within the turbine flow channel. Details of the measurement device are extensively dis-
cussed in Chapter 4 along with the derived results (Chapters 5 and 6). Before proceeding
to the discussion of the previously mentioned aspects, the theoretical background of the
RMA is presented in the sections to follow.

33



3 Experimental sound propagation by the Radial Mode Analysis (RMA)

3.2 Theoretical Background of the RMA
The application of the RMA requires the previous prediction of the expected acoustical
propagating structure inside the turbine. Therefore, once the propagating mode com-
binations (m,n) are analytically determined (cf. Sec. 2.3.5), the complete description
of the sound field still requires the magnitude of the radial mode amplitudes A±[mn] (cf.
Eq. 2.62). Before proceeding, Eq. 2.63, which analytically represents the sound pressure
field within a cylindrical duct, can be summed up over all circumferential modes and
rewritten as follows:

p′[mn](x, r, ϕ, t) =
∞∑

m=−∞

Am(x, r)e−imϕeiωt (3.1)

The combined terms presented in Eq. 3.1 correspond to the amplitude Am, known
as the circumferential mode amplitude. This amplitude results from the addition of the
downstream and upstream radial mode amplitudes A+

[mn] and A
−
[mn] multiplied with the

eigenvalues derived from the Bessel function g(r):

Am(x, r) =
∞∑
n=0

(
A+

[mn]e
ik+

[mn]
x + A−[mn]e

ik−
[mn]

x
)
g(r) (3.2)

The goal of the RMA is to determine these amplitudes. This process is performed in
two steps. The first one, an experimental one, requires the measurement of the sound
pressure with condenser microphones located at several axial and circumferential posi-
tions, denoted by Nx and Nϕ, respectively. This microphone arrangement allows the de-
termination of the instantaneous sound pressure distribution at specific axial positions.
The RMA requires rotor-synchronized sound pressure measurements as input, as the
synchronization provides a common data acquisition starting point for each microphone
recording a signal. The measured data is subsequently used to reconstruct at specific
times the instantaneous circumferential pressure distribution. This fact is clarified once
Eq. 3.1 is analyzed and respectively restated for an instant of time t = 0:

p′[mn](x, r, ϕ, t = 0) =
∞∑

m=−∞

Am(x, r)e−imϕ (3.3)

Equation 3.3 indicates that the circumferential pressure distribution can be expressed
in terms of a series of coefficients Am. This mathematical expression resembles a time
signal given in terms of a series of harmonic or Fourier coefficients. As such, the desired
circumferential amplitudes can be directly determined from an spatial Fourier Transfor-
mation performed with respect to the circumferential coordinate ϕ:

Am(x, r) =
1

2ϕ

∫ ϕ

0

p′[mn](r, ϕ, x)e−imϕdϕ (3.4)

However, as the recorded values from the sound pressure measurement are discrete
and not continuous, Eq. 3.4 has to be replaced by a discrete formulation of the spatial
Fourier Transformation.
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3.2 Theoretical Background of the RMA

The discrete version of the spatial Fourier Transformation is referenced to a fixed
radial position R (the duct wall) and for varying axial positions xi. The mathematical
expression finally takes the form:

Am(xi, R) =
1

Nϕ

Nϕ−1∑
l=0

pc (xi, R, ϕl) e−imϕl (3.5)

Here, pc is the reconstructed circumferential sound pressure at the coordinate (xi, R, ϕl),
with the index l varying up to Nϕ-1, the total number of circumferential measuring
points. By means of the spatial FFT, the circumferential signal pc can be decomposed
in its harmonic components.

The amplitude of the harmonics constituents of the original space signal represents
the circumferential mode amplitudes Am for a particular fBPF or one of its harmonics.
The resolution of the spatial FFT is 1 (m = 1) and the highest quantifiable mode
order m is restricted by the number of circumferential measuring positions and given by
Nyquist-Shannon sampling theorem:

m ≤ Nϕ/2 (3.6)

Once the mode amplitudes Am are known, the radial-mode amplitudes A±[mn] can
be determined. The proposed instrumentation arrangement with axially and circum-
ferentially positioned microphones allows the determination of the amplitude Am of xi
circumferential modes of the same order m, one specific mode per axial position. As a
consequence, a linear system of equations is set up based on Eq. 3.2 and expressed as:

~Am = M ~A[mn] (3.7)

Each row comprises a mathematical expression relating Am with A[mn] for a specific
axial measuring position xi at a constant duct radius R. Based on this fact, Eq. 3.7 can
be rewritten as: 

Am(x0, R)

Am(x1, R)
...

Am(xn−1, R)

Am(xn−1, R)

 = M



A+
[m0]

A−[m0]
...

A+
[mn]

A−[mn]


(3.8)

A solution for A±[mn] is established by inverting the eigenvalue matrix M. This matrix
has a dimension (i x n), with i representing the number of axial measurement positions
and n the number of analyzed radial mode orders for a specific circumferential mode
order m. The eigenvalue matrix elements are a function of known flow, acoustical and
geometrical parameters. The eigenvalue matrix is defined for a configuration of axially
positioned microphones at a constant radius as follows, with the Bessel function g(r)
(cf. Eq. 2.46) written in terms of the eigenvalues s[mn]

g(r) = g(r)[mn] = g[mn]

(
s[mn] ·

r

R

)
(3.9)
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resulting in:

M =


g[m0] · eik

+
[m0]

x0 g[m0] · eik
−
[m0]

x0 · · · g[mn] · eik
+
[mn]

x0 g[mn] · eik
−
[mn]

x0

...
... . . . ...

...
g[m0] · eik

+
[m0]

xi g[m0] · eik
−
[m0]

xi · · · g[mn] · eik
+
[mn]

xi g[mn] · eik
−
[mn]

xi

 (3.10)

Only a limited number of radial mode orders n can be decomposed. In this way, radial
mode orders up to n =Nx\2 (considering upstream and downstream propagating modes)
or n = Nx − 1 (including only downstream modes or upstream modes) can be resolved.
Radial orders exceeding the specified limits lead to an undetermined linear system of
equations (cf. Eq. 3.2).

The final step of the implementation of the RMA consists of finding a solution for the
radial mode amplitudes A±[mn] by inversion of the eigenvalue matrix. Before proceeding
and for clarity, a diagram schematically showing the Radial Mode Analysis implemen-
tation is presented in Fig. 3.1 below.

Data acquisition in circumferential

and axial direction

Spatial Fourier

Transformation

Solution of linear
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Figure 3.1: Radial Mode Analysis (RMA) schematic representation

In order to determine the radial mode amplitude vector ~Amn, the system of equations
3.7 is reorganized and solved by inverting the eigenvalue matrix M as follows:

~A[mn] = M−1 ~Am (3.11)
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3.2 Theoretical Background of the RMA

The solution of the resulting system of equations highly depends on the stability of
the matrix equation (cf. Eq. 3.8). In that regard, the solution of the mentioned system
of equations is strongly influenced by physical and geometrical variables present in the
eigenvalue matrix. These variables include stationary flow parameters (axial and cir-
cumferential Mach-numbers Max and Maϕ, respectively), duct hub-to-tip ratio σ and
microphone positioning (Tapken and Enghardt 2006). The influence of the solution pro-
cedure through matrix inversion on the output amplitudes A±[mn] can be quantified by
the Singular Value Decomposition (SVD) (Nelson and Yoon 2000, Yoon and Nelson
2000, Lowis and Joseph 2006).

The SVD method is based on a theorem of linear algebra which establishes that any
matrix M of size i x n can be written as the product

M = U ·W ·VT (3.12)

consisting of a column-orthogonal matrix U of the same size of M, a diagonal matrix
W of size (n x n) with a series of positive or zero values known as singular values wj and
a orthogonal transposed matrix V of the same size of W. The inverse of the eigenvalue
matrix M is defined as

M−1 = V ·W−1 ·UT (3.13)

leading to the determination of the unknown radial mode amplitudes A±[mn]

~A[mn] = M−1 · ~Am =
[
V ·W−1 ·UT

]
· ~Am (3.14)

The stability of the matrix equation is closely related to the magnitude of the singular
values wj, initially present in the square diagonal matrix W. As such, a measure of the
error resulting from the matrix inversion can be established in terms of the condition
number c, defined as the ratio of the largest to the smallest singular value. A condition
number equal to unity leads to a well-conditioned system of equations (Press et al. 2007).
This would result in relative amplitude perturbations of the input data propagating
exactly equal to relative amplitude variations of the output data. In other words, an
input amplitude 1% error would lead to a maximum output amplitude error of the same
order of magnitude (Tapken and Enghardt 2006). However, if the condition number is
far from unity then the problem is ill-conditioned and its solution cannot be trusted
if any change were to be made, since a minimum variation in the input would result
in a significant increase in the output value. A condition number analysis by means of
the SVD was performed in the context of this work to optimize the microphone axial
spacing. Several simulations were performed for selected modes based on real operating
parameters of the TFD model air turbine. Further details are given in Ioannou (2012).
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3 Experimental sound propagation by the Radial Mode Analysis (RMA)

3.3 Implementation of the RMA in the TFD
low-pressure air turbine

Having established the theoretical background of the RMA, this section shortly exposes
the required procedures for the practical application of this method to the TFD model air
turbine. In general, the following steps must be performed to decompose the propagating
acoustical structure within the considered test facility:

1. The expected propagating acoustical structure for a particular excitation frequency
has to be determined based on the machine geometrical and flow parameters.

2. Knowing beforehand the expected dominating tonal acoustical structure, the sound
pressure distribution on the turbine wall is measured at several circumferential
positions. This is performed with a rotating unit equipped with microphones and
placed in the low-pressure turbine flow channel (cf. Chapter 4 and Laguna et al.
(2012)).

3. The recorded data is synchronized and subsequently referenced to a common rotor
specific position. Afterwards, the circumferential pressure distribution is recon-
structed for a specific instant of time.

4. A discrete spatial Fast Fourier Transform is performed over the sound pressure
circumferential distribution yielding the azimuthal mode amplitudes Am of the
analyzed sound field at the fBPF or one of its harmonics.

5. The radial mode amplitudes A±[mn] are determined by grouping together the radial
and axial terms of the general solution to the homogeneous acoustic wave (cf. Eq.
2.63). This results in a linear system of equations set for one specific circumferential
mode orderm including the previously established azimuthal mode amplitudes Am
for different axial positions.

6. Once the radial mode amplitudes A±[mn] are known, the in-duct propagating struc-
ture composed of several superimposed modes can be reconstructed for specific
excitation frequencies

3.4 Concluding remarks

The literature survey conducted in the context of this chapter indicated that acousti-
cal modal analysis techniques developed up to date fall into two categories. The first
category is represented by the indirect analysis methods. This group comprises various
correlation techniques. The second group, the direct methods, includes the application
of a spatial FFT and the solution of a linear system of equations, basic procedures for
the performance of the RMA. Regarding the RMA, the literature review evidenced its
successful application to axial turbomachinery for tonal noise propagation studies, but
exposed as well the lack of satisfactory experimental evidence related to the effect of
relevant measurement parameters on its output. Based on this fact, it can be concluded
that:
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3.4 Concluding remarks

1. An accurate study of sound propagation in full-scale axial turbomachinery requires
the performance of experimental measurements. However, full test-rig testing is
time as well as resource consuming. As a consequence, a careful selection of ap-
propriate measurement parameters to ensure minimum uncertainty in the output
of the in-duct analysis methods is required.

2. Related to this fact, comparatively little work has been undertaken to identify
the effect of relevant measurement parameters on the RMA output. As such, the
influence of selected data acquisition parameters on the RMA output has to be
studied in order to define a minimal measurement uncertainty after application of
the RMA to sound propagation studies in turbomachinery.

Having pointed out some of the most relevant measurement techniques employed for
the characterization of turbine noise within the scope of this chapter, the experimental
setup for the application of the RMA to a low-pressure turbine is discussed in the
following chapter. This is done before proceeding to the results derived from the study
of the sensitivity of the RMA to specific data acquisition parameters, material to be
covered in Chapter 5 and 6.
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4 Experimental Setup

Having already discussed the theoretical foundations related to sound propagation and
acoustical field decomposition in turbomachinery, the experimental set-up for the sound
pressure measurements and therefore, for the application of the RMA are discussed in the
current chapter. As such, this chapter gives an overview of the TFD air turbine test stand
as well as details related to the experimental setup and instrumentation employed during
the acoustic measurements. In respect thereof, the model air turbine test rig is described,
accompanied by additional technical information, and operating aspects. Following this,
the turbine-integrated rotating-ring measuring unit is presented. Technical requirements
and limitations associated with the design and construction of the rotating-ring are also
provided. The chapter is concluded with the presentation of technical and installation
details of the used instrumentation followed by information related to the system rotation
control and data acquisition.

4.1 TFD Multistage air low-pressure turbine

4.1.1 General test facility description

The axial low-pressure turbine test rig at the TFD is chosen as test facility for the sound
propagation experiments. The test bench consists itself of a test carrier comprising a
pressure-retaining outer cast iron housing with an inner diameter ØTO of 500 mm at
the inlet (Herzog et al. 2005, Henke et al. 2012). Within this external casing, different
inner housing and rotor shaft configurations can be accommodated as shown in Fig. 4.1.
This flexible design allows the adjustment of several blading set-ups, including one, two,
four and seven-stage configurations (Zehner 1980). Only the single-stage configuration
is considered for the performed acoustical measurements.

Outer housing
Inner housing rings

Rotor Horizontal turbine plane

Outer housing

Inner rings

cross section

cross section

Ø
T
R

Ø
T
O

Figure 4.1: Sectional view of the turbine test rig for the single-stage configuration
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The stage has V=29 stationary vanes and B=30 rotating blades attached to a rotor
shaft with a diameter ØTR of 270 mm. The chord length of the stator vanes is cs = 35.50
mm, whereas that of the rotor blades amounts to cr = 36.50 mm. Both chord lengths
are measured at the blade mid-span (Evers 1985). The test facility is complemented by
the coupling of the turbine with a clutch and a torque metering shaft to a spur-gear
transmission. The transmission is coupled with a pendulum machine, which operates
as a motor or a generator, being able to brake or drive the turbine shaft according
to the machine operating point (Binner 2011). Simultaneously, the pendulum machine
regulates the turbine rotational speed. In this way, the rotational speed can be adjusted
independent of the mass flow rate. The general test stand including all main functional
components is shown in Fig. 4.2.

Turbine inlet Turbine Torque Pendulum machine
measurement shaft

Spur-gear transmission

Figure 4.2: TFD multistage low-pressure turbine test stand

4.1.2 Test facility air supply

The test rig is powered by the air provided by three screw-type compressors able to
deliver a maximum mass flow rate of 11 kg/s with an associated pressure ratio π of
3.2 (Binner and Seume 2014). Before being compressed, atmospheric air is filtered and
immediately after, distributed into the screw compressors (SK31, SK40, and SK50, cf.
Fig. 4.3). According to the required mass flow and inlet pressure, the compressors can
be operated in parallel or partly in series. A process flow diagram for the test facility
air supply is shown in Fig. 4.3. As seen in the diagram, the test stand is operated in
open loop, i.e., the air, after being first compressed before entering the turbine and
subsequently expanded when leaving it, is released back to the atmosphere right after
being acoustically damped. Two bypass valves, a manually operated and a motor-driven
one, labeled 1.11 and 1.12 in the process diagram, respectively, are used to adjust the
mass flow. Both valves are put into operation for mass flow rates above ṁ = 0.8 kg s−1.
Lower mass flows are adjusted with the turbine inlet valve 1.31, while keeping fully open
one of the bypass valves. Referring again to Fig. 4.3, a venturi nozzle can be identified.
The mass flow magnitude is determined by means of this device, which is located 8.7 m
ahead of the turbine inlet and calibrated according to the DIN EN ISO 5167-4 norm.
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Pendulum type

G
Gearbox

Turbine
machine

Venturi

1.121.11

1.31

M

SK 31

Air intake
with filter Noozle

M

M

Bypass

M

SK 40

M

SK 50

1.28

M

Exhaust air

Figure 4.3: Air supply process diagram of the low-pressure turbine test facility

The venturi nozzle itself is placed within a 18 m long straight pipe connecting the
turbine inlet valve 1.31 and the turbine inlet. This pipe ensures a homogeneous, axial
and fully developed flow (Herzog et al. 2005). The nominal operating parameters for the
turbine single-stage configuration according to Zehner (1980) are presented in Tab. 4.1.

Table 4.1: Nominal operating parameters of the TFD single-stage LPT

Parameter Maximum value

Mass flow rate 7.8 kg s−1

Pressure ratio 1.3
Outlet temperature 52◦C
Rotational speed 7500 min−1

4.2 Measuring technique development for turbine
aeroacoustical studies

Having already presented the general operating aspects of the air turbine, the present
section addresses more specific considerations related to the aeroacoustic experiments
performed in the framework of this research. Among those aspects, topics related to
the development of a measuring system to carry out the planned measurements are dis-
cussed. Special importance is given to the initial requirements, encountered limitations,
design concept, construction and implementation of the aforementioned system for the
determination of the sound propagation within the air turbine. Complementing this, the
sensors and data acquisition systems implemented in the measuring set-up are presented.
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4.2.1 Microphone ring development

Concept, idea and justification

The quantification of the sound propagation within axial turbomachinery requires the ex-
perimental determination of the spinning acoustical modes. As already stated in Chapter
2, sound is an alternating physical quantity, whose magnitude varies in axial, radial, and
circumferential direction as well as in time. As a result, the measurement of such struc-
ture demands the installation of microphones in the machine geometry at circumferential
and radial, or alternatively, at circumferential and axial positions. This microphone posi-
tioning allows the in-duct acoustical propagation determination by means of the Radial
Mode Analysis (RMA). As such, a considerable quantity of microphones is required for
the measurement itself and for the later data evaluation with the RMA.

This fact highlights the necessity to develop a measurement concept able to comply
with the required task. A first alternative is the installation of microphones directly on
the turbine outer casing. Regarding this point, there is a number of limitations that
makes this possibility impractical. The first restriction is related to machining issues,
as a prohibitive quantity of holes would have to be drilled in the turbine housing for
the placement of the microphones. To put this affirmation into context, an example
involving the propagating acoustical mode structure for the nominal operating point of
the one-stage air turbine is presented (30 blades/29 vanes). Assuming uniform axial flow
(no swirl), a constant rotational speed of 3500 min−1 and a mass flow of 5.0 kg s−1, the
expected acoustical structure is shown in Fig. 4.4.
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Figure 4.4: Expected propagating acoustical modes upstream of the turbine blading
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Table 4.2: Required circumferential and axial measuring positions

Frequency Maximum
mode

order m

Maximum
mode
order n

Azimuthal
meas. pos.
mTS

1

Radial
meas. pos.
nTSmax

2

fBPF 1 2 2 6
f2BPF 27 0 54 2
f3BPF 32 1 64 4
f4BPF 54 0 108 2
f5BPF 63 1 126 4

A summary of the dominant modes and the required number of measuring positions
is provided in Tab. 4.2. Regarding the required sensor measurement positions and as
previously indicated in Chapter 3, the identification of circumferential modes demands
at least twice the number of microphones as the mode m order. Radial modes require
as much axial or radial positioned microphones as the mode order n in order to be
identified, in case upstream and downstream wave propagation is being considered. As
implied by both Fig. 4.4 and Tab. 4.2, the required number of measuring sensors to be
positioned around and along the turbine casing would be excessively high.

The required quantity of measuring sensors varies according to the operating condition
of the turbine as well as with the flow field within it. In respect thereof, a further ex-
ample of the resulting propagating acoustical structure within the LPT with a different
operating point is presented (the single-stage configuration with 30 blades/29 vanes is
maintained). Assuming uniform axial flow with Max=0.1 and swirling flow with Maϕ=-
0.13, a constant rotational speed of 3500 min−1, a mass flow of 5.0 kg s−1 and an inlet
total temperature of 50◦ C, the expected acoustical structure including co-rotating as
well as counter-rotating modes (negative m) is shown in Fig. 4.5. A summary of the
dominant modes and the required number of measuring positions is as well provided in
Tab. 4.3. This summary is presented for both cases, co-rotating and counter-rotating
acoustical modes. The dominant acoustical modes and the required instrumentation for
the counter-rotating case are bold-highlighted in Tab. 4.3. As seen on Fig. 4.5, only
low order acoustical modes are capable of propagating compared with the aforemen-
tioned case. In contrast to this, a circumferential high-order mode is first identified at
a high multiple of the blade-passing frequency, namely at f 5BPF. Noticeable is also the
appearance of a single counter-rotating acoustical mode, this as well at a high harmonic
multiple of the fBPF. It can be inferred from both presented examples, that the selected
operating point of the LTP along with the in-duct flow conditions greatly influence the
propagating acoustical structure. As such, and returning to the required measurement
concept, the implemented system should be able to record the in-duct sound pressure,
this for several operating conditions and for low as well as for high-order modes.

1Maximum azimuthal mode order m predicted with the Tyler and Sofrin relationship, cf. Eq. 2.67.
2Maximum propagating radial mode order n.
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Table 4.3: Required circumferential and axial measuring positions for the resulting
acoustical structure considering counter-rotating and co-rotating modes (pos-
itive and negative m, respectively)

Frequency Maximum
mode
order
m

Maximum
mode
order
n

Azimuthal
measuring
positions
mTS

Radial
measuring
positions
nTSmax

fBPF 1 0 2 2
f2BPF 2 2 4 6
f3BPF 3 2 6 6
f4BPF 4 3 8 8
f5BPF 34 (-24) 0 68 (48) 2
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Figure 4.5: Expected propagating acoustical modes upstream of the turbine blades, op-
erating point ṁ = 5 kg s−1, Ω = 3500 min−1, counter-rotating modes (a),
and (b) co-rotating modes
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Besides the aforementioned restraints, additional ones associated with manufacturing
issues are identified. The surface irregularities found in the turbine housing would require
further machining, as the surface should be first smooth down to assure a properly place-
ment of the microphones. Furthermore, along its geometry, the thickness of the outer
cast iron housing constantly varies (cf. Fig. 4.1). As a consequence, this cross sectional
variation would imply the manufacturing of additional microphone holder adapters with
different lengths depending on the sensor axial position. Added to these technical mat-
ters, the outer casing disposes of numerous holes and external grooves for the positioning
of pneumatic probes and traversing probe mechanisms. The distribution of this elements
over the turbine casing hampers also the installation of the sensors, since no free position
can be found.

Based on the arguments exposed before, the proposal of installing fixed microphones
in the turbine outer casing is discarded. An alternative to overcome this limitation is
the development of a rotating measurement unit instrumented with microphones and
integrated within the turbine flow channel (cf. (Laguna et al. 2012)). The measuring unit
should allow the detection of a sufficient amount of circumferential and radial modes by
complying with the following items:

1. Since the turbine inner flow channel is constituted by different ring segments
mounted in the turbine housing, the measurement unit should also be designed
as an annular element. It is therefore useful to conceive the system in such a way,
that it replaces an already existing ring segment and fits between available inner
housing components.

2. The system must be integrated into the already existing one and two-stage blad-
ing configurations avoiding mechanical modification of the machine housing. This
implies, that existing components of the air turbine should be as far as possible
not modified.

3. The flow field within the turbine flow channel should not be altered by the carrier
system.

4. The measurement unit must be rotated with an external adjustment mechanism
during turbine operation.

5. The predicted acoustical propagating modes should be detected with a minimum
number of spatially distributed microphones.

Bearing in mind the previous technical restrictions, a preliminary conception of the
carrier system - from now on referred as microphone ring - is presented in the next
section, followed by the involved development and construction process.
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Microphone ring development and design
An important aspect defining the further development process of the microphone ring
is related to the air turbine type of construction, one more likely to be found in the
design of heavy duty gas turbines (Henke et al. 2012). As shown earlier, the air turbine
test rig is divided by an horizontal plane, resulting in two split housing structures, a
lower, ground-fixed outer casing section and an upper, removable section (cf. Fig. 4.1).
Each section is equipped with inner half ring segments, secured against rotation by
means of fastening screws. However, unlike the previously mentioned structures, the
rotor is manufactured as a single steel component. This implies that the whole lower
turbine section has to be first assembled before the rotor shaft can be positioned in the
flow channel. In accordance with this and for reasons of installation and assembly, the
microphone ring must be designed and subsequently manufactured in two half segments.
With the general design concept for the microphone ring being stipulated, a location for
its integration inside the air turbine has to be defined. Based on technical reasons to
be exposed below, the microphone ring is located in the turbine cylindrical channel
section approx. four chord lengths downstream of the blades for the single-stage blade
configuration (cf. Fig. 4.6). Alternative placement locations for the ring were discarded,
as being found impractical for its installation.

2010 mm

∼ 4 chord lengths
(one stage configuration)

Microphone ring

Outer ring blade
and vane carriers

Figure 4.6: Microphone ring position within the air turbine flow channel
For instance, the turbine inlet continuously decreasing cross section as well as the

inlet guide vanes, hinder the location of the cylindrical geometry of the microphone ring
at that position. A similar situation is experienced at the diffusor section, that rather
than exhibiting a decreasing cross section, broadens its geometry along the turbine axial
direction. The final mounting position of the microphone ring demands the replacement
of merely a ring segment and requires only minor mechanical modification of the turbine
outer housing for the instrumentation cable leading-out (cf. Fig. 4.6). Each half section
of the designed microphone ring is constituted by an internal half annular segment with
a radius of 238 mm coupled to an external ring, as illustrated by Fig. 4.7(a).
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The external ring is fixed to the turbine housing, while the internal ring is free to
rotate within the flow channel. In order to ensure this free rotation, flat rolling bearings
are used. The needle roller bearings are placed within two parallel rectangular grooves
milled around the inner ring sides (cf. Fig. 4.7(a), Detail A). As required, the ring can
be rotated during turbine operation by a external system located outside the turbine
flow channel. The rotation is accomplished by a transmission mechanism constituted
by a bevel gear wheel fastened to the inner ring front side and a drive shaft guided
through the turbine housing to the outside (Trenke 2012). The internal ring is in turn
equipped with four interchangeable aluminum carrier plates, allowing the installation
of acoustic instrumentation. Additional to the schematic test set-up of Fig. 4.7(a), the
actual microphone ring is shown in Fig. 4.7(b) accompanied by a detailed view of the
carrier plate equipped with measurement microphones (cf. Fig. 4.7(c)).

1/4- Microphones

Transmission gear Turbine casing

Bevel gear ring

External (fixed) ring

Internal (rotating) rings

Carrier plate

Flow direction

Flat roller bearings

Rectangular groove

(a)

(b) (c)

Detail A

Detail B

20 mm

Figure 4.7: Microphone ring, (a) schematic microphone ring set-up, (b) actual assembled
set-up, and (c) detailed view of the instrumented carrier plate
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4 Experimental Setup

The installation and operation of the microphone ring within the turbine flow passage
results in a series of complex technical requirements. Among them are included the
design of the external transmission mechanism and the selection and integration of the
implemented microphones. Each one of the listed items will be separately discussed,
beginning with the implementation of the measurement microphones.

Measurement microphones implementation Microphones play a relevant role in
the development of the rotating measuring system. The integration of the microphones
within the air turbine represents a technical challenge due to the limited space avail-
able for their installation. As illustrated by the zoom area B in Fig. 4.7(a), the region
between the carrier plate and the outer microphone ring is very narrow, with a vertical
distance measured at the center point of the plate of 20 mm. As a consequence, the mi-
crophone selection is confined to sensors having this maximal length including measuring
microphone, preamplifier and cable. Based on this restriction, high quality and compact
pre-assembled condenser type microphones were chosen. These microphones integrate
a measurement capsule and a preamplifier as a unit, ensuring the best possible sensor
response characteristics as well as a common sensitivity (Frederiksen et al. 1979).

The chosen sensors are 1/4"–high temperature prepolarized pressure field microphones
sets Type 46BD from the manufacturer G.R.A.S. Sound and Vibration©. The Type
46BD microphone set consists of a 1/4" high-frequency pressure microphone cartridge
Type 40BD and a 1/4 preamplifier Type 26CB-S10, a special version of the Type 26CB.
The preamplifier was electrically modified by the manufacturer through an aging pro-
cess in an attempt to reach an operating temperature of at least 120◦C (the operating
temperature of the device is restricted to 100◦C). Representative diagrams as well as
photographs regarding the described measurement microphone set are displayed in Fig.
4.8.

Ø6.35 mm

Preamplifier

Microphone cartridge

Right-angle adapter

Microphone cartridge
without protective grid

Figure 4.8: Measurement microphone set Typ 46BD
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4.2 Measuring technique development for turbine aeroacoustical studies

The microphones are horizontally placed and axially flush mounted on one of the
interchangeable aluminum carrier plates by means of a right-angle adapter (cf. Figs. 4.7
and 4.8), thus not altering the in-duct prevailing flow field. A constant axial spacing of
20 mm between each acoustic sensor is chosen. This selection is based on a restricted
maximum plate carrier width and an optimization study which evaluated the sensor
arrangement dependence on the results of the Singular Value Decomposition (cf. Section
3.2). The optimization determined an optimal axial positioning range of 16 to 21 mm
between microphones for chosen acoustical modes (Ioannou 2012).

The acoustical sensor selection is not solely based on dimensional issues but also on
performance specifications. Regarding this point, a broad frequency operating range is
considered appropriate (4 Hz to 70 kHz), since the highest expected multiple of the
fBPF amounts to 18250 Hz (cf. Fig. 4.4). A further item defining a suitable acoustic
performance is related to the microphone linear dynamic range. For the chosen micro-
phone, a dynamic range varying between 44 dBA and 165 dBA is specified. The stated
dynamic range covers the expected sound pressure levels based on previous measure-
ments performed on radial (Rautenberg and Kassens 1970) and axial (Hellmich 2008)
turbomachinery.

A summary of performance specifications of the employed microphone sets is shown
in Tab. 4.4. Having defined the appropriate measurement instruments based on either
spatial and technical performance restrictions, a further aspect is shortly discussed in
the next section, namely, the microphone ring external transmission mechanism.

Table 4.4: Microphone set specifications

Nominal
sensitivity
mV/Pa

Frequency
response

Hz

Dynamic
range

dBA (re. 20 µPa)

Temperature
range
◦C

Length
mm

Weight
g

1.6 4 - 70 k 44 to 165 -30 to +120 54 10

Microphone ring external transmission mechanism As required by the general de-
sign concept of the microphone ring, external control as well as rotation during turbine
operation are required. To accomplish both tasks, an external transmission mechanism
was designed, constructed and documented by Trenke (2012). Fig. 4.9 shows the final
construction of the transmission mechanism. The transmission mechanism is driven by
a two-phase ISEL© step motor model MS 300-HT connected to a worm drive by means
of a bellows coupling (cf. Fig. 4.9). The step motor is in turn driven by an external pro-
grammable controller, the ISEL© iMC-S8 multi-axis controller. The controller converts
and subsequently transfers all the commands programmed by the user in a LabVIEW©

software driver into angular displacement and rotation direction signals for the connected
step motor.
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Worm transmission

Bevel gear shaft

Bevel gear ring segment

Internal (rotating) rings

Fixing plate

Bellows coupling

Flow direction

Detail A

Step motor

Figure 4.9: Microphone ring transmission mechanism

In this way, the desired motor motion is first evaluated, executed and finally trans-
mitted via the step motor directly to the worm drive. The worm transmission is in turn
equipped with a hollow shaft into which the designed bevel gear shaft is inserted. The
pinion shaft teeth are in turn coupled to two 180° - bevel gear segments integrated in
the microphone ring. This mechanism enables a complete ring rotation with a resolution
of 1◦.

In this way, a total of 179 circumferential modes can be measured (cf. Sec. 3.2), repre-
senting a total of 2160 measurement points (360 circumferential measurement positions
and six axially distributed microphones). Additionally, the measurement system is able
to decompose radial mode orders up to n = 2 (considering upstream and downstream
propagating modes) or n = 5 (including only downstream modes).

Having covered all the details related to the microphone ring installation and opera-
tion, the section to follow handles a key aspect of the performed aeroacoustical experi-
ments, namely, the general measurement scheme. Included in this section are aspects re-
lated to the data acquisition devices and required instrumentation for the determination
of the turbine flow parameters and a general overview of the control and measurement
programs employed for the operation of the microphone ring.
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4.2 Measuring technique development for turbine aeroacoustical studies

4.2.2 Measurement scheme

After concluding the hardware implementation process, represented in the microphone
ring design along with various related topics including positioning, instrumentation and
rotation, a further aspect is yet to be discussed, namely, the measurement process. The
data acquisition process contemplates the recording of the turbine flow operating pa-
rameters and the propagating in-duct sound field. Accordingly, the measurement process
is split into two different tasks. The first measurement task deals with the acquisition
and recording of sound pressure signals and turbine operating variables. The second one
is closely related to the external transmission control for the microphone ring rotation.
Both tasks are briefly handled in the sections to follow.

Data acquisition and recording

As stated before, sound pressure signals as well as turbine flow operating variables,
including pressure, temperature and angular velocity are required to be measured. To
accomplish this task, a modular data acquisition system based on the PXI platform
from National Instruments© is chosen. The PXI architecture defines a PC platform for
measurement and automation tasks (Starkloff et al. 2003). A PXI system is basically
composed of four elements, a chassis with integrated timing and synchronization ca-
pabilities, a system controller, a variety of peripheral modules, and a software which
enables the user interface with the data acquisition hardware. An overview of a typical
PIX data acquisition system is shown in Fig. 4.10.

Sensor

Peripheral modules

Chassis

Controller PC + Software

Connector block

NI PXIe-4496

NI PXIe-6361

NI PXIe-4353

NI BNC-2144

NI BNC-2090A

Direct connection
No connector block

p′

V

T

t

t

t

Sound pressure

Voltage

Temperature

Figure 4.10: Data acquisition scheme

For the present research, three peripheral modules are chosen. The selected modules
are specified in Fig. 4.10. On the one hand, a NI PXIe-4496 module is regarded as the
right choice for the intended acoustical measurements, as it offers high channel sample
rates and constant current signal conditioning for microphone power supply. On the
other hand, a NI PXIe-6361 module is chosen for the acquisition of voltage signals. The
device handles high sample rates as well and provides analog output channels. Finally,
a NI PXIe-4353 module is selected for temperature measurements via thermocouples.
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Further technical information of the peripheral modules is presented in Tab. 4.5. All
modules are integrated into a NI PXIe-1062Q chassis, a device which physically links the
personal computer with the measurement modules enabling the subsequently collection,
analysis, presentation and storing of measurement data (cf. Fig. 4.10).

Table 4.5: Peripheral devices technical specifications

Technical feature NI PXIe-4496 NI PXIe-6361 NI PXIe-4353
Analog input channels 16 16 32
Sample rate (Hz) 204.8k 1M3 and 2M4 90
Resolution (bits) 24 16 24

The general measurement and data acquisition set-up for the sound propagation ex-
periments is shown in Fig. 4.11. As indicated by the diagram, the data acquisition is
performed by two desktop computers, each one associated with a PXI system. The
system labeled Acoustic PC records all sound pressure signals and the varying output
voltage of a Hall sensor for the quantification of the rotor angular velocity. The output
voltage arises as a result of the passing by of a disc equipped with a rectangular notch
at its circumference and coupled to the rotor. Additionally, the external transmission
mechanism is controlled by the aforementioned computer via RS 232 serial port.

Acoustic PC

Turbine PC

Microphones -

Step motor

Pressure and temperature

Pressure

Temperature

Chassis+ModulesWLAN-Hub

TTL-Signal

Step controller

RS232 Port

LAN Switch

Connector blocks

Chassis+Modules

Sound pressure measurements

Figure 4.11: General measurement set-up

3Single channel measurement sample rate
4Multi-channel measurement sample rate
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The second computer, labeled Turbine PC is, however, used for the acquisition of the
single-stage turbine operating parameters. In this respect, the air turbine test facility
disposes of permanently installed instrumentation outside the test stand itself. The re-
ferred external instrumentation serves to determine the ambient air conditions (pressure,
temperature, and relative humidity in front of the screw compressors inlet) as well as to
quantify the mass flow by means of the venturi nozzle placed ahead of the turbine inlet.

Turbine in-duct flow measurements are performed to determine the inlet and outlet
operating parameters. To this end, stationary measuring probes are employed. Directly
ahead of the turbine inlet, a pitot-static tube is installed in order to determine the total
and static pressure at this location. The total air temperature is measured as well at this
position with a standard temperature probe from the company United Sensors©. The
total pressure in the turbine downstream region is measured with a five-hole pneumatic
probe equipped also with a total temperature sensor (Binner 2011, Herzog 2008, Kang
2006). Both the pitot-tube and the five-hole probe data are sampled by rack-mounted
piezo-resistive pressure scanners Model 9816 from Measurement Specialties©.

The PXI system connected to the host Turbine PC acquires only the temperature data.
The in-duct pressure data and the atmospheric pressure ahead the screw compressors (cf.
Fig. 4.3), however, are sampled by the rack-mounted pressure scanners and a precision
barometer from the company Mensor©, respectively. As seen on Fig. 4.11, a desktop
switch transfers the measurement data from the pressure scanners and the high accuracy
barometer to the Turbine PC host, which sends this data including temperature readings
to the Acoustic PC host. In this way, the operating status of the turbine is known during
the performed experiments. Complementing the turbine data acquisition and recording
information, the corresponding measurement range and uncertainty of the previously
listed instrumentation is summarized in Tab. 4.6:

Table 4.6: Measurement range and uncertainty of the data acquisition devices

Measuring device Variable Instrument range Measurement uncertainty
PSI Scanner 9816 Pressure 2.5 to 520 kPa ± 0.15 to ± 0.05 % FSO5

NI PXIe-4353 Temperature -100 to +1100◦C ± 0.36◦C
Mensor Series 6000 Pressure 80 to 120 kPa ± 0.02 % FSO
Microphone 46BD Sound pressure 44 to 165 dB ± 2 dB

After treating the associated measurement scheme for the sound propagation studies
in the context of this research, this section is concluded by presenting a general overview
of the experimental measurement assembly. Figure 4.12(a) shows a schematic diagram
of the turbine test rig along with the integrated microphone ring and the positioned
pressure and temperature probes. All measurement planes are labeled in ascending order
left to right in flow direction. Associated with each plane are the corresponding measured
variables. Shown are the variables P (pressure), T (temperature), p′ (sound pressure),
and Ω (angular velocity).

5FSO: Full Scale Output
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Figure 4.12: Overview of the instrumentation of the single-stage TFD air turbine (based
on Zehner (1980)). (a) Schematic representation, (b) integrated microphone
ring behind the rotor blades, and (c) assembled test facility

A cross section of three measurement planes at the bottom of Fig. 4.12(a) schemati-
cally illustrates the angular orientation of the temperature and pressure probes within
the test facility flow channel. The initial position of the microphone ring instrumented
plate when integrated into the turbine flow channel is also presented (cross section of
the measurement plane 5). As seen in the associated view, the microphones are located
at an angle of 45° with respect to the parting line separating both turbine outer hous-
ing segments. Complementing the schematic diagram, Figs. 4.12(b) and (c) show the
actual assembled experimental set-up. Both the integrated microphone ring as well as
the external transmission mechanism can be recognized.

56



4.3 Concluding remarks

Measurement and control program general overview

Having established the foundations of the data acquisition process in the context of
the current experiments, the data acquisition process as well as the step motor control
are briefly discussed below. Both data acquisition and motor control are required to be
adequately synchronized in order to guarantee satisfactory experimental results. Accord-
ingly, an integrated data acquisition and control program is developed in LabVIEW©.
The program consists of two separate modules that nevertheless run simultaneously.
The first module, the data acquisition module, records all sound pressure data, the rotor
TTL signal and receives the transferred turbine operating data via Ethernet from the
"Turbine PC" host. The second module, the control one, is in charge of the microphone
ring rotation through the step motor and the external transmission mechanism. In this
way, the data acquisition as well as motion control is guaranteed for the proper execution
of the intended aeroacoustical experiments.

4.3 Concluding remarks
The current chapter has concentrated so far in the development of a rotating ring as a
measurement concept for the subsequent application of an in-duct modal analysis method
for sound propagation studies, specifically the RMA. In respect thereof, the rotating ring
technical requirements and limitations as well as its construction, implementation and
installation in the TFD low-pressure turbine test rig were discussed.

Complementing this discussion, operating aspects of the test rig were presented along
with the sensors and data acquisition systems required for the intended aeroacousti-
cal studies. The latter was complemented by a general overview of the measurement
setup. Based on the aforementioned aspects, the following concluding remarks can be
established:

1. The developed rotating ring enables the measurement and subsequent analysis in
high resolution of the in-duct propagating sound structure within a low-pressure
air turbine. The measurement system is appropriate for the application of the
RMA to aeroacoustical studies in full-scale axial turbomachinery. This is possible
as a result of the accurate circumferential positioning of the measurement system
executed by an external transmission mechanism.

2. The implemented instrumentation for the measurement of the flow field and turbine
operating parameters (inlet and outlet pressure and temperature, and rotor angular
velocity) guarantees an accurate estimation of the expected in-duct propagating
structure. This acoustical field is defined in terms of the modes Cut-Off frequencies
as well as in terms of the propagating mode combinations (m,n) (cf. Section 2.3.5).

3. With the measurement system implemented in the turbine outlet, a systematic
sensitivity study of the RMA output variation as a consequence of changing data
acquisition and turbine related flow parameters can be performed. The results de-
rived from this analysis are useful to develop a careful experimental design leading
low uncertainty results derived from the RMA output. Further details regarding
the performed sensitivity analysis are presented and discussed in Chapter 6.
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Having described the general experimental setup for the intended aeroacoustical mea-
surements in the context of this work, the resulting sound field is first analyzed in
Chapter 5 by means of the RMA for a specific operating point. As such, the propagating
acoustical field is quantified in terms of circumferential and radial mode amplitudes for
the one-stage TFD low pressure air turbine configuration. This analysis is followed by a
sensitivity study of the RMA output to specific data acquisition and turbine operating
parameters. The focus is set on the variation of the circumferential mode amplitude to
alterations in the aforementioned parameters. The latter is covered in Chapter 6 of the
present document.
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5 Sound propagation measurements
at the TFD low-pressure turbine

The previous chapter presented the experimental set-up for the intended sound propaga-
tion studies on the TFD model air turbine. Additional to the test rig itself, an overview
of the instrumentation required for the application of the Radial Mode Analysis (RMA)
was provided. The latter represents the starting point of the acoustical field analysis per-
formed with the aid of this method. As such, the current chapter presents the results
derived from sound pressure measurements with wall-flush mounted microphones eval-
uated via RMA. In this way, the spatial structure of the sound pressure distribution in
selected cross sections of the model air turbine is quantified in terms of circumferential
and radial mode amplitudes. Previous to the presentation of this results, the machine
operating parameters corresponding to the performed acoustical experiments are first
established. Afterwards, and based on the turbine flow parameters, the in-duct sound
pressure structure within the model turbine is defined in terms of the acoustical mode
combinations (m,n) and the corresponding Cut-On frequencies. The chapter is con-
cluded with a discussion related to measurement uncertainty sources when performing
in-duct noise studies and evaluating derived results with the RMA.

5.1 Experimental design - Experiments execution

The sound propagation experiments were performed at the model air turbine of the TFD.
The experiments were conducted under diverse operating conditions. These are directly
related to the machine operating point, which is characterized by the mass flow, the rotor
angular velocity and the pressure and temperature within the test section. The turbine
configuration chosen for the experimental measurements was a single-stage (rotor/stator)
arrangement including a row of 29 stationary vanes and a row of 30 rotating blades (cf.
Sec. 4.1). The performed measurements were systematically carried out according to the
test scheme shown in Tab. 5.1. The operating points are displayed in terms of the mass
flow and the angular velocity normalized with respect to the nominal parameters of the
turbine one-stage configuration (cf. Tab. 4.1), both defined as

ṁrel =
ṁ

ṁnom

(5.1)

and

Ωrel =
Ω

Ωnom

(5.2)
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Table 5.1: Operating points of the experiments on the one-stage turbine

ṁrel

0.64 0.90 Ωrel

x - 0.23
x - 0.47
x x 0.93

A single operating point was chosen for the execution of the sensitivity study on the
output of the RMA. The chosen operating point corresponds to that with a relative
mass flow ṁrel = 0.64 (ṁ = 5 kg s−1) and a relative angular speed Ωrel = 0.47 (Ω =
3500 min−1). The mass flow (ṁ) as well as the turbine inlet and outlet total pressure
(P tot-in and P tot-out) were recorded. Additionally, the inlet and outlet total temperature
(T tot-in and T tot-out) along with the ambient pressure and temperature (P amb and T amb)
were acquired. The aforementioned operating parameters were complemented by the
measured rotor angular velocity for every shaft rotation.
As previously stated in Sec. 4.2.2, the flow variables were simultaneously recorded

along with the acoustical measurements. In regard to the latter, a sample rate f s = 60000
Hz was selected for the acquisition of the sound pressure data. A total of N = 60000
samples were registered, leading to a measurement period T = 1 s. In relation to the
acquisition of the flow parameters, for each circumferential measuring position swept by
the microphone ring, two samples of the aforementioned flow variables were recorded over
the same time period and afterwards averaged. The data acquisition process performed
at one specific operating point implied a complete rotation of the microphone ring.
The rotation was carried out in 1° steps, resulting in a total of 360 circumferential
measurement positions and 2160 measurement points (6 microphones circumferentially
displaced over 360 circumferential positions).

5.2 In-duct steady flow field measurements
An overview of the resulting flow parameters is illustrated in Fig. 5.1. The flow variables
are shown in terms of a measurement cycle, which is equivalent to the circumferential
measurement position of the microphone ring. As a general remark, it can be noticed
that both the magnitude of the total temperature and total pressure decrease from the
inlet to the outlet of the turbine. Figure 5.1(a) shows the turbine inlet and outlet total
pressure as well as the ambient pressure variation with the microphone ring circumfer-
ential measurement position. The corresponding pressure values slightly vary with the
measuring cycle, i.e., with the circumferential measuring position, indicating the steadi-
ness of the flow field during the whole measurement time. A variation of 0.1% of the
maximum value with respect to the mean value is quantified for the inlet total pressure,
whereas the outlet and ambient pressure exhibit a maximum magnitude variation in the
order of 0.001% when compared to their mean values.
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Figure 5.1: Flow parameters of the operating point ṁ = 5 kg s−1, Ω = 3500 min−1

A similar diagram is displayed for the turbine temperature variation (cf. Fig. 5.1(b)).
A slight rise in the inlet total temperature can be recognized, resulting in a maximum
variation of 0.1% in its magnitude with respect to its mean value. In contrast to this
trend, the outlet temperature continuously fluctuates around the mean value of 321 K,
exhibiting a maximal variation of 0.14% compared to this value. This temperature fluc-
tuation behind the blading region is attributed to the heating of the rotor as a result of
the contact with the incoming hot fluid (Binner 2011). This initial heating is afterwards
transferred to the subsequent stator vanes and rotor blades as a result of the higher
thermal conductivity between the rotor and the blading material than that between the
rotor and the moving fluid. Once the fluid leaves the blading region, heat is then again
transferred to it, leading to a temperature variation behind the rotor blades, which in
this case is just noticeable.
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Figure 5.2: Deviation of the rotor angular velocity from its average value

Regarding the mass flow, its time variation is shown in Fig. 5.1(c). A stable pattern
is identified, giving rise to a maximal variation of 1.1% in the magnitude of this flow
variable. The rotor angular velocity variation is presented in Fig. 5.1(d). This diagram
corresponds to the mean value fluctuation of this parameter with the circumferential
position of the microphone ring. The absolute difference between the lowest and highest
recorded angular velocity amounts to 64 min−1, equivalent to a relative value of 1.8%
when compared with the mean value (Ωavg = 3498 min−1). Complementing the rotor
angular velocity mean value diagram, Fig. 5.2 displays the deviation in percentage of
the rotational speed from the averaged angular velocity calculated for the whole mea-
surement time. As noticed, the ordinate displays the number of rotor revolutions. For
the chosen operating point, a maximal of 58 revolutions in a time interval of one second
could be recorded (Ω = 3500 min−1 = 58 s−1 = 58 Hz). However, only 56 revolutions
were finally considered as a consequence of a previous synchronization procedure per-
formed for the application of the RMA. This process implied data reduction in order
to establish a common starting point for the acoustical measurements. According to the
diagram, deviations of the angular velocity between -0.9% and 1.1% took place during
the measurement time.

As a way to complement the previously presented operating parameters, the absolute
velocity components along the turbine flow channel are displayed below in Fig. 5.3. Both
the axial (cx) and circumferential (cu) components of the absolute flow velocity c are
shown for five different planes. The determination of the absolute velocity in Plane 0 is
based on the measured data delivered by the pitot-static tube and the total temperature
probe located ahead of the turbine inlet (cf. Fig. 4.12). At this position (Plane 0), the
air flow is assumed to be homogenous, axial and fully developed. As a consequence, no
absolute circumferential velocity component is expected. The magnitude of the axial
and circumferential velocity magnitudes of the subsequent plane (Plane 1) is computed
based on the measurement parameters (total pressure and temperature) recorded at the
turbine inlet as well as on the rotor angular velocity.
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Figure 5.3: Turbine in-duct flow profiles

The calculation in Plane 1 is performed by means of a velocity diagram, an approach
which in turn rest upon the incidence and exit angles of the stator vanes and rotor
blades, α and β, respectively. The incidence and exit angles distribution along the vane
and blade height are schematically presented in Fig. 5.4(a) (Sandstede 1974). Regarding
the remaining planes, a similar approach based on velocity diagrams is undertaken. As
opposed to planes 0 and 1, the Cartesian components of the absolute velocity corre-
sponding to planes 2, 3 and 4 (cf. Fig. 5.3) are determined based on the operating data
recorded by the five hole pressure probe located in Plane 3. To validate this procedure,
the results of cx and cu in Plane 3 are compared with the outcome of the data measured
by the pressure probe. The latter requires the usage of the recorded pressures in parallel
with the calibration coefficients of the probe to determine the total and static pressure
as well as the total temperature at the measurement location. The absolute velocity
vector angle γ has to be determined as well by means of an iterative procedure. The
mentioned parameters of the pressure probe are shown for clarity in Fig. 5.4(b). With
these parameters, the absolute velocity and its axial and circumferential components can
be quantified. The exact procedure and further details are summarized in Evers (1985).
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The previously mentioned comparison is performed in this position (Plane 3) since
it corresponds to the location of the pressure probe (cf. Fig. 4.12). The outcome of the
comparison is presented in Fig. 5.5(a). The results of the pressure probe are shown as
discrete data points, since only a finite number of measurements were recorded along
the radial direction of the flow channel. A good agreement between both data sets is
revealed by superposing the evaluated information. Variations in the order of magnitude
of 1.9% and 5.4% for the absolute axial and circumferential velocities, respectively, are
quantified. This variation is calculated by considering the difference between both data
sets and by further comparison with the mean value of the resulting measurements from
the pressure probe. This fact confirms the validity of the undertaken approach based on
velocity diagrams.

Once the rectangular components of the absolute velocity vector are quantified, the
Mach number for both Cartesian components can be determined, namely, the axial and
circumferential Mach numbers, Max and Maϕ, respectively. The magnitudes correspond-
ing to both Mach numbers in Plane 4 (ahead of the microphone ring, cf. Fig. 4.12 and
5.3) are shown in Figs. 5.5(b). Both play a prominent role in the determination of the
sound field within the turbine. These directly influence the Cut-On frequency, fCut-On,
and therefore the propagating acoustical structure. On the one hand, and according to
Eq. 2.65, an increasing Max derives in a decreasing value of fCut-On. This is reflected
in lower excitation frequencies required to prompt the propagation of specific acoustical
modes. On the other hand, according to the direction of rotation of the circumferential
flow and therefore, depending on the algebraic sign accompanying Maϕ, fCut-On may be
reached with lower or higher excitation frequencies. For the evaluated operating point of
the turbine, Max averages 0.1, meanwhile Maϕ varies between -0.1 and -0.16. Once all the
parameters characterizing the flow-regime within the air turbine are known, the dom-
inating propagating acoustical structure can be predicted. The procedures and results
related to the sound field determination are presented in the following section.
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Figure 5.5: Comparison of the calculated circumferential and axial velocity profiles (a),
and (b) circumferential and axial Mach number

5.3 Identification of propagating acoustical modes

Having quantified the flow parameters within the turbine flow channel, the in-duct sound
pressure structure is defined in the sections to follow in terms of the propagating acousti-
cal modes. The analyzed modes are generated by two processes involving the interaction
of the moving blades with the stator and with the inlet guide vanes (cf. Fig. 2.16).
The modes are first identified based on the calculation of the Cut-Off frequency. This
is reflected in a propagation diagram, in which all modes are displayed within a specific
frequency range. Considering that only the discrete tones are of interest in this work,
the blade-passing frequency and one of its associated multiples are solely considered.
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5 Sound propagation measurements at the TFD low-pressure turbine

In this section, the acoustical mode combinations (m,n) resulting from the analysis
of the mathematical expression of the Cut-Off frequency, Eq. (2.65), are presented.
As aforementioned, the results are displayed in a propagation diagram, which exhibits
an overview of Cut-On mode orders as a function of the excitation frequency. This
representation is ideal, since it clearly establishes the constitution of the sound field
for specific frequencies, namely, for the blade-passing frequency fBPF and its harmonic
multiples. The effect of the swirling flow on the propagation is considered as well. Its
effect is quantified in terms of the magnitude of the circumferential Mach number, Maϕ.

The results are based on the previously presented operating parameters of the air tur-
bine. The considered parameters are the mean values of the static temperature (required
for the calculation of the speed of sound) and those of the axial and circumferential Mach
numbers at Plane 4 (cf. Fig. 5.3). These parameters represent the input values required
to determine the Cut-On frequency fCut-On and therefore the propagating sound field
within the air turbine. The mean values are calculated over the whole measurement cycle
(360 cycles, cf. Sec. 5.1). For the determination of the blade-passing frequency, the aver-
age of the angular velocity of the rotor over the whole measurement cycle is considered
as well. The values are summarized in Tab. 5.2.

Table 5.2: Averaged operating parameters of the TFD single-stage LPT for the propa-
gating sound field calculations

Parameter Value

Static temperature in K 319 ± 0.03%
Axial Mach number 0.1 ± 0.04%
Circumferential Mach number -0.13 ± 0.06%
Rotational speed in min−1 3498+1.1%

−0.8%

For the present operating point, the analyzed frequencies correspond to the fBPF and
its first harmonic, i.e., 1750, and 3500 Hz. These values represent the frequencies where
the discrete tonal noise components are expected to emerge as a result of the in-duct
sound propagation and the rotor/stator interaction. The resulting acoustical modes cor-
responding to the given flow condition and for the selected frequency components are
graphically shown in Fig. 5.6. Each color frame represents a specific radial mode-order.
In this way, the diagram can be divided into two regions; a first region indicating no
propagation - blank region - and a second zone pointing out the presence of several
in-duct propagating modes. The non-propagating modes are a result of the lower mag-
nitude of the excitation frequency when compared with the Cut-Off frequency. Once the
excitation frequency exceeds the Cut-Off frequency, the resulting acoustical modes con-
tribute to the dominating sound field structure within the turbomachine. In this respect,
and in general, low-order as well as high-order radial modes are associated with a broad
spectrum of azimuthal mode orders and excitation frequencies.
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Figure 5.6: Propagating acoustical, operating point ṁ = 5 kg s−1, Ω = 3500 min−1

It can be observed from Fig. 5.6 that theoretically, every acoustical mode lying over
the vertical line indicating the tonal frequency is able to propagate. However, this prop-
agation in turbomachinery-related flows is limited by the rotor/stator interaction, which
gives rise to specific circumferential mode orders according to the Tyler and Sofrin equa-
tion (cf. Eq. 2.67). In accordance with this fact, the resulting mode orders m based on
the moving and fixed blade configurations shown in Tab. 5.3 are unveiled in Tab. 5.4.
The arising mode orders m are arranged according to the harmonic multiple h. This
outcome is valid for several integers s and a fixed number of blades, vanes and inlet
guide vanes. By comparing Tab. 5.4 and the detailed view of Fig. 5.6, it is inferred that
only low order modes are cut-on in the measurement duct section of the turbine rig.
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5 Sound propagation measurements at the TFD low-pressure turbine

Table 5.3: Moving and fixed blading configurations

Configuration Interacting blade row Number of blades, B Number of vanes, V

1 R1/S1 30 29
2 R1/IGV 30 6

Table 5.4: Circumferential mode orders m derived from the Taylor & Sofrin equation

Interaction s -5 -4 -3 -2 -1 0 1 2 3 4 5

R1/S1 h = 1 -115 -86 -57 -28 1 30 59 88 117 146 175
h = 2 -85 -56 -27 2 31 60 89 118 147 176 205
h = 3 -55 -26 3 32 61 90 119 148 177 206 235
h = 4 -25 4 33 62 91 120 149 178 207 236 265
h = 5 5 34 63 92 121 150 179 208 237 266 295

R1/IGV h = 1 0 6 12 18 24 30 36 42 48 54 60
h = 2 30 36 42 48 54 60 66 72 78 84 90
h = 3 60 66 72 78 84 90 96 102 108 114 120
h = 4 90 96 102 108 114 120 126 132 138 144 150
h = 5 120 126 132 138 144 150 156 162 168 174 180

The Cut-On modes are expected to originate only from the rotor/stator interaction.
The Cut-On modes as well as its corresponding Cut-On frequencies are summarized in
Tab. 5.5 below. The associated uncertainty is determined based on the method of prop-
agation of error. The method quantifies the global measurement uncertainty associated
with a physical quantity which is a function of several other variables. The magnitude
of the associated error is calculated by following the procedures corresponding to the
propagation of uncertainty for multivariable functions (Beckwith et al. 2006).

Table 5.5: Propagating (m,n) modes for selected tonal frequency components

fBPF f 2BPF f 2BPF f 2BPF

(m,n)Cut-On (1,0) (2,0) (2,1) (2,2)
fCut-On 276 ± 0.27%1 Hz 549 ± 0.28% Hz 1817 ± 0.26% Hz 3487 ± 0.26% Hz

The acoustical modes resulting from the pressure field and wake interactions between
the rotating blades and the IGV also contribute to the sound field inside the LPT.
Among them, the plane mode (0, 0) is present for the fBPF. Further acoustical mode
combinations are the co-rotating modes (6, 1) and (12, 0), both at f 2BPF, and both for
values of s = -9 and s = -8, respectively (values not shown in Tab. 5.4).

1 Measurement inaccuracy in percentage of the indicated Cut-On frequency.
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Figure 5.7: Cut-On frequencies for selected mode orders

In order to complement the information presented before regarding the propagating
acoustical modes, Fig. 5.7 depicts a limited number of modes with radial orders varying
from n = 0 to n = 2 and circumferential orders m = 1...30. The shaded area below the
first harmonic component of the f 2BPF (3500 Hz) represents the modes which are capa-
ble of propagating. The region above this frequency encloses non-propagating modes.
Included within the shaded area are all the circumferential mode orders m generated
by the rotor/stator arrangement (cf. Tab. 5.5) and by the rotor/IGV set-up and pre-
dicted by the Tyler and Sofrin equation (cf. Tab. 5.4). Knowing the expected acoustical
mode combinations propagating through the LPT, the data analysis procedure to de-
termine the circumferential and radial mode amplitudes is presented in the sections to
follow. The procedure requires in first place the determination of the circumferential
mode amplitudes, Am. Based on these magnitudes, the radial mode amplitudes A±[mn]

are subsequently computed. Both are necessary to provide a clear picture of the sound
pressure structure within the turbine flow channel.

5.4 Analysis method and data proccesing

5.4.1 Unsteady sound pressure data processing prior to RMA
The circumferential as well as the radial amplitudes of the in-duct propagating modes
are determined by means of the Radial Mode Analysis (cf. Chapter 3). Accordingly, the
sound pressure is measured at several circumferential and axial measurement positions.
In the present work, this task is performed by a turbine-integrated rotating-ring. Before
the amplitudes of the in-duct acoustical modes are established, a data reduction proce-
dure is carried out. The former is necessary to ensure a proper analysis of the recorded
unsteady sound pressure data sets. In respect thereof, unsteady signals recorded by
measurement microphones are constituted by deterministic and stochastic components.
The deterministic part of the signal comprises a steady-state average value and period-
ically fluctuating components, while the stochastic fraction of it exhibits random noise
(Gostelow 1977). Mathematically, the signal is thus defined as follows
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5 Sound propagation measurements at the TFD low-pressure turbine

y(t) = ȳ + y(t)p︸ ︷︷ ︸
y(t)det

+ y′(t)︸︷︷︸
y(t)stc

(5.3)

where ȳ represents the steady-state average value, y(t)p is the periodically varying
component and y′(t) stands for the random fraction of the time signal. For the cur-
rent data analysis, it is of great interest to retain the periodicity of the recorded signal,
specially knowing in advance that the nature of the in-duct pressure field in many tur-
bomachinery applications exhibit such cyclic behavior (Moore 1972, Tyler and Sofrin
1962). Provided that the signal displays such periodicity, it can be recovered from the
background random noise by extracting the fluctuating as well as the steady-state com-
ponents from the raw data. This procedure is accomplished by suitable filtering and
averaging methods.
A well-known method is the phase-locked ensemble average, short PLEA, developed

by Gostelow (1977) in order to reduce the noise of raw data aided by the periodic
passing of a rotor blade as a phase reference. This technique is used in the present work
in order to isolate the tonal noise components of interest from the broadband turbine
noise (cf. Sec. 2.4.1). The suppression of such noise components takes place by a process
of waveform averaging. Unsteady sound pressure signals, each one revolution period
long, are successively averaged with each other resulting in a broadband noise-reduced
waveform phase locked to the turbine rotor.
The data analysis based on the phase-locked ensemble average is accomplished in a

series of steps once the unsteady sound pressure data has been recorded. The general
procedure consists of first properly storing all recorded data sets and subsequently fil-
tering them. A data synchronization routine is implemented afterwards. This routine
guarantees that all data sets are referenced to an appropriate phase and a common data
acquisition starting point. The phase reference is given by a trigger signal, represented
in a voltage pulse generated by the passing of a specific turbine blade. Once the data is
phase and time synchronized, a number or ensemble of data samples, each of one cycle
long, is taken.
Due to variations of the rotor angular speed, several ensembles may not display a

constant quantity of data samples. The ensemble averaging requires, however, ensembles
of equal length in order to avoid signal phase shift. As a result of this, the varying length
of the ensembles is set to a common sample size, specifically to that representing the
largest data sample size (i.e., that corresponding to the lowest rotor angular speed). This
is accomplished by a resampling routine, in which the data is interpolated by an specific
factor, which results in a variation of the original sampling frequency to match the new
data length requirement. Following the data resampling, all ensembles are successively
averaged with each other, thus concluding the unsteady data analysis procedure. The
averaging is accomplished solely by taking the instantaneous value of each ensemble for
every time t, summing the values, and dividing by the number of ensembles, in this case
represented by the number of considered rotor revolutions. Before the relevant steps of
the data evaluation routine are discussed into more detail, a graphical scheme of the
analysis procedure is shown in Fig. 5.8.
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Figure 5.8: Graphical scheme of the data analysis procedure

5.4.2 Phase-locked ensemble average, PLEA

The constituting steps for the unsteady sound pressure data processing prior to the im-
plementation of the RMA are discussed in detail in the present section. Special emphasis
is placed on the PLEA routine and the steps for its execution. The first step involves
the organization of the recorded data in a Technical Data Management Streaming
(TDMS) file format. This binary file format enables a structured and organized manage-
ment of experimental data (Georgi and Metin 2012). Accordingly, the measured sound
pressure data is organized in an array of dimension (N x M x Nϕ). N corresponds to
the data samples (N=60000 samples), M represents the number of measurement mi-
crophones (M=6) and Nϕ stands for an specific circumferential measurement position,
Nϕ=1...360. In this way, the binary file comprises the acquired sound pressure data for
one complete rotation of the microphone ring with a resolution of 1°.
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5 Sound propagation measurements at the TFD low-pressure turbine

The second step related to the data analysis procedure comprises the digital filtering
of the previously recorded data. Each sound pressure signal is digitally processed with a
Butterworth band-pass filter tuned to the blade-passing frequency and to the first of its
harmonic multiples. This procedure enables a convenient spectral analysis of the recorded
signal, as only the tonal components of the sound pressure remain after filtering the raw
sound pressure signal. According to Gostelow (1977), the filtered spectral components
correspond to background random noise. The technical specifications and parameters of
the digital filter employed to process the sound pressure data are exposed in Sec. 5.5 of
the present document.

Continuing with the analysis procedure, a data synchronization process is performed in
third place. Based on this procedure, every recorded sound pressure signal is referenced
to a common starting point. The former guarantees that the beginning of the data
acquisition is synchronized with a common starting angular position of the rotor blading
for every recorded revolution of the shaft. Figure 5.9 schematically exemplifies the data
synchronization approach. As such, the synchronization task is accomplished by means
of a trigger signal delivered by a magnetic sensor emitting a voltage pulse generated by
the passing of one blade (Hall sensor, cf. Figs. 4.11 and 4.12). The result is a "one-pulse-
per-revolution" signal of the rotor shaft (red continuous line) simultaneously recorded
with the sound pressure data (blue continuous line). Displayed in the left side of Fig.
5.9 are a few representative time signals - each constituting a circumferential position of
the microphone instrumentation arrangement. All time signals are shown for a common
starting data acquisition time. As noted, none of the signals is time synchronized with
the passing of the rotor blade through the common angular reference point (labeled with
a red triangle). As a consequence, each data record is phase shifted with reference to the
beginning of the data acquisition process.
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Figure 5.9: Schematic representation of the data synchronization process
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An accurate management of the phase shift problem consists of identifying the exact
time instant corresponding to the start of the first rotor revolution. This is accomplished
by means of the rising edges of the trigger signal. The first voltage pulse and the cor-
responding rising edge of the trigger signal denote the appointed time instant. Once
identified, the recorded sound pressure data is time shifted to match the beginning of
the first rotor revolution. As such, the sound pressure samples recorded before the first
trigger pulse are discarded. As a result, the trigger as well as the pressure-time signals
are synchronized as shown in the right side of Fig. 5.9. The aforementioned procedure is
carried out for each sound pressure signal recorded at every circumferential measuring
position sampled by the turbine-integrated rotating-ring.

Following the exposed data-synchronization procedure, the recorded sound pressure
samples are afterwards divided with the aid of the trigger signal. In this way, data
samples corresponding to the length of a rotor revolution are generated. The number
of data samples per rotor revolution varies depending on the machine rotational speed.
For the present operating point (Ω = 3500 min−1 = 58 s−1) about 1034 data samples
per revolution are expected. The number of data samples is derived in conjunction
with the corresponding sample rate (60000 Hz/58 s−1 v 1034 samples). This quantity
actually fluctuates around the nominal value of 1034 samples. This fluctuation is due
to the variable rotational speed of the rotor and is reflected in the deviation of the
rotor angular velocity from its average nominal value. The magnitude of the deviation
is exemplified in Fig. 5.10(a). The ensemble size remains stable in the short run, i.e., for
just one circumferential measurement position. In contrast, once a whole measurement
routine is considered, higher fluctuations are expected despite the stable flow field. In
respect thereof ensemble sizes between 1018 and 1038 samples were effectively measured
as shown in Fig. 5.10(b) below.
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Figure 5.10: Variation of the ensemble size as a function of the recorded rotor revolutions
(a), and (b) samples per shaft revolution as a function of the circumferential
measurement position
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Figure 5.11: Comparison between an original and a re-sampled data ensemble

As mentioned before in Sec. 5.4.1, the implementation of the phase-locked ensemble
average requires data ensembles of equal length. For this purpose, the variable length
of the ensembles is set to a standard sample size by means of a resampling algorithm.
The data ensembles are thus processed with MATLAB using the resample function
of the Signal Processing Toolbox. The data ensembles are interpolated by a rational
factor, defined as the ratio of the output sample rate to the input sample rate. This
is done in order to interface two different data sets with two different sample rates -
the original data samples and those with the desired common length. The MATLAB
resample function uses a FIR (Finite Impulse Response) filter to accomplish this task.
The filter is required to compensate the effects of the interpolation and in this way to
match as close as possible the original input signal (Kroese and Chan 2014). Figure 5.11
above displays the effect of the resampling routine on the input data. A single recorded
data ensemble (before resampling) of one rotor revolution is shown together with the
resulting data set after resampling. The magnification reveals a good approximation of
the processed data with the original one. The presented data sets correspond to filtered
sound pressure data sets.

After all data ensembles have been set to a common sample length, all digital values
are summed over all recorded rotor revolutions resulting in an average value for the
ensemble. Figure 5.12 schematically illustrates and summarizes the procedure regard-
ing the programmatic implementation of the phase-locked ensemble average, PLEA. A
recorded data series is shown in top of the diagram, each square representing a sample
value xij, where the index j outlines the recorded rotor revolution, and i stands for the
sample position within the ensemble. The desired periodic signal y(t)det, free of random
variations after the execution of the PLEA-routine is mathematically defined as
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ȳi =
1

NΩ

NΩ∑
j=1

xij (5.4)

with NΩ representing the number of averaged rotor revolutions. The data reduction
process carried out on the raw sound pressure signals by means of the PLEA is a prereq-
uisite for the subsequent data analysis procedure, namely, the RMA. As such, the data
sets generated by the PLEA are afterwards used as input data sets in order to conduct
the in-duct sound pressure study by means of the RMA.
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Figure 5.12: Schematic representation of the phase locked-ensemble average, PLEA

5.5 Circumferential acoustical modes

According to the theoretical concepts on the subject of the RMA discussed in Sec. 3.2, the
main objective of the evaluation method is to quantify the acoustical structure within
rotating machinery. This structure is constituted by circumferential and radial sound
pressure distributions - acoustical modes -, which in turn mathematically represent a
solution to the acoustic wave equation (cf. Eq. 2.17). Once the above-mentioned sound
pressure distributions have been quantified, a clear picture of the in-duct acoustical
structure can be established.
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Accordingly, the magnitude of the circumferential acoustical modes corresponding
to the analyzed operating point of the LPT are shown in this section. Previous to
the presentation of these results, the outcome of the filter analysis preceding the data
reduction procedure is discussed. In respect thereof, the filter analysis turns out to be of
significant importance, since only the tonal noise components associated with the blade
passing-frequency and its subsequent multiples are considered within the scope of the
current work.

5.5.1 Filter analysis

As aforementioned in Sec. 5.4.2, digital filtering is conveniently done by means of an
adjustable Butterworth band-pass filter. In this way, the recorded sound pressure time
series are passed through a filter tuned to the desired harmonic blade-passing frequency.
This procedure ensures that only the tonal noise components of the recorded sound
pressure remain for further signal analysis. An essential requirement of the digital fil-
tering procedure is primarily concerned with keeping the original magnitude as well as
accounting for the phase shift of the tonal noise components. It should be assured that
the amplitude of those frequency components after filtering the raw signal is exactly the
same as the one shown by the signal frequency spectrum before filtering.

The way to guarantee a constant amplitude response is by means of a filter analysis.
Consequently, each microphone signal is separately evaluated. As already stated, each
microphone records 360 signals, each resulting from a measuring point located at the
turbine in-duct circumference. A Fast Fourier Transformation (FFT) is carried out for
all measurement positions. Subsequently, all signals are analyzed with a Butterworth
band-pass filter. The analysis consists in varying the filter order, nF , and its frequency
specifications, including the lower and the upper limit frequencies, fl and fu, respec-
tively. Once the time varying sound pressure signals have been filtered, a FFT is carried
out again over these signals. The dominant frequencies are identified and organized in
an array. As a result, a single dominant frequency is identified for each circumferential
measurement position and for each measurement microphone. The identified dominant
frequency should match the blade-passing frequency or one of its harmonic multiples.
Complementary to each dominant frequency, the corresponding amplitude is also iden-
tified. The dominant amplitudes correspond also to the blade-passing frequency or one
of its multiples.

The results of the filter analysis are displayed in Fig. 5.13, in which the dominant
nominal frequencies (fBPF = 1750 Hz and f2BPF = 3500 Hz) are organized in a diagram
as a function of the circumferential measurement position. Both dominant frequencies
resulting from the original and from the filtered sound pressure signals are presented
and subsequently compared. The comparison is carried out by simply determining the
difference between the dominant frequencies before and after filtering. A similar diagram
is also shown in Fig. 5.14, which in contrast exhibits the sound pressure amplitude corre-
sponding to the dominant frequency before and after filtering takes place. The displayed
values are also function of the microphone circumferential measurement position.
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Figure 5.13: Dominant frequencies as a function of the circumferential measuring posi-
tion before and after signal filtering (a), and (b) comparison of both signals.
Results correspond to fBPF = 1750 Hz and one measurement microphone.
Dominant frequencies as a function of the circumferential measuring posi-
tion before and after signal filtering (c), and (d) comparison of both signals.
Results correspond to f 2BPF = 3500 Hz and one measurement microphone

The results shown correspond to the best possible combination of parameters (fil-
ter order and upper and lower limiting frequencies). The best combination is a result
of an iterative process in which all three parameters were varied until establishing the
lowest minimal frequency and sound pressure amplitude difference between the origi-
nal and the filtered signals, ∆f and ∆p′, respectively. As noted, no relevant frequency
shift is expected after filtering both tonal noise components, Figs. 5.13(b) and 5.13(d).
Minor frequency variations are identified for two circumferential measurement positions
associated with the f 2BPF, fluctuations which are below 1 Hz. Regarding the ampli-
tude response, the sound pressure magnitude corresponding to the analyzed tonal noise
components is minimally affected by the filtering process. Consequently, only minor
variations in the order of 0.4% (for fBPF, cf. Fig. 5.14(b)) and 1.1% (for f 2BPF, cf. Fig.
5.14(d)) were established in the amplitude response of the tonal noise components of the
sound pressure signals. The percentage variations result from the ratio of the highest
sound pressure difference ∆p to the highest absolute sound pressure p found over all
circumferential measurement positions ϕ.
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Figure 5.14: Dominant sound pressure amplitudes as a function of the circumferential
measuring position before and after signal filtering (a), and (b) comparison
of both signals. Results correspond to fBPF = 1750 Hz and one measure-
ment microphone. Dominant sound pressure amplitudes as a function of the
circumferential measuring position before and after signal filtering (c), and
(d) comparison of both signals - non filtered and filtered. Results correspond
to f 2BPF = 3500 Hz and one measurement microphone

The sound pressure variations ∆p′ shown by Figs. 5.14(b) and 5.14(d) are a conse-
quence of the filter magnitude response. In this respect, the magnitude and phase re-
sponse of the band-pass filter is shown in Fig. 5.15. The diagram corresponds specifically
to the filter centered about the blade-passing frequency fBPF = 1750 Hz. Associated with
the frequency response, an ideal constant gain (0 dB) takes place in a narrow frequency
range. Within the frequency range 1750 ≤ f ≤ 1765 Hz, the magnitude response is ideal,
since the original signal is neither amplified nor damped and all frequency components
lying inside this interval are uniformly handled by the designed filter. Frequency compo-
nents outside this interval are slightly damped and yield marginal variations in the sound
pressure magnitude associated with the filtered tonal noise components. This section is
concluded by presenting in Tab. 5.6 a summary of the filter parameters used for the fur-
ther signal analysis, both for fBPF and f 2BPF. As a closing remark, the undertaken filter
analysis proved to be useful to ensure the original magnitude of the examined tonal noise
components, which as aforementioned, turns out to be of vital importance for further
signal analysis and for the determination of the circumferential mode amplitudes.
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Figure 5.15: Magnitude and phase response of the designed Butterworth band-pass filter

Table 5.6: Butterworth band-pass filter parameters

Parameter fBPF f 2BPF

Filter order, nF 6 8
Lower limit frequency fl in Hz 1700 3450
Upper limit frequency fu in Hz 1820 3550

5.5.2 Results of the phase-locked ensemble average, PLEA

Having determined the optimal parameters for the digital filtering of the sound pressure
signals, the data processing analysis is followed by the data synchronization and the
phase-locked ensemble average procedures as previously stated in Sec. 5.4.2. In this
respect, Fig. 5.16(a) shows a signal recorded by one microphone at the angular position
labelled by D in Fig. 4.12(a). This circumferential measurement position represents
the starting point for every data recording procedure carried out within the scope of
the present work. It is located 45° in counterclockwise direction when referenced to
the turbine cross-section center line. The signal amplitude is normalized by the root
mean square (RMS) of the recorded time signal. The time signal is composed of a
series of periodic waves representing the tonal noise components generated within the
turbine in-duct and broadband noise associated with all pressure fluctuations past the
blade surfaces. Figure 5.16(b) displays the result of digital filtering over the raw signal
about the fBPF. Several peak amplitudes have been suppressed, however, a clear signal
periodicity cannot be explicitly recognized. This effect is a consequence of the filter
frequency response. The frequency components within a range of ± 20 Hz about the
blade-passing frequency fBPF are not suppressed (cf. Fig. 5.15), giving rise to a complex
time signal with more than a single tonal component.
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Figure 5.16: Recorded time variable sound pressure signals, examined before filtering
(a), and after filtering (b). Results correspond to the data recorded by one
microphone at the circumferential measurement position ϕ = 1°. Sound
pressure data is normalized to RMS value

The tonal noise component corresponding to the fBPF have been superposed to the
diagram (cf. 5.16(b)) to emphasize the original periodic nature of the filtered signal. A
clearer picture is given though by the frequency spectrum of both time signals previously
presented in Fig. 5.16. Accordingly, a FFT with an associated Hanning window is carried
out over both signals. The result of the performed frequency analysis is shown in Figs.
5.17(a) and (b).
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Figure 5.17: Frequency spectrum of the recorded sound pressure signal, (a) before fil-
tering, after filtering (b). Results correspond to the data recorded by one
microphone at the circumferential measurement position ϕ = 1°
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Dominant peaks corresponding to the tonal noise components acting at the fBPF and
its associated harmonics are identified. Complementary to this, the frequency spectrum
of the filtered signal displays a single dominant component, demonstrating the effective
action of the filter by suppressing all other harmonic multiples of the fBPF. A few
noticeable peaks between 60 Hz (denoted by A) and 740 Hz (denoted by B) are also
present in the frequency spectrum of the non-filtered signal, Fig. 5.17(a). A sharper
impression of the mentioned peaks is shown in Fig. 5.18 below, which displays the
frequency spectrum of the sound pressure signal recorded by one microphone within a
wider frequency range extending up to 10 kHz.
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Figure 5.18: Frequency spectrum of the sound pressure time series recorded by one mi-
crophone at the circumferential measurement position ϕ = 1°

As shown in Fig. 5.18, the frequency spectrum is dominated by tonal noise compo-
nents. As a result, it can be noticed that the amplitude associated with these frequency
components decreases once the order of the harmonic multiples h · fBPF increases. Ad-
ditional peaks are identified particularly at low frequencies, starting about 60 Hz. This
specific frequency is associated with the shaft rotatory frequency, fn. The first harmonic
multiple of the shaft rotatory frequency, f2n, can also be identified around 120 Hz. At
a frequency of approximately 370 Hz an additional peak is present. The described fre-
quency component is linked to tonal noise originated as a result of the flow interaction
with the turbine inlet guide vanes, IGV, which amounts to a total number of six vanes,
V (cf. Tab. 5.3). The frequency is denoted by fst in Fig. 5.18. The value of this tonal
noise component is determined based on the mathematical expression for the fBPF, with
the number of turbine blades B replaced by the number of inlet guide vanes V and
subsequently multiplied by the rotor angular velocity Ω:

fst = hV Ω (5.5)
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5 Sound propagation measurements at the TFD low-pressure turbine

The magnitude for fst predicted by Eq. 5.5 differs indeed by 20 Hz from the value
found in the frequency spectrum. According to Eq. 5.5, fst amounts to 350 Hz. This
difference originates as a result of the varying rotor angular velocity, which was shown
to fluctuate with the time or measurement cycle as previously displayed in Fig. 5.2. A
harmonic multiple of this tonal frequency of 740 Hz, denoted by f2st, is also present in the
frequency spectrum. The information regarding the turbine in-duct frequency structure
is complemented by presenting an overall averaged frequency spectrum composed of all
individual spectra, each representing a measurement cycle. Figure 5.19(a) displays the
respective result and simultaneously illustrates the strong amplitude variation of single
frequency components. Figure 5.19(b) supports the previous observation by illustrating
the same frequency spectra in terms of the sound pressure level (SPL) in dB. Variations
as low as 80 dB and as high as 140 dB can be identified for the fBPF, this as a result of
fast varying flow and turbine-operating related conditions.
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Figure 5.19: Frequency spectrum of the sound pressure time series recorded by the mi-
crophone ring (a), and (b), frequency spectrum displayed in terms of the
sound pressure level Lp. Black bold line corresponds to the averaged fre-
quency spectrum from 360 circumferential measurement positions. Shaded
area is associated with the fluctuating individual measuring cycles

Having identified the expected tonal noise components by means of the previously pre-
sented frequency spectra, the PLEA algorithm is implemented. As stated in Sec. 5.4.2,
all time signals recorded at selected circumferential measurement positions around the
turbine channel are filtered about fBPF and its first harmonic multiple and subsequently
rotor-synchronized before being averaged for further analysis. The results of the appli-
cation of the PLEA are exemplary shown in Fig. 5.20. Shown is the average of 56 time
series, each one rotor revolution long for one microphone and one angular position, in
this case, for ϕ = 1°. The sound pressure data was filtered about fBPF = 1750 Hz.
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Figure 5.20: Sound pressure time series after filtering (about fBPF = 1750 Hz) and after
implementation of the phase-locked ensemble average algorithm. 56 succes-
sive samples, each one cycle or rotor revolution long were averaged with
each other. Results correspond to the data recorded by one microphone at
the circumferential measurement position ϕ = 1°

0 2 4 6 8 10 12 14 16 18
−30

−20

−10

0

10

20

30

Time t in ms

So
un

d
pr
es
su
re
p′

in
P
a

Figure 5.21: Sound pressure time series after filtering (about f 2BPF = 3500 Hz) and
after implementation of the phase-locked ensemble average algorithm. 56
successive samples, each one cycle or rotor revolution long were averaged
with each other. Results correspond to the data recorded by one microphone
at the circumferential measurement position ϕ = 1°
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5 Sound propagation measurements at the TFD low-pressure turbine

The application of the PLEA algorithm to the original recorded sound pressure data
effectively isolated the tonal noise components from the broadband turbine noise, re-
sulting in a clearly recognizable periodical signal with frequency fBPF. A similar result
for the same data set is shown in Fig. 5.21, however, the signal is filtered about the first
harmonic multiple f 2BPF. The amplitude of both averaged signals is consistent with the
amplitudes of the original signal previously displayed in the frequency spectrum (cf. Fig.
5.18). To facilitate the comparison of the signal amplitudes, the frequency spectrum of
both averaged time signals is shown in Fig. 5.22. The fact that both signal amplitudes,
before and after synchronizing and averaging are consistent in magnitude is relevant,
as it should be ensured that the amplitude of the tonal noise frequency components
remain the same after the PLEA for the succeeding determination of the circumferential
mode amplitudes. In order to complement the previously presented information, Fig.
5.23 presents the signal averaging process for the fBPF tonal noise component carried
out exemplary with only four successive rotor revolutions. The amplitude of the aver-
aged signal, Fig. 5.23(e), exceeds the amplitude of the averaged signal with 56 rotor
revolutions also corresponding to fBPF (cf. Fig. 5.20). This observation implies that the
number of analyzed rotor revolutions affects the outcome of the acoustical mode anal-
ysis, as the RMA requires as input the averaged signals. The sensitivity of the RMA
to the number of averaged rotor revolutions is therefore discussed in more extent in the
chapter to follow, being this a central part of the present work.
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Figure 5.22: Comparison between the frequency spectra of the filtered signal derived
from the original recorded data and that after implementation of the PLEA.
Signal filtered about (a) fBPF = 1750 Hz and, (b) f 2BPF = 3500 Hz

5.5.3 Circumferential mode amplitudes

The result of the implementation of the PLEA algorithm is a synchronized and time aver-
aged sound pressure signal for each circumferential position sampled by the microphone
ring (cf. Fig. 5.20). Once this procedure has been concluded, the further determination of
the circumferential modes amplitudes can take place. As a consequence, a circumferen-
tial sound pressure signal is reconstructed for an specific time instant ti. The new signal
is thus constituted by the corresponding amplitude of each one of the 360 previously
acquired time sound pressure signals, for the previously mentioned time instant.
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An instantaneous picture of such circumferential pressure pattern p′(ϕ, ti) for the
blade-passing frequency fBPF = 1750 Hz is shown in Fig. 5.24(a). Each point represents
the sound pressure associated with an specific circumferential measurement position. The
random-like pattern of the reconstructed signal is expected, since higher-order modes
other than the propagating circumferential mode mn[1,0] and its respective amplitude
Am=1 at the fBPF have been generated (cf. Figs. 5.6 and 5.7). The information pertaining
Fig. 5.24(a) is complemented in Fig. 5.24(b) by the superposition of several instantaneous
circumferential pressure patterns. The signals are shown solely for the interval ϕ =
0...30°, this for visualization purposes. The additional circumferential pressure signals
correspond to subsequent time instants. A total of 25 succeeding time points ti covering
a time interval of approximately 0.4 ms are depicted. The signal previously presented in
5.24(a) is depicted in Fig. 5.24(b) as well in blue.
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Figure 5.24: Reconstructed circumferential sound pressure signal for (a) one specific time

instant, and (b) for several time instants
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Noticeable is the variable nature of the amplitude associated with the circumferen-
tial pressure distribution p′(ϕ, ti) for each displayed time instant ti. In respect thereof,
it is expected that the circumferential mode amplitudes Am vary as well according to
the analyzed time instant. In other words, no constant Am is anticipated for the whole
recorded sound pressure data. This fact is enhanced by Fig. 5.25, which replicates the
information previously displayed in Fig. 5.24(b) in form of a contour plot. The recon-
structed circumferential sound pressure signals are shown as a function of the azimuthal
position ϕ and for an extended time step range, ti = 1...200, from a total of 1038 time
steps (representing the duration of one rotor revolution, approximately 17 ms).

The periodicity of single time signals for specific values of ϕ can be recognized in the
contour plot. The magnitude of p′ varies periodically with a frequency corresponding
to fBPF. The variation takes place at different levels. The region corresponding to ϕ =
0...60° features variations in p′ below 60 Pa, whereas the domain ϕ = 120...240° reveals
variations above 160 Pa. The latter circumferential region evidences also the highest
magnitudes corresponding to p′. Both observations stay in accordance to the results
anticipated. Being the azimuthal mode order m = 1 the only expected propagating
mode, the resulting circumferential pressure distribution should indicate a single maxima
as well a single minima region. This feature is certainly not perfectly reproduced, i.e.,
a one cycle sine or cosine signal. This is a result of the complex in-duct sound pressure
distribution, which encloses not only the expected propagating modes but also additional
decaying modes.

Bearing resemblance to a variable time signal, a space-variable signal can also be
analyzed by means of a Fourier Transformation. The sound pressure distribution in
azimuthal direction is composed of a series of superposed harmonic signals, each repre-
senting a sound pressure pattern varying in the aforementioned direction (cf. Eq. 2.63
and Fig. 2.9). Accordingly, an instant circumferential pressure signal - taken at an spe-
cific time - will vary its amplitude along its circumference. The spectral analysis delivers
analogous results, but in contrast, the modal content of the signal is extracted after such
analysis. This procedure thus enables the identification of the dominant circumferential
mode orders m from the previously presented reconstructed azimuthal sound pressure
signals. The output of the spatial FFT yields the amplitudes of the circumferential modes
Am and its respective mode order m. This procedure is carried out for all time steps and
representative shown in Fig. 5.26(a) for the first 100 time instants.

Depicted are solely the absolute values for Am resulting from the spatial FFT analysis.
The diagram confirms the variable magnitude of Am and additionally reveals its period-
ical behavior. The results indicate as well the presence of a dominant mode order m=1.
Additional modes are identified, however these are not dominant and are considered not
to contribute to the propagating field. Additionally, the circumferential modes ampli-
tudes Am are quantified in Figs. 5.26(b) and (c). Both diagrams display the normalized
value of Am in respect to its maximal absolute value for all time steps. Figure 5.26(b)
represents the time step corresponding to the maximal amplitude of Am. As a result,
the normalized value for the mode order m = 1 is equal to unity. Figure 5.26(c) on the
other side shows the average value of Am over all time steps.

87



5 Sound propagation measurements at the TFD low-pressure turbine

0 30 60 90 120

50

100

150

200
T
im

e
st
ep

t i

120 150 180 210 240

50

100

150

200

T
im

e
st
ep

t i

240 270 300 330 360

50

100

150

200

T
im

e
st
ep

t i

0 20 40 60 80 100-20-40-60-80-100

Circumferential measurement position ϕ in degrees

Circumferential measurement position ϕ in degrees

Circumferential measurement position ϕ in degrees

Sound pressure p′ in Pa
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Figure 5.26: Time variation of the circumferential mode amplitudes ‖Am‖ for selected
time steps and mode orders (a). Normalized circumferential mode ampli-
tudes ‖Am‖ with respect to ‖Am‖max for (b) maximal ‖Am‖, and (c) average
‖Am‖ over all time steps. Results correspond to the data recorded by one
microphone about fBPF = 1750 Hz

The results correspond to the sound field recorded by a single microphone. Similar
diagrams for the five remaining sensors are shown in App. A. Figure 5.26(c) shows the
results of a numerical simulation in which modal structures were generated based upon
real turbine operating data (cf. Tab. 5.2). The numerically based results are used for
validation purposes as well as to evaluate the achieved quality of the obtained experi-
mental results. The simulation routine rests on the analytical solution of the acoustic
wave equation (cf. Eq. 2.63) and on the description of the specific modes produced as a
result of the rotor-stator interaction. The generation of the modal structure is described
in detail by Laguna et al. (2013b). In general, the procedure requires the determination
of the highest propagating circumferential mode order m as well as the corresponding
radial mode orders n and associated flow, operating and acoustic parameters such as the
axial wave number (cf. Eq. 2.64). The calculation of numerically generated circumfer-
ential mode amplitudes as well as the whole in-duct sound field requires the magnitude
of the radial mode amplitudes A±[mn] (cf. Eqs. 3.1 and 3.2). As indicated in Chapter 3,
these amplitudes are determined through the RMA, but in this case, these are instead
generated by means of a mathematical model (Laguna et al. 2013b).

89



5 Sound propagation measurements at the TFD low-pressure turbine

m

‖Am‖

Low High

(a)

2 4 6 8 10

T
im

e
st
ep

t i

m

N
or
m
al
iz
ed

ci
rc
um

fe
re
nt
ia
lm

od
e
am

pl
it
ud

e
‖A

m
‖/
‖A

m
‖ m

a
x

2 4 6 8
0

2 4 6 8
0

(b) (c)

Measured values Simulated values

m

0.2

0.4

0.6

0.8

1.0

10 10

0.4

0.6

0.8

1.0

0.220

40

60

80

100

Figure 5.27: Time variation of the circumferential mode amplitudes ‖Am‖ for selected
time steps and mode orders (a). Normalized circumferential mode ampli-
tudes ‖Am‖ with respect to ‖Am‖max for (b) maximal ‖Am‖, and (c) average
‖Am‖ over all time steps. Results correspond to the data recorded by one
microphone about f 2BPF = 3500 Hz

The numerically based simulation results are placed beside the experimentally ob-
tained values of ‖Am‖/‖Am‖max in order to directly compare both outcomes. The domi-
nant circumferential mode amplitude associated with the mode order m = 1 is well repli-
cated by the numerical simulation. However, the ascending mode orders are marginally
well represented and do not match the results experimentally obtained. This is a re-
sult of the numerical model itself. As previously explained and according to Laguna
et al. (2013b), the resulting in-duct acoustic sound field is exclusively composed of the
theoretically propagating mode combinations (m,n). In this way, for the blade-passing
frequency fBPF only the mode mn[1,0] is present. For the second frequency considered
within the analysis (f 2BPF), the mode combination mn[2,2] is also expected to prop-
agate. The normalized circumferential mode amplitudes associated with mode orders
above m = 1 are a result of the stochastic modal composition included in the numerical
model. The stochastic component of the simulation is conferred by a Gamma probability
distribution with an arithmetical mean of 1, added to an exponential decay of modes
generated by harmonic orders h of the fBPF.
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The results derived from the spatial Fourier Transformation for the first multiple of the
blade-passing frequency are also considered. Figure 5.27(a) displays again the absolute
value of Am for several time steps. Noticeable is the dominance of the circumferential
mode orders m = 1 and m = 4. This result deviates from the expected propagating
mode, which was calculated to have an order m = 2 (cf. Tab. 5.5). A possible reason
for this outcome is that low order modes have already been excited by the examined
frequency (f 2BPF). The same situation is valid for the high-order modes m = 3 and
m = 4. The normalized amplitudes of the maximal and average values of Am are also
quantified in Figs. 5.27(b) and (c), respectively. As already indicated, m = 4 turns out
to be the dominant mode, reason why its value in Fig. 5.27(b) is unity. The numerical
simulation exhibits a good agreement with the expected propagating mode order. On
the other hand and based on the arguments exposed before, the dominant modes m =
1 and m = 4 are not validated to a good extent.

5.6 Radial acoustical modes
As previously discussed in Sec. 3.2, the determination of the acoustical propagating
structure inside the turbine requires the magnitude of the radial mode amplitudes A±[mn].
These amplitudes are mathematically expressed in terms of the circumferential mode
amplitudes Am (cf. Eq. 3.2). With Am known for the specific operating point ṁ =
5 kg s−1, Ω = 3500 min−1, the corresponding radial mode amplitudes are calculated. As
a reminder, the radial mode amplitudes A±[mn] are determined by grouping together the
radial and axial terms of the general solution to the homogeneous acoustic wave (cf. Eq.
2.63). This results in a linear system of equations for one specific circumferential mode
order m including the previously established circumferential mode amplitudes Am for
different axial positions.

Analog to the circumferential mode amplitudes, the downstream and upstream radial
mode amplitudes A±[mn] were determined for all six microphones, but shown are only
those corresponding to a single one. Figures 5.28(a) and (c) present the aforementioned
amplitudes for the tonal frequencies fBPF = 1750 Hz and f 2BPF = 3500 Hz, respec-
tively. Both diagrams exhibit a maximal radial mode order n = 2 (cf. Sec. 3.2). Again,
and for validation purposes, the results derived from the numerical simulation regard-
ing the absolute magnitudes associated only to the upstream radial modes A+

[mn] are
shown (‖A+

[1,n]‖sim and ‖A+
[2,n]‖sim). It follows that the upstream propagating modes are

as significant as the downstream propagating ones, this due to the similar amplitude of
both variables obtained for almost all mode combinations shown in both figures. In this
way, the acoustical modes present in the in-duct field structure do propagate but also
reflect in the direction of the turbine blading. This effect is especially pronounced for the
mode mn[1,0]. The numerical simulation exhibits a reasonable agreement with the results
obtained for the propagating modes mn[1,0] and mn[2,2]. The values associated with the
remaining modes are considered to be negligible, since these are below the inherent noise
level of a measurement microphone (below 6.5 dBA). Complementary to the absolute
radial mode amplitudes, the in-duct sound field structure is shown in Fig. 5.28(b) and
(d). The acoustical structure is exhibited for both considered tonal frequencies.
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Figure 5.28: Absolute radial mode amplitudes for (a) m = 1 and fBPF = 1750 Hz, (c)
m = 2 and f 2BPF = 3500 Hz. In-duct sound pressure for (b) fBPF, and (d)
f 2BPF
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5.7 Concluding remarks
The current chapter presented the results derived from the application of the Radial
Mode Analysis (RMA) to the in-duct sound field recorded by a rotating microphone
ring. Accordingly, the turbine operating parameters corresponding to the performed
acoustical measurements were first presented. The respective in-duct steady flow field
measurements were as well established along with the corresponding instrumentation.
Once the flow parameters were quantified, the propagating in-duct acoustical structure
was identified. Accordingly, the rotor-stator as well as the rotor-inlet guide vane inter-
actions were evaluated and as a result, a series of acoustical mode combinations were
established for specific tonal noise frequencies associated with the low-pressure turbine.
Prior to the implementation of the RMA, the data processing associated to it was dis-
cussed in detail. In this respect, aspects related to digital filtering, data synchronization,
resampling and phase-locked ensemble average were introduced. Following the afore-
mentioned topics, the in-duct acoustical structure in terms of the circumferential and
radial mode amplitudes associated with two tonal frequencies was quantified. A series of
concluding remarks derived from the aforementioned aspects are mentioned as follows:

1. An accurate evaluation of the turbine in-duct acoustical structure demands a de-
tailed knowledge of the dominating flow field as well as of the machine operating
parameters. This was possible due to the implemented instrumentation for the
measurement of such variables (inlet and outlet pressure and temperature, and
rotor angular velocity), which guaranteed an accurate estimation of the expected
in-duct propagating structure.

2. First results derived from the application of the RMA to recorded in-duct acoustic
data were obtained. The gained results constitute a confirmation of the validity of
the analysis method, in particular when compared with the numerical simulation
carried out parallel to the experimental measurements. Associated results of the
circumferential and radial mode amplitudes are consistent with the theoretical
predictions of the propagating sound field specially for the blade-passing frequency
(fBPF = 1750 Hz). Results associated with the first multiple of the blade-passing
frequency (f 2BPF = 3500 Hz) featured, however, significant differences between
the expected and the actually measured mode structure. These deviations are
attributed to the excitation of low as well as high order modes by frequencies below
f 2BPF which are part of the existing sound field for the mentioned frequency.

3. Prior results indicating the effect of the number of analyzed rotor revolutions on
the outcome of the acoustical mode analysis were established. This result stresses
the necessity of carrying out a systematic sensitivity study of the RMA output
variation as a result of variable data acquisition parameters.

Having discussed in detail the procedure associated with the application of the RMA
to a set of recorded acoustical data in the present chapter, Chapter 6 concentrates on
the sensitivity of the RMA output to data acquisition parameters. The focus is set on
the study of the variation of the circumferential mode amplitude to alterations of such
parameters.

93



5 Sound propagation measurements at the TFD low-pressure turbine

94
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Having presented the results of the implementation of the RMA on recorded sound
pressure data, the current chapter focuses on studying the sensitivity of this method
to chosen data acquisition parameters. The considered parameters are: (1) the circum-
ferential spacing of the the measuring positions, and (2) the number of rotor-triggered
revolutions. Both parameters are varied while the impact of the performed changes are
quantified in terms of the variation on the magnitude of the circumferential mode am-
plitude Am. Before these results are presented, previous findings in form of a test case
derived from a numerical simulation are shown. The numerical simulation is based on the
generation of modal structures under turbine-like operating conditions. This approach
enables a direct comparison between the experimental and the numerically obtained
results while simultaneously providing a reasonable procedure to validate the results
derived from the sensitivity analysis. The sensitivity analysis provides a detailed insight
into the measurement error associated with the application of the RMA. This knowl-
edge is used to define the requirements for high fidelity measurements by allowing the
selection of optimum ranges for the data acquisition parameters previously listed.

6.1 Test case on the sensitivity of the RMA

The quantification of the influence of data acquisition and turbine-related operating pa-
rameters on the acoustic decomposition of sound fields is a important requirement in the
development of a high-quality testing environment for aeroacoustic studies in turboma-
chinery (Laguna et al. 2013b). The purpose of this section is to provide an insight into
the influence of data acquisition parameters on the amplitude of the azimuthal modes
determined through the RMA. This is accomplished by means of a numerical simulation.
This computational routine was already described in Sec. 5.5.3. As previously indicated,
the simulation generates a in-duct acoustical field based on real turbine operating pa-
rameters. In this way, it is possible to execute virtual measurements, in which the data
recording with a microphone array located inside the turbine can be simulated. The
resulting acoustical signals are subsequently processed by the RMA routine.

A test case is presented as follows. The operating point corresponds to the nominal
operating parameters of the LPT. As already stated in Chapter 4, the chosen configura-
tion of the turbine features a cylindrical section downstream of the stage, followed by an
annular diffusor which further downstream discharges the flow vertically downward into
a pipe. The operating parameters of the turbine used for the sensitivity analysis carried
out for this specific test case are shown in Tab. 6.1.
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Table 6.1: Test case nominal operating parameters of the TFD air turbine

Parameter Value
Inlet Mach number, Max 0.215
Circumferential Mach number, Mau 0.4
Inlet total temperature, Ttot-in 100◦C
Rotor blades, B 30
Stator vanes, V 29
Nominal angular speed, Ω 7500 min−1

Blade-Passing Frequency, fBPF 3750 Hz

The resulting acoustical mode combinations (m,n) based on the nominal operating
parameters of the LPT are presented in Tab. 6.2. Noticeable is the inclusion of swirling
flow, which results in a different in-duct acoustical structure as that before presented in
Fig. 4.4. The numerical calculations are executed for the blade-passing frequency fBPF
and its first two harmonic multiples, i.e., 3750, 7500 and 11250 Hz. The listed values
represent the frequencies where the discrete tonal noise components are expected to
emerge as a result of the in-duct sound propagation.

Table 6.2: Propagating (m,n) modes for selected tonal frequency components

Cut-on modes

fBPF (1,3)
f2BPF (-27,4)/(2,6)/(31,3)
f3BPF (-55,2)/(-26,9)/(3,10)/(32,7)/(61,1)

The sensitivity analysis is performed only for selected modes at each tonal noise fre-
quency. This is done in this way as a result of the number of available axial measurement
positions (Nx) on the microphone ring. A maximum number of radial mode orders can
be resolved depending on the number of axial measuring positions (cf. Eq. 3.2). As a
consequence, radial mode orders up to n = 2 (considering upstream and downstream
propagating modes, n = Nx\2) or n = 5 (including only downstream modes, n = Nx−1)
can be determined. Radial orders exceeding the specified limits lead to a undetermined
system of equations (cf. Eq. 3.11).

Accordingly, the analyzed propagating mode combinations for the fBPF and the re-
maining harmonic multiples are the following: for the blade-passing frequency the mode
mn[1,3] is analyzed, followed by the mode mn[31,3] for f2BPF . Finally, for the second har-
monic of the blade-passing frequency, the acoustical mode mn[−55,2] is examined. The
chosen acoustical modes are representative for low as well as for high circumferential
and radial-mode orders.
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Knowing beforehand the expected acoustical modes, the variation range of the data
acquisition parameters for the sensitivity analysis are shown in Tab. 6.3. Additional to
the number of triggered revolutions and the spacing of the circumferential measuring po-
sitions, a trigger delay and the signal-to-noise ratio (SNR) of the microphones are also
included. The latter are only considered within the scope of the numerical simulation
and are not taken into account for the experimental results presented in the following
section of this chapter. In regard to the remaining simulation parameters, the axial and
circumferential Mach number as well as the total inlet temperature are kept constant.
Within this operating temperature, the examined mode combinations (m,n) are cut-on.
The angular resolution is maintained below 3◦ to assure that the number of circumferen-
tial data acquisition points is at least twice the corresponding mode order m for a proper
spatial FFT analysis. The presented range for the SNR ratio is typical for condenser type
measurement microphones. The data acquisition parameters are varied in such a way
that the RMA results are influenced without modifying the in-duct acoustical structure.

Table 6.3: Ranges of the data acquisition parameters

Parameter Value
Circumferential spacing, ∆ϕ 1◦...3◦

Number of triggered revolutions, N 1...150
SNR 5...60 dB
Trigger delay, ∆t 0...10

6.1.1 Circumferential spacing - Test case

The influence of the angular resolution on the accuracy of the RMA results was analyzed
for a SNR value of 60 dB. The sensor circumferential spacing was varied in steps of 1, 2
and 3◦, resulting in 360, 180 and 120 circumferential measuring positions, respectively.
The measurement time was restricted to one triggered revolution and the sampling rate
was established at 100 kHz. The results for the analyzed mode combinations are pre-
sented in Fig. 6.1. The relative error slightly increases with decreasing angular resolution.
The low-order azimuthal mode mn[1,3] exhibits relative errors below 1% despite the re-
duced spatial measurement resolution. As opposed to this, for the high-order azimuthal
mode combinations (mn[31,3] and mn[−55,2]) variations up to 1% are ascertained for a
reduced number of circumferential measuring positions. In this way, high-order modes
may be measured without requiring a high circumferential measurement resolution, this
as a result of low measurement errors for low angular resolution. The consequence is that
the time required to complete a measurement campaign may be reduced by a factor of
3, from the initial 360 to a final quantity of 120 measuring positions.

97



6 Sensitivity analysis

1 2 3
0

2

4

6

Resolution ∆ ϕ in degrees

E
rr
or
A
m

in
%

fBPF/mn[1,3]

f2BPF/mn[31,3]

f3BPF/mn[−55,2]

Figure 6.1: Relative error as a function of the angular resolution ∆ ϕ for SNR = 60 dB,
based on the results of Laguna et al. (2013b)

As a complementary comment and following Laguna et al. (2013b), the relative error
arising as a result of the influence of the circumferential spacing on the RMA is based
on the relative difference between the so-called calculated and simulated circumferential
mode amplitudes, (Am)s and (Am)c, respectively. Both amplitudes are determined based
on the analytical solution of the wave equation in a hard-walled annular duct, Eq.
2.63, and the description of all possible excitable circumferential modes, Eq. 2.67. The
relative error calculation is accomplished based on a simulation which generates a modal
structure in the duct behind the last stage of the LTP. The modal structure is generated
by rearranging the Cut-On frequency expression (cf. Eq. 2.65) for the highest possible
eigenvalue s[mn] at the fBPF or any of its harmonic multiples. In this case, with the fBPF

being a known quantity, the maximum order of the acoustical modes (m,n) is indirectly
limited. By means of a root finding algorithm, the highest propagating mode order m,
with radial mode order 0 is determined. This is done by increasing the order m of the
radial function g(r) (cf. Eq. 2.45) in each iteration and searching for the first root of its
derivative, i.e, the eigenvalue s[m,0].
Subsequently, the Tyler and Sofrin expression (cf. Eq. 2.67) is used to determine the

excitable circumferential modes for each harmonic multiple of the fBPF. In this way,
all propagating mode combinations (m,n) are established. With this information, the
axial wave numbers and further parameters are calculated for all modes present in the
simulated acoustical structure. This derives in an almost complete representation of the
analytical solution (cf. Eq. 2.63), with the limitation, that the radial-mode amplitudes
A±[mn] are missing. These amplitudes, which are normally determined by means of the
RMA, are instead generated based on a simple mathematical model. This model con-
siders an exponential decay of modes generated by the harmonic multiples h of the fBPF

as well as for the radial-mode orders n. With the radial-mode amplitudes calculated by
means of the mathematical model, any acoustical signal, which could be measured at any
given point inside the duct, can be analytically determined by means of the expression:
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p(x, r, ϕ, t) =
∞∑

m=−∞

(Am)s eimϕeiωt (6.1)

As previously indicated, this expression allows the generation of sound pressure signals.
These signals resemble measurements performed by a microphone array. The generated
signals are then analyzed by means of the RMA, resulting thus on the calculated cir-
cumferential mode amplitudes. Finally, both amplitudes - simulated and calculated -
are directly compared in Eq. 6.2 by the calculation of the relative error. Therefore, the
magnitude of this relative error represents the influence that the data acquisition and the
LPT operating parameters have on an actual measurement campaign. The procedure to
calculate the relative error is not only applicable to the influence of the circumferential
spacing, but also to the influence on the RMA of further measurement parameters such
as those summarized in Tab. 6.3.

Error Am[%] =

∣∣∣∣(Am)s − (Am)c
(Am)s

∣∣∣∣ (6.2)

6.1.2 Triggered revolutions - Test case

The variation of the number of rotor-triggered revolutions is possible as a result of
the performed synchronized sound pressure measurements, both with the numerical
simulation and actual recorded data (cf. Sec. 5.4.1 and 5.4.2). Accordingly, the current
section studies the influence of a specific number of rotor revolutions on the outcome of
the RMA. A range of measurement periods varying between 1 and 150 revolutions with a
SNR = 60 dB were evaluated while maintaining an angular resolution of 1◦. The results
for the low as well as for the high-order acoustical modes are presented in Fig. 6.2. For all
acoustical modes the relative error decreases as more triggered revolutions are evaluated
for signal averaging. All modal orders present errors below 1%. For the associated SNR
value, an improvement in the measurement error is noticed for data acquisition periods
above one rotor revolution. Above 10 rotor revolutions, the error stabilizes and remains
practically unaltered for further data acquisition periods. This is due to the waveform
averaging and the phase-locked ensemble average, in which non-stationary tones and
broad-band noise are separated from the tonal components, resulting in a noise reduction
of the raw data (cf. Sec. 5.4.1).

6.1.3 Microphone signal-to-noise-ratio - Test case

Additional to the circumferential spacing and the number of triggered revolutions, the
influence of the SNR on the accuracy of the RMA results was as well examined. High
quality sensors are expected to have a high SNR, therefore, this parameter is varied
between 5 and 60 dB. The evaluated values of the SNR started at 5 dB and were followed
by the values 8, 10, 12 and 15 dB. Afterwards, 10 dB intervals starting from 20 dB up to
60 dB were analyzed while keeping an angular resolution of 1◦. The measurement time
was limited to one triggered revolution and a sample rate of 100 kHz.
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Figure 6.2: Relative error as a function of the number of triggered revolutions, based on
the results of Laguna et al. (2013b)
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Figure 6.3: Relative error as a function of the SNR, based on the results of Laguna et al.
(2013b)

100
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The results for the evaluated acoustical modes are presented in Fig. 6.3. For all ana-
lyzed modes the relative error decreases with increasing SNR. Within the studied SNR
range, the error reduction is of two orders of magnitude, from 25-28% for SNR = 5 dB
to approximately 0.1% for SNR = 60 dB. SNR values below 10 dB exhibit high errors
(over 10%) independent of the considered acoustical mode. In contrast to this, the error
tends to stabilize about a value of 4% for values of SNR above 15 dB. This observation
indicates that acoustic sensors affected by background noise (low SNR sensors) still can
obtain trustable measurements in turbomachinery dominated-environments. As a final
remark, the error tends to stabilize for SNR greater than 30 dB.

6.1.4 Trigger delay - Test case

As previously exposed in Sec. 5.4.2, acoustical measurements in turbomachinery require
data acquisition once per rotor revolution. This is accomplished by triggered with a
"one-pulse-per-revolution" signal to avoid a phase mismatch between the in-duct placed
microphones and the propagating sound pressure waves. The simulations and hence
the results previously presented were based on the assumption that the measurement
was triggered without any delay. However, as shown in this section, such inadequate
triggering has consequences on the output of the RMA. To quantify its influence, a
maximum trigger delay in milliseconds was defined and the relative error in the amplitude
of the circumferential modes was afterwards computed. Following trigger delays were
evaluated: no delay, 1, and 10 ms time delay. The analysis was performed with 10
triggered revolutions. This value was considered, because additional triggered revolutions
do not represent a significant decrease in the relative error (cf. Sec. 6.1.2). Representative
results are shown in Fig. 6.4. It is observed that a trigger delay influences the relative
error, with values close to 30%. A time delay leads to a signal phase mismatch, which
results in wave superposition or cancellation and in loss of acquired information.
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Figure 6.4: Relative error as a function of a trigger delay, based on the results of Laguna
et al. (2013b)
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The before presented results constitute a confirmation of the optimization potential
of the RMA if the measurement parameters are carefully chosen. In respect thereof, the
section to follow, examines the effect on the output of the RMA of data acquisition
parameters under realistic measurement conditions.

6.2 Sensitivity analysis - Turbine measurements

As already mentioned, the current section focuses on studying the sensitivity of the
RMA output to (a) the circumferential spacing of measurement microphones and (b) the
number of triggered revolutions. The study is carried out for a single turbine operating
point, Ω = 3500 min−1 and ṁ = 5 kg s−1, with the associated flow parameters previously
shown in Tab. 5.2. The circumferential mode amplitudes are determined as in Chapter
5 for two tonal frequencies, fBPF = 1750 Hz and f2BPF = 3500 Hz. The associated
propagating modes are mn[1,0] for the fBPF and mn[2,2] for the first harmonic multiple
of the blade-passing frequency (cf. Tab. 5.5). The influence of the variation of the data
acquisition parameters on the output of the RMA is quantified in terms of the amplitude
of the circumferential mode amplitudes Am. In this way, the results corresponding to
the maximal circumferential resolution (∆ϕ = 1°) and to the maximal number of rotor-
triggered revolutions (N = 56, cf. Sec. 5.4.2) are taken as a reference value with which the
examined parameter variations are compared. Thus, the variation of the data acquisition
parameters on the output of the RMA is quantified as a relative error in the form:

Error Am[%] =

∣∣∣∣(Am)ref − (Am)var

(Am)var

∣∣∣∣ (6.3)

where (Am)
ref

represents the reference circumferential mode amplitude and (Am)
var

the
azimuthal mode amplitude resulting from the modified data recording parameter. The
relative error is based on the maximal value of the circumferential mode amplitudes, both
for the reference value (∆ϕ = 1° and N = 56 revolutions) as well as for the modified
ones. Considering that the propagating acoustical modes are low order (the maximal
circumferential mode order m equals 2), a maximal circumferential spacing of ∆ϕ =
90° can be examined within the scope of the sensitivity analysis. In this case, data is
recorded in a total of four circumferential positions. According to the Nyquist-Shannon
sampling theorem (cf. Eq. 3.6), the quantity of circumferential measuring positions Nϕ

should be at least twice the azimuthal mode orderm. This guarantees a proper execution
of the spatial Fourier analysis and therefore, proper results for the circumferential mode
amplitudes Am. As a result, a range varying between ∆ϕ = 1° and ∆ϕ = 90° is analyzed.
However, the resolution of the variation range of the circumferential spacing is not 1°.
This is due to the fact, that the resulting angular spacing has to be a whole number.
The considered circumferential spacing values along with the corresponding number of
azimuthal positions are summarized in Tab. 6.4. The number of rotor-triggered revo-
lutions is varied in steps of 5 revolutions, starting with a single revolution up to the
maximum allowed number for the analyzed operating point (N = 56 revolutions).
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As a final remark before proceeding to the results of the sensitivity analysis, the
influence of the trigger delay and the sensor signal-to-noise ratio on the RMA is not
experimentally studied. In regard to the latter, a condenser microphone is rated with
a unique SNR value, resulting in the impossibility to arbitrarily modify its value. Con-
cerning the trigger delay, no trustworthy value could be established for the mentioned
variable.

Table 6.4: Circumferential spacing data acquisition values

∆ϕ Nϕ ∆ϕ Nϕ

1◦ 360 15◦ 24
2◦ 180 18◦ 20
3◦ 120 20◦ 18
4◦ 90 24◦ 15
5◦ 72 30◦ 12
6◦ 60 36◦ 10
8◦ 45 40◦ 9
9◦ 40 45◦ 8
10◦ 36 60◦ 6
12◦ 30 90◦ 4

6.2.1 Triggered revolutions for constant angular resolution

The influence of the number of triggered revolutions on the output of the RMA is first
studied. Therefore, a data set for one microphone with the maximal possible circum-
ferential resolution (∆ϕ = 1°) is taken as reference. The data set is processed as usual,
i.e., it is filtered, synchronized, re-sampled and finally time averaged according to the
procedure shown in Fig. 5.12. Prior to the re-sampling process, a specific number of
rotor revolutions can be selected in order to continue with the phase-locked ensemble
average before proceeding to the RMA evaluation routine. In this way, any number of
rotor revolutions can be chosen as input for the data averaging process. A first result of
the influence of these parameters on the output of the RMA was presented in Sec. 5.5.2.
It was noticed that the number of rotor revolutions affected the frequency spectrum of
a set of sound pressure time series. The amplitude of the signal evaluated with only four
successive rotor revolutions laid above that corresponding to the data evaluated with
56 revolutions (cf. Figs. 5.20 and 5.23). With the purpose of quantifying the order of
magnitude of these variations, the number of rotor-triggered revolutions is varied, as
aforementioned, by keeping a constant angular resolution of ∆ϕ = 1°. The results are
displayed in Figs. 6.5 and 6.6 for the acoustical modes mn[1,0] and mn[2,2], respectively.
Both graphs are complemented by the results of the numerical simulation for purposes
of comparison.
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Figure 6.5: Relative error as a function of the number of triggered revolutions for the
acoustical mode mn[1,0]. Results correspond to the data recorded by one
microphone with an angular resolution of ∆ϕ = 1°
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Figure 6.6: Relative error as a function of the number of triggered revolutions for the
acoustical mode mn[2,2]. Results correspond to the data recorded by one
microphone with an angular resolution of ∆ϕ = 1°
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For both analyzed acoustical modes, the relative error decreases once the number of
rotor-triggered revolutions increases. A similar behavior was previously established in
Sec. 6.1.2. The relative error for N = 56 is in both cases 0%, which doesn’t mean any
error is associated with this value, it is solely a result of the definition conferred to the
relative error, cf. Eq. 6.3. To clarify this observation, the consideration of a number of
revolutions above the reference value N = 56 would result in a low relative error different
from zero. Nevertheless, the tendency is positive and indicates that a higher number of
recorded revolutions can significantly reduce the error associated with the amplitude of
the circumferential modes Am. As before, the cause of this tendency is attributed to the
process of waveform averaging performed once the PLEA is implemented. Regarding the
data validation through the numerical simulation, a good data fit is evidenced for mode
mn[1,0].

6.2.2 Angular spacing for a constant number of triggered
revolutions

Knowing beforehand the influence of the number of triggered revolutions on the output
of the RMA, the sensitivity analysis is continued by examining the effect of the mea-
surement angular resolution. Based on the results of Sec. 6.2.1, it is presumed that the
best parameter to carry out the proposed study is that based on a maximal number
of triggered revolutions. As a consequence, this parameter is kept constant at N = 56
while the angular resolution is varied according to Tab. 6.4. The results for the acoustical
mode mn[1,0] propagating at the fBPF are shown in Fig. 6.7 below. The results derived
for the mode mn[2,2] are presented in Fig. 6.8.
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Figure 6.7: Relative error as a function of the number of the angular resolution ∆ϕ for
the acoustical mode mn[1,0]. Results correspond to the data recorded by one
microphone with a number of triggered resolutions of N = 56

105



6 Sensitivity analysis

20 40 60 80 100
0

10

20

30

40

Resolution ∆ ϕ in degrees

E
rr
or
A
m

in
%

Experimental data
Numerical simulation

Figure 6.8: Relative error as a function of the number of the angular resolution ∆ϕ for
the acoustical mode mn[2,2]. Results correspond to the data recorded by one
microphone with a number of triggered resolutions of N = 56

For both analyzed modes the relative error steadily increases with decreasing angular
resolution. High resolution values of the circumferential angular spacing (∆ϕ = 1...5°)
lead to relative errors below 5%. This observation is valid for both analyzed acoustical
modes. The magnitude of the relative error is more pronounced for the higher mode order
mn[2,2]. This is caused by the amplitude difference existing between the propagating
modes for the analyzed tonal frequencies. Although not explicitly shown in terms of
absolute values in Figs. 5.26 and 5.27, the maximum circumferential mode amplitude
Am=1 lies two orders of magnitude above that corresponding to the mode mn[2,2], Am=2.
Accordingly, the values associated with Am=1 tend to remain stable almost independent
of the angular spacing starting at ∆ϕ = 20°. In the case of Am=2, a slight change in
amplitude results in a marked variation in the relative error. In spite of this situation,
relative errors about 10% are evidenced for high angular resolution values for the mode
mn[2,2]. The numerical simulation follows the curve tendency in both cases, however it
overestimates the results with a range lying between 5% and 10% above the experimental
results. This is attributed to the inability of the numerical model to match the in-duct
time varying flow field conditions, leading to the exposed differences in the relative error.
In order to complement the presented information regarding the influence of the an-

gular spacing on the output of the RMA, a similar analysis is carried out with a reduced
number of triggered revolutions, in this case, N = 5. This is done to emphasize the
importance of the selection of this parameter in association with a varying angular reso-
lution. The results of the analysis are shown in Fig. 6.9 for the acoustical modes mn[1,0]

and mn[2,2], respectively. As noted, the relative error increases significantly for both
cases once the number of triggered revolutions is reduced. This outcome was expected,
because as already seen, a relative error increase is associated with a decrease of the
number of time averaged data grouped in rotor-triggered revolutions.
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Figure 6.9: Relative error as a function of the number of the angular resolution ∆ϕ for

the acoustical modes mn[1,0] (a), and (b) mn[2,2]. Results correspond to the
data recorded by one microphone with a number of triggered resolutions of
N = 5

Recalling the already presented results, and as a conclusion, it can be stated that
low-order as well as high order modes may be measured without requiring a high cir-
cumferential spacing resolution. This is a result of the low relative error for angular
resolutions below ∆ϕ = 1°. Angular resolutions up to ∆ϕ = 5° result in relative errors
below 10% in the worst case, specifically, for the acoustical mode mn[2,2]. The result of
this is that the time required to complete a in-duct measurement with the microphone
ring may be reduced by a factor of 5. In other words, from the initial 360 circumferen-
tial measurement positions, a total of 72 angular positions are required to still obtain
results with acceptable relative error. This reduction in angular measurement positions
is possible if a significant number of rotor-triggered revolutions is also recorded and sub-
sequently analyzed. Otherwise, the use of a reduced number of triggered revolutions can
lead to relative errors as high as 50%, even for a high angular resolution (cf. Fig. 6.9).

6.3 Concluding remarks

This chapter focused on the sensitivity of the output of the RMA to specific data acqui-
sition parameters. The chapter began with a test case based on numerical simulations.
The acoustical in-duct field for the analyzed test case was simulated with the nominal op-
erating parameters of the TFD low pressure air turbine. The test case was implemented
with the purpose of giving an insight into the order of magnitude of the associated error
on the circumferential mode amplitudes. This error emerged as a consequence of varying
data acquisition parameters. Four parameters were considered for the test case, these
were (a) the sensor circumferential spacing, (b) the number of triggered revolutions, (c)
the sensor signal-to-noise ratio, and (d) a trigger delay.
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The obtained results were quantified in terms of a relative error. Following the test
case, a sensitivity analysis based on recorded acoustical data sets under realistic test con-
ditions was performed. The influence of the number of triggered revolutions by keeping
the circumferential spacing was first assessed. Subsequently, the influence on the output
of the RMA was determined. In this case, a series of angular spacing data ranges were
selected. The influence of both data acquisition parameters was again quantified in terms
of a relative error on the amplitude of the resulting circumferential mode amplitudes. In
regard to the aforementioned observations, following remarks are listed:

1. The influence of data acquisition parameters on the output of the RMA constitutes
the first step to assess the magnitude of the measurement uncertainty derived from
its implementation.

2. A realistic measurement setting for future experiments should be ideally performed
with high signal-to-noise ratio sensors and under a maximum circumferential res-
olution (∆ϕ = 1°). At least 50 triggered revolutions are recommended for proper
results, namely, a relative error below 10%. This setup is proposed under the
premise that each triggered revolution is properly acquired, i.e., no trigger delay
is present.

Having exposed the results of the sensitivity analysis performed over the RMA routine,
this work is finalized by presenting the general conclusions associated with it as well as
a series of recommendations and ideas for future work. Both sections are presented in
Chapter 7 to follow.
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7.1 Conclusions

The current work concentrates on the enhancement of existing experimental analysis
methods for the quantification of the sound propagation within axial turbomachinery,
specifically within a LPT. In this way, the recorded acoustical data is processed by
means of the RMA. In respect thereof, previous investigations have shown that the
RMA is susceptible to errors. The latter are reflected on the resulting amplitude of
the circumferential modes and are to a great extent generated by the instrumentation
arrangement, i.e., by the location of the microphones within the test section.

The previously mentioned error sources have been established by means of numerical
simulations based on synthetic sound pressure fields. In order to complement the findings
related to the above mentioned sources of error, an experimental analysis of the influence
of selected data acquisition parameters on the RMA is carried out. Specifically, the effect
of the recorded number of triggered revolutions as well as the circumferential spacing
of measurement microphones on the output of the RMA is examined. This approach is
useful to quantify the sensitivity of the analysis method to variations on the aforemen-
tioned data acquisition parameters. In this way, a minimal measurement uncertainty
derived from the application of the RMA can be guaranteed through the specification
of optimum ranges for the analyzed measurement variables. In this regard, the main
contributions of this work are the development of a measuring unit for the practical
implementation of the sensitivity study and the results derived from the aforementioned
analysis. Both contributions are discussed in the sections to follow.

7.1.1 Design integration of the acoustical instrumentation

A detailed measurement concept was developed to perform the sensitivity study of the
RMA. This was accomplished by an instrumented rotating ring. The benefit of this
instrumentation is due to its integration within the LPT. The sound pressure measure-
ments were performed within the turbine flow channel and not upstream or downstream
of the turbine casing, the latter being a a common practice for sound propagation studies
in the last decades. The implemented measurement approach allows the data acquisi-
tion behind the turbine blades, offering a realistic picture of the sound field. A further
particularity of the ring construction is the low number of implemented microphones.
The extended circumferential range of motion provided by the external rotation control
allowed a detailed recording of the acoustical field. By contrast, measurement set-ups
previous to this study used several microphones as a result of space and displacement
limitations, leading to high costs and low flexibility.
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7.1.2 Results of the RMA

The sound pressure measurements were performed for a single operating point (ṁ =
5 kg s−1, Ω = 3500 min−1). The results are specific to the TFD low-pressure turbine. Gen-
erally valid is, however, the data analysis procedure which comprises the pre-processing
of the acoustical data and the application of the RMA routine itself. Based on the in-
duct measured flow parameters, the Cut-On modes were estimated analytically based on
the simplifying assumption that only co-rotating and downstream acoustical modes were
propagating. This procedure was performed for each tonal noise frequency and resulted
in the following acoustical modes: The mode m[1,0] propagated at fBPF, the Cut-On
modes m[2,0], m[2,1] and m[2,2] at f 2BPF.

The circumferential mode order associated with fBPF was identified from the spatial
spectral analysis. However, significant differences between the expected and the actually
measured mode structure for f 2BPF were established. This is attributed to the excitation
of low and high order modes by frequencies below f 2BPF, others thanm[2,2]. Regarding the
radial mode amplitudes, the expected mode orders n were identified for both examined
tonal frequencies. Both sets of results, circumferential and radial mode amplitudes, were
compared with the output of a numerical simulation. The numerical simulation was
performed based on a mathematical model which considered the exponential decay of
modes generated by the harmonic tonal frequencies and a stochastic modal composition
by means of amplitudes randomly generated by a Γ distribution. The expected mode
orders were well reproduced by the numerical model and consistent with the theoretical
predictions of the propagating sound field.

7.1.3 Scientific contribution

Within the scope of this work, two important data acquisition parameters affecting the
output of the RMA were investigated. The effect of both the number of recorded rotor
revolutions and the circumferential sensor positioning was studied. The aforementioned
data acquisition parameters had, as already mentioned, an influence on the output of
the RMA. Regarding the effect of the circumferential angular spacing ∆ϕ, the relative
error steadily increased with decreasing ∆ϕ. Relative errors up to 5% were established
by high values of ∆ϕ, varying between ∆ϕ = 1...5°. As such, a sufficient number of
circumferential measurement positions assured a low relative error of the circumferential
amplitude, provided that the number of triggered revolutions N is high enough - in
this case - N = 56. The relative error stabilized around 10% starting from a angular
resolution of 20°. Similar results were obtained for f 2BPF, however, the magnitude of the
relative error is slightly higher.

Complementing the sensitivity analysis, only a high number of triggered revolutions
ensured optimal results independent of the circumferential mode order. The relative error
is in turn coupled to the circumferential angular resolution, i.e., the relative error of
the analyzed modes decreased once the number of rotor-triggered revolutions increased.
However, even for a high circumferential resolution (i.e., ∆ϕ = 1°), the relative error
exceeded 50% for a low number of revolutions.
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The circumferential sensor spacing and the number of recorded rotor-triggered revolu-
tions play an important role in any measurement set-up. A realistic measurement setting
for future experiments should ideally be performed with maximal circumferential reso-
lution (∆ϕ = 1°) and at least N = 50 triggered revolutions for proper results, with an
expected relative error below 10%. Values below N = 50 revolutions lead to significant
errors even for high angular resolutions. As inferred from the previously presented re-
sults, the quantification of the influence of the data acquisition parameters on the RMA
is a first step towards establishing the magnitude of the uncertainty of the method it-
self. As applied here, the sensitivity analysis performed within the scope of this work
provides a useful tool for a detailed experimental design for future sound propagation
experiments within the TFD low-pressure turbine.

7.2 Outlook

Future work should concentrate on the experimental evaluation of the signal-to-noise
ratio (SNR). As a consequence, the SNR value for each used condenser microphone
should be first established before each measuring campaign. A systematic study could
be carried out by placing a different microphone in a reference axial position for ev-
ery measurement iteration. This procedure would quantify the influence of an inherent
metrological parameter associated with the whole test set-up.

A final observation is related to the quantity of rotor-triggered revolutions, a poten-
tial for improvement was also identified. The measuring time for all performed acoustical
measurements within the scope of this work amounted to one second. A extended record-
ing time permits the acquisition of a higher number of rotor-triggered revolutions. As a
consequence, and based on the simulated as well as experimental results derived from
the variation of the triggered revolutions, a extended data acquisition period is recom-
mended, at least two seconds. For the analyzed operating point, this would mean a
maximum of 116 triggered revolutions, which according to the numerical model, would
result in relative errors below 1% specially for high SNR sensors. This is precisely the
case of the condenser microphones used in this work.
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A.1 Circumferential mode amplitudes Am for fBPF =
1750 Hz
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Figure A.1: Time variation of the circumferential mode amplitudes ‖Am‖ for selected
time steps and mode orders (a). Normalized circumferential mode ampli-
tudes ‖Am‖ with respect to ‖Am‖max for (b) maximal ‖Am‖, and (c) aver-
age ‖Am‖ over all time steps. Results correspond to the data recorded by
microphone 2 about fBPF = 1750 Hz
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Figure A.2: Time variation of the circumferential mode amplitudes ‖Am‖ for selected
time steps and mode orders (a). Normalized circumferential mode ampli-
tudes ‖Am‖ with respect to ‖Am‖max for (b) maximal ‖Am‖, and (c) aver-
age ‖Am‖ over all time steps. Results correspond to the data recorded by
microphone 3 about fBPF = 1750 Hz
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Figure A.3: Time variation of the circumferential mode amplitudes ‖Am‖ for selected
time steps and mode orders (a). Normalized circumferential mode ampli-
tudes ‖Am‖ with respect to ‖Am‖max for (b) maximal ‖Am‖, and (c) aver-
age ‖Am‖ over all time steps. Results correspond to the data recorded by
microphone 4 about fBPF = 1750 Hz
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Figure A.4: Time variation of the circumferential mode amplitudes ‖Am‖ for selected
time steps and mode orders (a). Normalized circumferential mode ampli-
tudes ‖Am‖ with respect to ‖Am‖max for (b) maximal ‖Am‖, and (c) aver-
age ‖Am‖ over all time steps. Results correspond to the data recorded by
microphone 5 about fBPF = 1750 Hz
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Figure A.5: Time variation of the circumferential mode amplitudes ‖Am‖ for selected
time steps and mode orders (a). Normalized circumferential mode ampli-
tudes ‖Am‖ with respect to ‖Am‖max for (b) maximal ‖Am‖, and (c) aver-
age ‖Am‖ over all time steps. Results correspond to the data recorded by
microphone 6 about fBPF = 1750 Hz
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A.2 Circumferential mode amplitudes Am for f2BPF =
3500 Hz

T
im

e
st
ep

t i

m

N
or
m
al
iz
ed

ci
rc
um

fe
re
nt
ia
lm

od
e
am

pl
it
ud

e
‖A

m
‖/
‖A

m
‖ m

a
x

2 4 6 8
0

2 4 6 8

Measured values

m

0.2

0.6

0.8

1.2

10 10

20

40

60

80

100

m

‖Am‖

Low High

(a)

2 4 6 8 10

(b) (c)

0.4

1.0

1.4

0

0.2

0.6

0.8

1.2

0.4

1.0

1.4

Figure A.6: Time variation of the circumferential mode amplitudes ‖Am‖ for selected
time steps and mode orders (a). Normalized circumferential mode ampli-
tudes ‖Am‖ with respect to ‖Am‖max for (b) maximal ‖Am‖, and (c) aver-
age ‖Am‖ over all time steps. Results correspond to the data recorded by
microphone 2 about f 2BPF = 3500 Hz
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Figure A.7: Time variation of the circumferential mode amplitudes ‖Am‖ for selected
time steps and mode orders (a). Normalized circumferential mode ampli-
tudes ‖Am‖ with respect to ‖Am‖max for (b) maximal ‖Am‖, and (c) aver-
age ‖Am‖ over all time steps. Results correspond to the data recorded by
microphone 3 about f 2BPF = 3500 Hz
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Figure A.8: Time variation of the circumferential mode amplitudes ‖Am‖ for selected
time steps and mode orders (a). Normalized circumferential mode ampli-
tudes ‖Am‖ with respect to ‖Am‖max for (b) maximal ‖Am‖, and (c) aver-
age ‖Am‖ over all time steps. Results correspond to the data recorded by
microphone 4 about f 2BPF = 3500 Hz
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Figure A.9: Time variation of the circumferential mode amplitudes ‖Am‖ for selected
time steps and mode orders (a). Normalized circumferential mode ampli-
tudes ‖Am‖ with respect to ‖Am‖max for (b) maximal ‖Am‖, and (c) aver-
age ‖Am‖ over all time steps. Results correspond to the data recorded by
microphone 5 about f 2BPF = 3500 Hz
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Figure A.10: Time variation of the circumferential mode amplitudes ‖Am‖ for selected
time steps and mode orders (a). Normalized circumferential mode ampli-
tudes ‖Am‖ with respect to ‖Am‖max for (b) maximal ‖Am‖, and (c) aver-
age ‖Am‖ over all time steps. Results correspond to the data recorded by
microphone 6 about f 2BPF = 3500 Hz
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A.3 Microphone ring - Design details

The study of sound transport in a LPT required within the frame of this work the
development of a measurement concept. As such, a measurement unit, integrated into the
LPT flow channel was designed and constructed, this being one of the main objectives of
the current work. General details related to the measurement unit were already presented
in Chapter 4. In this regard, the current section complements the information presented
in Chapter 4 by going further into the engineering design of the measurement system.

Following (Laguna et al. 2012) and as already indicated in Sec. 4.2.1, an important
aspect defining the development process of the microphone ring was related to the air
turbine type of design. The TFD air turbine test-rig is constituted by two half segments,
one fixed and one movable, and a rotor manufactured as a single steel component. Based
on the aforementioned design characteristics and for easiness of installation and assembly,
the microphone ring was designed and subsequently manufactured in two half segments,
as shown in Fig. A.11.

Each half section of the designed microphone ring is constituted by an internal half
annular segment coupled to an external ring, as illustrated by Fig. A.11. As can be seen,
the external ring is fixed to the turbine housing, while the internal ring is free to rotate
within the flow channel. In order to ensure this free rotation, flat single-row bearing
cages with bearing rollers from the company Schäffer Technologies & Co were used
(model reference FF2010). The needle roller bearings were placed within two parallel
rectangular grooves with a cross section of 20 mm x 3 mm, milled around the inner
ring sides (cf Fig. A.11(a)). Detail A clarifies the position and function of the needle
roller bearings. As required, the system was rotated during turbine operation by means
of an external system located outside of the turbine flow channel. The rotation was
accomplished by a transmission mechanism constituted by a bevel gear wheel fastened
to the inner ring front side and a drive shaft guided through the turbine housing to
the outside. The external ring had a width of 193 mm and precisely fitted between the
outer ring blade and vane carriers, as also shown in Fig. A.11(a). The internal section
of this ring was constituted by a hollow segment of 163 mm in width and 10.5 mm in
depth, allowing the movable inner ring to fit in. The internal ring was in turn equipped
with four interchangeable aluminum carrier plates, allowing the installation of acoustic
instrumentation, as shown in Figs. A.11(b) and A.11(c).

As previously indicated in Sec. 4.2.1, the installation and operation of the microphone
ring inside the turbine flow passage derived in a number of complex technical require-
ments. These technical requirements included the design and operation of an external
transmission mechanism, the selection and installation of measurement microphones as
well as issues related to the electrical supply and cable leading-out of the microphones.
Each one of the listed items will be now separately treated in detail, starting with the
implementation of the measurement microphones.
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1/4- Microphones

Transmission gear Turbine casing

Bevel gear ring

External (fixed) ring

Internal (rotating) rings

Carrier plate

Flow direction

Flat roller bearings

Rectangular groove

(a)

(b) (c)

Detail A

Detail B

20 mm

Figure A.11: Microphone ring, (a) microphone ring set-up, (b) assembled set-up, and
(c) detailed view of the instrumented plate, adapted from Sec. 4.2.1

Implementation of the measurement microphones The microphones were an essen-
tial part of the measurement ring. Its integration within the air turbine was complex due
to the limited space available for their installation, as illustrated by the cross-sectional
area shown in the Detail B of Fig. A.11(a). In this regard, the region between the carrier
plate and the outer microphone ring was very narrow, with a vertical distance mea-
sured at the center point of the plate of 20 mm. In this way, the microphone selection
was constrained to sensors having a maximal length of 20 mm including all required
components, i.e., measuring microphone, preamplifier and cable. Before presenting the
selected microphone that conformed to the technical requirements demanded for instal-
lation within the turbine, some general aspects regarding measurement microphones are
discussed.
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High quality acoustical measurements are performed with condenser type microphones,
leading to the choice of this sensor type for the intended acoustical studies. Condenser
microphones consist of two parallel plates, featuring a tensioned metal membrane and
a rigid metal backplate (cf. Fig. A.12). The parallel plates act as a capacitor, with the
backplate being electrically charged either externally by means of a power supply (ex-
ternally polarized) or internally through a charge-holding electret material on the back
plate (prepolarized). Once the membrane vibrates as a result of a change in the sur-
rounding sound pressure field, the capacitance varies resulting in an output voltage. In
this way, the condenser microphone acts as a transducer, converting the pressure varia-
tions acting on the tensioned membrane in an electrical signal, represented by a voltage
variation sensed on a platted terminal attached to the microphone backplate. Once the
electrical signal is generated by the transduction process, it needs to be acquired and
then recorded in a computer, which is normally placed away from the microphone. Due
to the microphone high electrical impedance, the necessary load made up by the sensor
and the cable connecting it to the data acquisition system cannot be resisted by the
microphone itself. As a consequence, a preamplifier is required, a device which besides
minimizing the microphone and cable combined load, allows the use of long cables.

Diaphragm

Backplate

Metal housing

Insulator

Protective grid

Figure A.12: Classic design of a condenser measurement microphone, adapted from
Brüel&Kjaer (1996)
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The preamplifier converts the microphone high output impedance into low impedance,
allowing the transduced sound pressure signal to be recorded via a data acquisition sys-
tem. Measurement microphones are actually delivered in pre-assembled sets, in which
the microphone capsule and preamplifier are integrated as a unit. This combination en-
sures the best possible sensor response characteristics as well as a common sensitivity,
normally expressed in units of millivolt per Pascal (mV/Pa). Microphone sets are de-
signed to respond to different sound fields. Accordingly, they are further classified in
free-field, pressure and random-incidence microphones. Free-field microphones respond
best to an acoustic field in which waves freely propagate, away from reflecting or dis-
turbing surfaces. Pressure-field microphones are mainly employed for measurements of
the sound pressure within closed geometries and at boundaries or walls. On the other
hand, for diffuse acoustical fields, in which sound waves do not have a defined direction
of propagation but instead simultaneously arrive from several directions as a result of
hard reflecting walls, random-incidence microphones are used. The physical size of the
microphone is in turn associated with the type of acoustic field. As a consequence, mi-
crophones may also be grouped according to the size of the external diameter of the
microphone capsule, with sizes as small as 1/8" (3.175 mm) and 1/4" (6.35 mm) up to
1/2" (12.70 mm) and 1" (25.40 mm). Small microphone dimensions represent a particu-
lar advantage for measurement in confined spaces. Based on this argument, six 1/4"–high
temperature prepolarized pressure field microphones sets Type 46BD from the manu-
facturer G.R.A.S. Sound and Vibration© were chosen. The Type 46BD microphone set
consists of a 1/4" high-frequency pressure microphone cartridge Type 40BD and a 1/4"
preamplifier Type 26CB-S10, a special version of the Type 26CB. The preamplifier was
electrically modified through an aging process in an attempt to reach an operating tem-
perature of at least 120◦C (the nominal operating temperature of the device is restricted
to 60◦C according to the manufacturer). Representative diagrams as well as photographs
regarding the described measurement microphone set are displayed in Fig. A.13.

Ø6.35 mm

Preamplifier

Microphone cartridge

Right-angle adapter

Microphone cartridge
without protective grid

Figure A.13: Measurement microphone set Typ 46BD, adapted from Sec. 4.2.1
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The microphones were axially flush mounted on one of the interchangeable aluminum
carrier plates, thus not altering the in-duct prevailing flow field. Although the microphone
set length exceeded the 20 mm vertical distance between the plate and the outer ring
(with a overall length of 54.5 mm including microphone capsule and preamplifier), the
microphone set was horizontally placed and flush mounted on the plate wall by means of a
right-angle adapter, cf. Fig. A.13. The acoustical sensor selection was not solely based on
dimensional issues but also on performance specifications. Regarding this point, several
considerations were taken into account and are detailed below:

1. Acoustic and electrical performance

a) Frequency response

A wide as well as a flat frequency response was preferred. The chosen mi-
crophone has a broad frequency operating range, from 4 Hz to 70 kHz, with
an almost flat response (0 dB) up to 20 kHz as shown in Fig. A.14. The fre-
quency response was appropriate for the in-duct sound propagation studies
of the tonal noise components, since the expected fBPF amounts to 3750 Hz
(rotational speed of 7500 min−1 and 30 rotor blades). Higher harmonics of the
fBPF were also of particular interest, however, these fBPF multiples generally
exhibit low tonal noise amplitudes. As a result, tonal noise components of
maximal 18750 Hz are contemplated (4th harmonic of the fBPF).
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Figure A.14: Frequency response from a G.R.A.S. 46BD microphone set, adapted from
G.R.A.S (2014)

b) Linear dynamic range

A further item defining a suitable acoustic performance is related to the micro-
phone linear dynamic range. The dynamic range is specified by the difference
between the highest and lowest measurable sound pressure levels that the
microphone is able to detect. For the chosen microphone, a dynamic range
varying between 44 dBA and 165 dBA was specified.
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The upper limit of the dynamic range was considered to be important for
the sensor selection, since sound pressure levels within the air turbine were
expected to exceed 90 dB. To verify this assumption, a Brüel & Kjaer mi-
crophone Type 4189 was flush mounted 450 mm away from the turbine inlet.
The sensor recorded the varying sound pressure during 10 s for three different
rotational speeds, 2100, 3500 and 3650 min−1. Afterwards, the Root Mean
Square (RMS) of the time signal was determined, value finally used to com-
pute the corresponding sound pressure level. The results are presented in Fig.
A.15. Sound pressure levels up to 115 dB were measured, justifying the mi-
crophone selection. Unfortunately, higher rotational speeds were not achieved
once the described measurement was performed, hindering a thorough study
of the awaited turbine noise levels. Nevertheless, noise levels beyond 140 dB
are not anticipated, based on previous studies.
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Figure A.15: Sound pressure level detected by the measurement microphone at different
rotational speeds

2. Measurement environment influence

a) Temperature influence

The original microphone set is able to withstand temperatures up to 60◦C
as claimed by the manufacturer. This temperature restriction is imposed
by an integrated memory circuit built into the preamplifier, the Transducer
Electronic Data Sheet, abbreviated TEDS. The circuit stores the transducer
characteristics, including manufacturer name, sensor type, model number, se-
rial number, and calibration data, however, it is limited to operate up to 60◦.
Recalling that the microphone ring was installed behind the turbine blades,
a flow temperature below 180◦C was expected at this location (cf. Tab. 4.1).
The turbine outlet temperature reaches a maximum value of 120◦C at the
nominal operating point, preventing however the adequate usage of the mi-
crophone sets. As such, the preamplifiers had to be modified in order to be
able to operate within this environment.
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According to G.R.A.S, the microphone manufacturer, besides damaging the
TEDS chip, the microphones would gradually lose some of its sensitivity when
continuously operated or stored at 120◦C. To corroborate this statement, and
after electrically modifying the amplifier, a series of tests were carried out
at the company headquarters in Denmark. Six new microphone sets Type
46BD were initially calibrated and then exposed to cyclic temperature varia-
tions. The microphones were placed in a temperature-controlled chamber and
subjected to 10 cycles of temperature variations from 23◦C to 120◦C. The
temperature increase and decrease rate was set to 4 ◦C/min. After reaching
120◦C, this temperature was maintained for one hour. Down to 23◦C, the tem-
perature was kept constant at this value for 20 min before beginning a new
cycle. Once the ten temperature cycles were completed, the sensitivity of each
microphone was determined (Test A). Ten additional cycles were performed
and the sensitivities were measured again (Test B). The reported results are
shown below in Fig. A.16.
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Figure A.16: Sensitivity change after two cycles of temperature exposure of 120◦C of the
microphone set G.R.A.S 40BD
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The exposure of the microphones to cyclic temperature variations and pro-
longed periods of time at 120◦C results in a change of sensitivity of less than
1 dB. As a result, the measurement under high temperature conditions is
considered to be well performed by the chosen microphones.

b) Pressure influence

According to Tab. 4.1, a maximum pressure ratio of 1.3 was expected to
prevail within the turbine inner housing during operation. Such pressure levels
are excessive for a condenser microphone due to the fairly small static pressure
difference that can be withstood between the front and the rear side of its
membrane. For this reason, condenser microphones are equipped with rear or
side vented static pressure equalization channels located on the preamplifier or
at the microphone housing side, respectively. The latter variant was preferred
for the chosen microphones (cf. Fig.A.17). Wall flush mounted sensors, as in
this case, are typically subjected to large static pressure differences existing
between the inside and the outside of the turbine flow channel.

Pressure equalization
vent

Figure A.17: Static pressure equalization - Side vented microphone

Having discussed various technical features related to the microphone selection, a
summary of performance specifications of the employed microphone sets is shown
in Tab. A.1. Figure A.18, directly below Tab. A.1, displays the microphone dis-
tribution on the aluminum plate. Two aspects of the Fig. A.18 and Tab. A.1 are
highlighted. The first one is related to the microphone separation. A constant ax-
ial spacing of 20 mm between each acoustic sensor was chosen. This choice was
based on two reasons. In the first place, only a limited number of microphones -
six, to be more exact - could be equidistantly positioned over the plate, due to a
prescribed maximum plate width of 100 mm. Second, the 20 mm gap resulted from
an optimization study which evaluated the sensor arrangement dependence on the
results of the Singular Value Decomposition (SVD). As previously stated in Chap-
ter 3, the SVD is the factorization of a real or complex matrix (Press et al. 2007).
The pseudoinverse of the factorized matrix computed by means of the SVD can
be used to analytically determine the radial mode amplitudes Amn of the turbine
propagating sound field (Tapken and Enghardt 2006).
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The optimization determined an optimal positioning range of 16 to 21 mm between
microphones for chosen acoustical modes (Ioannou 2012). Further details related
to the SVD algorithm for the optimization of microphone measurement positions
are found in Nelson and Yoon (2000) and Yoon and Nelson (2000). Additionally,
the role played by the SVD in the Radial Mode Analysis was further analyzed in
Chapter 3 of the present document.

Table A.1: Technical characteristics of the measurement microphone sets

Microphone set number Sensitivity in mV/Pa Frequency range Temperature range

1 1.08 4 Hz - 70 kHz -30 to 60◦C
2 1.01 4 Hz - 70 kHz -30 to 60◦C
3 1.00 4 Hz - 70 kHz -30 to 60◦C
4 1.26 4 Hz - 70 kHz -30 to 60◦C
5 1.13 4 Hz - 70 kHz -30 to 60◦C
6 1.40 4 Hz - 70 kHz -30 to 60◦C

20 mm

Figure A.18: Technical characteristics of the measurement microphone sets

The second noticeable aspect of Tab. A.1 is associated with the microphones cal-
ibration. Displayed are the actual instrument sensitivities. Before being installed
in the aluminum plate, each microphone was calibrated with a sound pressure
calibrator. The calibrator generated a sound pressure of 94 dB at a single tone fre-
quency of 1000 Hz. The sound pressure output of the microphone was compared
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to that generated by the calibrator and correspondingly corrected. The process
was performed with the portable calibrator Type 4231 from the company Brüel &
Kjaer. In general, the chosen microphones sensitivities are relatively low, varying
between 1 mV/Pa and 1.3 mV/Pa, thus allowing higher sound pressure levels to
be measured.

Closing with the microphones calibration procedure and having previously defined
the appropriate measurement instruments based on either spatial and technical
performance restrictions, a further aspect is discussed, namely, the microphone
ring external transmission mechanism. Regarding this point, details related to the
design of the system are presented in the section to follow.

Microphone ring external transmission mechanism As demanded by the gen-
eral design concepts of the microphone ring, external control as well as rotation
during turbine operation are required. To accomplish both tasks, an external trans-
mission mechanism was designed, constructed and documented by Trenke (2012) in
the context of the project Unsteady Work Optimized Turbine, UWOTurb, (Henke
et al. 2012). The transmission was originally conceived to circumferentially displace
a blade ring carrier installed within the turbine in order to study the influence of
the stator blades flow wakes on the machine overall performance. The mechanism
is conceived as a bevel gear transmission, allowing to tilt the rotation axes of the
individual gear components perpendicular to each other (Wittel et al. 2013, Klin-
gelnberg 2008). The driven bevel gear was fastened to the microphone ring itself,
while being coupled and driven by the bevel gear shaft as shown in Fig. A.20. This
arrangement turned to be advantageous for the current application, as the power
required for the microphone ring angular adjustment was perpendicularly supplied
through the turbine housing by the driving bevel gear.

The transmission mechanism was flexibly designed taking into account the follow-
ing technical restrictions:

a) Compact design with a number of components as low as possible

b) The turbine must be sealed to prevent air flow leakage through the mate-
rial removed from the outer housing to allow the installation of the external
transmission components

c) As far as possible no modification of existing pneumatic probe holes or travers-
ing grooves on the outer turbine housing, i.e., surrounding surfaces must re-
main undamaged due to mechanical treatment

d) Adjustable flank clearance, i.e., the whole external transmission must be able
to be axially displaced in order to ensure a perfect gear coupling

e) The range of angular adjustment should cover a complete rotation, i.e., the
microphone ring should be able to be rotated 360◦
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1/4- Microphones

Transmission gear Turbine casing

Bevel gear ring

External (fixed) ring

Internal (rotating) rings

Carrier plate

Flow direction

Figure A.19: Microphone ring transmission, adapted from Sec. 4.2.1

Complying with the aforementioned requirements, the result was a versatile mech-
anism, not only usable for the original UWOTurb project but also for the current
research. Figure A.20 shows the design of the transmission mechanism mounted on
the turbine housing. The transmission was fixed to a base plate located between
the pneumatic probe holes and the traversing grooves.

Worm transmission

Bevel gear shaft

Bevel gear ring segment

Internal (rotating) rings

Fixing plate

Bellows coupling

Flow direction

Step motor

Figure A.20: External transmission mechanism, adapted from Sec. 4.2.1
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The transmission mechanism was driven by a two-phase ISEL step motor model
MS 300-HT connected to a worm drive by means of a bellows coupling, both
components from the company Flohr Industrietechnik GmbH. The step motor
was in turn driven by an external programmable controller, the ISEL iMC-S8
multi-axis controller. The controller converted and subsequently transferred all
the commands programmed by the user in a LabVIEW© software driver into
angular displacement and rotation direction signals for the connected step motor.
In this way, the desired motor motion was first evaluated, executed and finally
transmitted via the step motor directly to the worm drive. The worm transmission
was in turn equipped with a hollow shaft into which the designed bevel gear shaft
was inserted. The pinion shaft teeth were in turn coupled to two 180° bevel gear
segments connected via M6 bolts to the in-duct integrated carrier system inner
ring. In the remainder of this section, the main components of the transmission
unit are presented along with brief technical specifications.
a) Driven bevel gear

The manufacturing of a single-piece, 360◦ bevel gear, was not feasible because
of fabrication reasons. On the one hand, the available space in the inner
microphone ring for the installation of the bevel gear could not be exceeded.
The available room was restricted to a cross section of 20 mm x 20 mm,
resulting in a relative slender gear transverse profile prone to bending during
the manufacturing process. On the other hand, because of those possible
deformations, an adequate placement of the whole segment into the inner
ring side could not be guaranteed. To avoid possible complications resulting
from the aforementioned situations, the driven bevel gear was manufactured
in two 180◦ segments. Each segment was manufactured with the quenched and
tempered alloy steel 42CrMo4 and was fastened via five M6 bolts to the inner
microphone ring side. The positioning of the half-segments was performed as
well with the M6 bolts. The screw holes were located on a circle of 500 mm
diameter.

b) Bevel gear shaft
The bevel gear shaft transmitted the necessary power for the microphone
ring rotation once coupled to the driven bevel gear. As indicated before, this
was done by fitting the bevel gear pinion into a hollow shaft in the worm
transmission. The shaft had a diameter of 25H7 and a total length of 267 mm.
It was manufactured in steel 31CrMoV9 and was nitrated after the machining
process.

c) Two-phase step motor
The microphone ring angular positioning required a controlled power trans-
mission. A step motor was therefore appropriate for several reasons. Step
motors, on the one hand, can be programmed to turn by very precise angles,
resulting in accurately positioning and repeatability of movement. On the
other hand, they are able to provide high torque at low speeds, are easy to
control and highly reliable.
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The step motor chosen for the present application was the ISEL MS HT-300
(Trenke 2012). It rotated at 1.8◦ step angles, thus performing a complete
revolution in 200 steps. The step motor choice was based on two reasons.
First of all, due to the precise positioning provided by the step motor, a fine
circumferential traversing resolution was achieved. For the current research,
the microphone ring was traversed with an angular resolution of 1◦. A second
argument supporting the selection of the step motor is its ability to overcome a
starting torque of 1.25 Nm required to rotate a blade ring carrier, being this
the reason for which the transmission was originally conceived (cf. Trenke
(2012)). However, as the microphone ring was not subjected to any incident
flow, no aerodynamic moments needed to be overcome by the transmission,
except for the moment generated by the friction as a result of the contact
of the outer microphone ring with the needle roller bearings installed on the
inner ring. Nevertheless, the specified starting torque of the step motor was
sufficient for the current application. The step motor is shown in Fig. A.20
along with further associated technical data.

d) Worm-gear transmission

In order to guarantee a precise and reliable power transmission for the angular
positioning of the microphone ring, a large gear reduction was needed. For
this purpose, a worm drive was used. The selected unit corresponded to the
frame size model 045 manufactured by the company Flohr Industritechnik
GmbH. The transmission was delivered as a compact unit with a gear ratio
i = 30:1 and a turning precision inferior to one arc minute (one sixtieth of a
degree). The worm drive was fixed to a structural carrier, which was in turn
secured to the base plate mounted directly on the turbine housing. The worm
transmission is shown in Fig. A.20.

Having presented and detailed to some extent the external transmission mecha-
nism for the microphone ring rotation, it can be pointed out, that the measurement
concept including both systems allowed the detection of higher propagating acous-
tical modes with a minimum number of spatially distributed microphones. By
accomplishing a complete ring rotation with a resolution of 1◦ and simultaneously
acquiring the sound pressure variation with six flush mounted microphones, a to-
tal of 179 circumferential modes can be measured. Additionally, the measurement
system is able to decompose radial mode orders up to n = 2 (considering up-
stream and downstream propagating modes) or n = 5 (including only downstream
modes). Radial orders exceeding the specified limits lead to a undetermined system
of equations (cf. Chapter 3). Since six axial measurement positions are available
(cf. Fig. A.18), one azimuthal mode amplitude Am (xi, r) per axial position can be
calculated through the RMA. This allows the determination of the upstream and
downstream radial modes A±[m,0], A

±
[m,1] and A

±
[m,2] or the downstream radial modes

A+
[m,n] with n = 0...5.
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Before proceeding with the specification of the general measurement scheme em-
ployed in the context of the performed acoustical measurements in the TFD multi-
stage air turbine, some issues regarding the microphones electrical supply as well
as the cable leading-out from the microphone ring are briefly discussed in the
following section.

Microphones electrical supply and cable leading-out As aforementioned, only
one of the four aluminum plates attached to the microphone ring was instrumented.
The initial angular position of the instrumented plate when integrated into the tur-
bine flow channel is shown in Fig. A.21. As seen on the associated detail view, the
microphones were located at a 45◦ angle with respect to the parting line separating
both turbine outer housing segments. Starting from this position, the inner micro-
phone ring and consequently, the instrumented plate, rotated clockwise. The ring
clockwise rotation implied a simultaneous angular translation of the microphones
and the cable needed to supply power to them as well as to acquire the measured
data.

Detail

ϕ = 45

Microphone
plate

Cable fitting
guide

Figure A.21: Position of the instrumented plate and cable fitting guide

The position of the cable during the rotation of the inner microphone ring seg-
ment was a matter of great concern, because if not properly controlled, could have
resulted in its breaking due to exceedingly high tension or excessive kinking. To
avoid this potential situation, the condenser microphones were supplied with flex-
ible Microdot-BNC 10 m cable. A cable segment of 800 mm was inserted between
the inner and outer microphone ring segments. One end was connected to the
microphones while the other end was attached and secured to the lower turbine
casing by means of a cable fitting as shown in Fig. A.21. Once the rotation began,
the microphones pulled the cable out, but with enough cable length inside the
inner ring groove, no tension was exerted by the moving microphones during the
whole system rotation.
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Having covered all the details related to the microphone ring installation and op-
eration, the section to follow handles a key aspect of the performed aeroacoustical
experiments, namely, the general measurement scheme.

Included in this section are aspects related to the data acquisition devices, the
instrumentation required for the determination of the turbine flow parameters
during the experiments and a general overview of the control and measurement
programs employed for the operation of the microphone ring.

A.3.1 Measurement scheme

After concluding the hardware implementation process, represented in the micro-
phone ring design along with various related topics including positioning, instru-
mentation and rotation, a further and key topic is yet to be discussed, namely, the
measurement process.

This refers to the conceived measurement plan, i.e, the set of actions carried out to
enable an appropriate data acquisition and control during the performance of the
aeroacoustic experiments. Accordingly, the measurement process was separated in
two different tasks which nevertheless needed to be simultaneously executed and
perfectly synchronized.

The first measurement task dealt with the acquisition and recording of sound
pressure signals and turbine operating variables. The second one was closely related
to the external transmission control for the microphone ring rotation. Both tasks
are (separately) handled in the sections to follow.

Data acquisition and recording

As stated in Sec. 5.2, sound pressure signals as well as turbine flow operating
variables, including pressure, temperature and angular velocity were measured
with a modular data acquisition system based on the PXI platform from National
Instruments©. This PC-based platform offered a high degree of performance and
flexibility when it comes to the acquisition of analog signals.

High performance is achieved as a result of the integration of internal signal con-
ditioning, high sampling rates and very high resolution; flexibility is attained as a
consequence of the modular capabilities of the PXI system, capabilities represented
in a broad spectrum of devices for the acquisition of specific physical variables.

A PXI system is composed of four elements, a chassis, a system controller, pe-
ripheral modules, and a software. An overview of a typical PIX data acquisition
system is shown in Fig. A.22.
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Figure A.22: PXI data acquisition system scheme, adapted from Sec. 4.2.2

The specification of the appropriate PXI system begins by knowing in advance
the physical variables to be measured. For the present research, this specification
resulted in the selection of three peripheral devices. On the one hand, a NI PXIe-
4496 was chosen for the acoustic measurements. The device offers 16 analog input
channels, sample rates per channel up to 204.8 kS/s, constant current signal condi-
tioning for microphone power supply, a maximum working voltage of ± 10 V, and
24-bit resolution, accounting for signal voltage changes as low as 1.2 µV. On the
the other hand, a NI PXIe-6361 module was chosen for the acquisition of voltage
signals. The module has 16 analog input channels with a maximum sample rate of
2 Ms/s or 1 Ms/s when measuring with a single channel or more than one channel,
respectively. The analog input is complemented by 2 analog output channels with
an associated sample rate of 2.86 Ms/s, further 24 digital inputs/outputs and a
32-bit counter are provided. Both analog inputs and outputs support up to ± 10
V signals with a maximum 16-bit resolution. Finally, a NI PXIe-4353 module was
chosen for temperature measurements via thermocouples. The module supports 32
thermocouple input channels with a maximum sample rate of 90 S/s pro channel.

Both analog/digital conversion (ADC) and data conditioning tasks were under-
taken by the peripheral modules. But technically, the modules require a housing
platform to fulfill both mentioned functions. Accordingly, each module is inte-
grated into a chassis with separate slots and a backplane, which manages the PXI
system’s data, timing and triggering buses. The chosen chassis was the NI PXIe-
1062Q, having eight slots in total. Four are intended to accommodate PXI-only
architecture modules, one houses a PXI Express device and two are arranged for
the insertion of PCI (technology preceding the PXI architecture), PXI or PXI Ex-
press modules, the so-called PXI Express hybrid slots. The remaining slot was
reserved for the controller, a device which physically links the personal computer
with the chassis, enabling the direct control of the integrated PXI modules.
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The link was materialized by connecting a NI PCIe-8372 board in the PC with a
NI PXIe-8370 module in slot 1 of the chassis. Furthermore, the practical PC-PXI
module’s interface was established by the software LabVIEW©, which aside from
providing an easy integration with the PXI hardware, also allowed the collection,
analysis, presentation and storing of measurement data. An additional considera-
tion before a measurement can actually be performed is hereafter discussed. Since
the measurement instruments do not have a direct signal connectivity to the mea-
surements modules, a connector block is required to act as an interface between
both components. As such, three connector blocks were selected to comply with
this requirement: the NI BNC-2144, which provided BNC connectivity up to 32
analog acoustical input signals and the BNC-2090A, a desktop/rack-mountable
device with 22 BNC input jacks for connecting analog, digital, and timing signals.
Additionally, the NI TB-4353 isothermal terminal block for direct connectivity
with the NI PXIe-4353 module was also implemented.

The general measurement and data acquisition set-up for the sound propagation
experiments is shown in Fig. A.23. The data acquisition and recording was effected
by means of two desktop computers, each one associated with a PXI system. The
system labeled "Acoustic PC" was in charge of recording all sound pressure sig-
nals. It also generated output digital signals for individually controlled excitation
acoustic units via two 8-channel FPGA cards driven by a NI PXI-7854R multifunc-
tion module (c.f. Bartelt et al. (2013)) and recorded the varying output voltage
of a Hall sensor for the quantification of the rotor angular velocity. The specific
data acquisition devices and channel count are detailed in Fig. A.23. Additionally,
the external transmission mechanism was controlled by the aforementioned com-
puter via RS 232 serial port. This was accomplished by the iMC-S8 step controller
from ISEL, a freely programmable controller for circular axes driven by 2-phase
step motors. Further details regarding the step motor control are discussed in the
following section.

The second computer, labeled "Turbine PC", was used for the acquisition of the
turbine operating parameters. In this respect, the multi-stage air turbine test facil-
ity disposed of permanently installed and mounting-independent instrumentation
outside the test stand itself. As shown in Fig. A.23, the referred instrumentation
served to determine the ambient air conditions (pressure and temperature in front
of the screw compressors inlet) as well as to quantify the mass flow by means of the
venturi nozzle placed ahead of the turbine inlet, where static pressure and pressure
difference were determined at the inlet and at the narrowest cross section of the
nozzle, respectively. Turbine in-duct flow measurements were also performed in
order to determine the inlet and outlet operating parameters. Both measurements
were executed with 5-hole pneumatic probes equipped with a thermocouple, al-
lowing the total pressure and total temperature quantification at the mentioned
measurement positions (Binner 2011, Herzog 2008, Kang 2006).

The PXI system connected to "Turbine PC" acquired only the temperature data.
The pressure data, however, was sampled by a series of rack-mounted pressure
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Figure A.23: General measurement and data acquisition set-up, adapted from Sec. 4.2.2

scanners from the company Measurement Specialties. The measurement system
consisted of the interface rack model 98RK-1 housing up to eight pressure scanners
model 9816, each which in turn integrated up to 16 silicon piezoresistive pressure
sensors specified for several pressure ranges and able to reach sample rates up to
100 S/s. The interface rack enabled the pressure sensors to communicate with
the host computer via 10/100/1G Ethernet protocol, a global standard for wired
local networks. That implies, that in contrast to the PXI systems, the pressure
scanners were no directly connected to the host computer, but rather transferred all
measurement data via broadband transmission network. The same data transfer
method applied for the measurement of the atmospheric pressure (measured ahead
the screw compressors), which was performed by the CPG 2500 barometer from
the company Mensor©, a high accuracy barometer with a range of 55 to 117 kPa.

The acquired operating data of the turbine was sent to the "Turbine PC" host
via Ethernet. This task was performed by a desktop switch model GS116 from
Netgear, a device which integrated all connected computers and instruments and
facilitates the mutual sending and receiving of information via Ethernet10/100/1G
protocol. As seen on Fig. A.23, the desktop switch allowed the data transfer from
the pressure scanners and the high accuracy barometer to the "Turbine PC" host,
which in turn, sent this data complemented with temperature readings to the
"Acoustic PC" host. In this way, the operating status of the turbine was known
during the performed sound propagation experiments.

Having established the foundations of the data acquisition process in the context
of the current experiments, the data acquisition program structure as well as the
step motor control are briefly discussed in the section to follow.
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Measurement and control program general overview

As already mentioned, both data acquisition and motor control are required to be
adequately synchronized in order to guarantee satisfactory experimental results.
In these order of ideas, an integrated data acquisition and control program was
developed in LabVIEW©. As such, the program consisted of two separate mod-
ules that nevertheless ran simultaneously. The first module, the data acquisition
module, recorded all sound pressure data, the rotor TTL signal and received the
transferred turbine operating data via Ethernet from the "Turbine PC" host. The
second module, the control one, was in charge of the microphone ring rotation
through the step motor and the external transmission mechanism.

The functional principle of the program was based on the requirements of the
experiments to be performed. As stated before, the determination of the in-duct
propagating acoustical structure demanded measurements at several positions, im-
position fulfilled by the high circumferential measurement resolution offered by
the rotating microphone ring. Considering also one of the main objectives of the
present work, which was to analyze the sensitivity of the results of the RMA to the
measurement circumferential resolution, implies that the ring had to be positioned
inside the duct with variable circumferential distance.

In this respect, and in order to guarantee an optimal execution of all measurement
and control procedures, the main program was organized into subprograms, each
assigned to a tab. In the first subroutine, the measurement channels for the mi-
crophone as well as for the voltage analog data were selected along with a text
file including the calibration data of the microphones. Once this information was
loaded, the second and third subprograms were executed, the ones correspond-
ing to the second (acoustic signals) and third tab (voltage signals) in the main
program, respectively.

The fourth tab had an interface assigned for the display of the machine operating
data which was transferred from the turbine host PC to the acoustic host PC.
Finally, the last tab of the main program exhibited a user interface with several
fill-in fields, in which specific information related to the actual measurement was
prompted to be registered. Additionally, the data saving location and measure-
ment file name were specified. Furthermore, a box for the step motor control was
included. Only two inputs were required: the angular range to be covered by the
microphone ring and the circumferential resolution.

As already mentioned, the step motor control was performed through the iMC-
S8 controller, a freely programmable controller which integrated all the necessary
components including internal step motor power supply, a core processor or module
programmed via a serial interface (RS232) and according to the controller version,
connection up to four linear or circular axes. While being permanently connected
to (with) a host computer, the controller’s core module transformed and afterwards
processed the parameters set by the user in the form of programmed commands
into clocking and direction signals for the connected step motors.
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The command lines were directly transferred and executed by the controller, a
initialization procedure was required. The initialization was conducted by the
inclusion of the @ sign, followed by the specification of the device number (0
= default) and the number of axes to be traversed. Once the initialization was
completed, the controller expects the specification of the type of motion (absolute
or relative motion of the axis), the number of motor steps and velocity (steps per
second, Steps/s), information specified also as a command line. Once this was
done, the command was transmitted to the controller, subsequently decoded and
finally executed. Right after this, a corresponding confirmation was generated,
indicating that correct execution of the command line, or conversely, reporting an
occurring error. As mentioned before, only the circumferential range and angular
resolution were specified by the user. Once this is done, a measurement procedure
can be executed.

The input parameters are collected (measurement channels, calibration coefficients,
circumferential range and resolution), immediately after the sound pressure and
TTL signals are recorded for the microphone ring initial angular position. Dur-
ing this recording time, the turbine operating variables were transferred to the
acoustic host PC. Once the recording time has been reached, the measurement
was finalized and the step motor displaced the microphone ring to the following
measurement position, where the whole procedure was repeated again. Once the
measurement data has been recorded at the last ring azimuthal position, the step
motor displaced the ring to its original start position, thus allowing the beginning
of a new measurement.
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