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As far as the laws of mathematics refer to reality, they are not
certain, and as far as they are certain, they do not refer to reality.

A. Einstein



Abstract

This thesis covers different regimes of electronic transport through
single-electron tunnelling transistors (SETs). The SETs are fabricated
in split-gate technique from a GaAs/AlGaAs heterostructure using a
combination of optical and electron beam lithography. We employ elec-
tronic transport measurements at low temperatures. The conductance
of the samples exhibits Coulomb, Kondo and Fano resonances depend-
ing on the tunnel coupling between quantum dot and leads.

The Coulomb regime is characterized by a weak tunnel coupling be-
tween quantum dot and leads. We determine the relevant parameters
of our samples by temperature dependent and nonlinear conductance
measurements. We find a number of electrons confined on the quan-
tum dot of N ≈ 150. This number is varied by ∆N = 75 by tun-
ing the plunger gate voltage. After finishing the characterization we
employ magneto-transport spectroscopy. In high magnetic fields, the
electrons on the quantum dot are organized in Landau levels similar
to the quantum Hall effect in two-dimensional systems. After isolating
the influence of the emitter Fermi level on the magneto-conductance
we observe redistributions of electrons between the Landau levels as a
function of magnetic field. We determine the filling factor of the quan-
tum dot from these measurements. After reaching filling factor one at
high magnetic fields, the redistribution of charge between Landau lev-
els stops and we observe infrequent transitions between maximum and
lower density droplet states. We observe an effective spin polarization
of the emitter leading to a modulation of the conductance as a function
of the electron spin.

At strong coupling between dot and leads the Kondo effect domi-
nates transport. This phenomenon gives rise to a finite conductance
in Coulomb-blockade valleys with a characteristic temperature depen-
dence. It is due to correlations between an unpaired electron on the
quantum dot and electrons in the leads. We investigate the Kondo ef-
fect in our SETs as a function of bias voltage and temperature and find
the characteristic fingerprints. We observe a modulation of the Kondo
effect as a function of magnetic field B and electron number N . Be-
tween filling factor 3 and 4 this modulation leads to an extremely reg-
ular, chessboard-like magneto-conductance. The Kondo effect is found
to be modulated by the addition of single magnetic flux quanta to the



quantum dot. In contrast to previous studies we observe a Kondo ef-
fect in high- as well as in low-conductance tiles of the chessboard-like
magneto-conductance. The modulation is given only by its splitting.
The structure of the Kondo effect in this regime is more complicated
than expected for a single unpaired electron with spin 1/2, demonstrat-
ing that the electronic state of the dot is governed by many-particle
correlations. In addition, we have shown for the first time that the
modulated Kondo effect vanishes when the emitter becomes spin po-
larized.

We have demonstrated that a SET may exhibit tunable Fano reso-
nances instead of Coulomb or Kondo resonances. In our sample these
resonances were exceptionally stable and reproducible which enabled
their thorough investigation. We interpret our Fano resonances in a
simple two-channel model as an interference phenomenon between a
resonant transmission channel based on Coulomb blockade and an al-
ternative, non-resonant conductance channel. We quantitatively ana-
lyze the properties of both channels as functions of temperature, mag-
netic field, plunger gate and bias voltage. This analysis confirms that
the resonant channel is due to Coulomb blockade. The non-resonant
channel depends on the plunger gate voltage in a non-continuous way
and is not influenced by the other parameters. We find the interfer-
ence pattern to be robust with respect to decoherence introduced by
a finite bias voltage or an increased temperature T ≤ 1 K. We dis-
cuss the origin of the non-resonant transmission channel and find two
alternative explanations. It is either due to a second subband in the
heterostructure or due to a rapid ballistic traversal of the quantum dot
not respecting charging energy. The latter could be a consequence of
the low charging energy in the extremely strong coupling regime.

The observation of Coulomb, Kondo and Fano regimes in a single
device demonstrates the wide and continuous tunability of split-gate
SETs. This has allowed to control and study a correlated, mesoscopic
many-electron system. After being the objective of active research for
the last years, in the future the Kondo effect might increasingly become
a tool to gain further insight into the structure of such systems. The
Fano regime of SETs has been neglected for a long time but might
open new opportunities to study the transmission phase of electronic
wave functions in addition to the established amplitude measurements.



Zusammenfassung

In dieser Arbeit werden verschiedene elektronische Transportregimes in
Einzelelektronen-Tunneltransistoren (engl.: single-electron tunnelling
transistors, kurz SETs) untersucht. Die Split-Gate SETs werden mit
einer Kombination aus optischer und Elektronenstrahl-Lithographie
aus einer GaAs/AlGaAs Heterostruktur hergestellt und bei tiefen Tem-
peraturen vermessen. Abhängig von der Stärke der Tunnelkopplung
zwischen dem Quantenpunkt und seinen Zuleitungen werden in der
Leitfähigkeit Coulomb-, Kondo- und Fanoresonanzen beobachtet.

Das Coulomb-Regime ist durch eine schwache Tunnelkopplung zwi-
schen Quantenpunkt und Zuleitungen gekennzeichnet. In diesem gut
verstandenen Transportregime werden zunächst die relevanten Proben-
parameter durch temperaturabhängige und nichtlineare Messungen be-
stimmt. Die Anzahl der Elektronen auf dem Quantenpunkt liegt bei
N ≈ 150 und kann im gesamten Gatespannungsbereich um ∆N = 75
variiert werden. Nach der Charakterisierung wird der Quantenpunkt
in Magneto-Transportmessungen spektroskopisch untersucht. Analog
zum Quanten-Halleffekt in zweidimensionalen Systemen bilden sich in-
nerhalb des Quantenpunktes Landauniveaus. Nach Isolation des Ein-
flusses des Emitter-Ferminiveaus wird eine Umverteilung von Ladun-
gen zwischen den Landauniveaus in Abhängigkeit vom Magnetfeld
beobachtet und daraus der Füllfaktor des Quantenpunktes bestimmt.
Die Umverteilung von Elektronen zwischen den Landauniveaus en-
det mit Erreichen des Maximum density droplet-Zustandes, der bei
weiter erhöhtem Magnetfeld in Lower density droplet-Zustände zerfällt.
Außerdem konnte für bestimmte Magnetfelder eine effektive Spinpo-
larisation des Emitters beobachtet werden, die zu einer Modulation der
Probenleitfähigkeit in Abhängigkeit vom Elektronenspin führt.

Eine erhöhte Kopplung zwischen Quantenpunkt und Zuleitungen
führt zur Beobachtung eines Kondoeffektes, hervorgerufen durch die
Streuung von Zuleitungselektronen an einem einzelnen, ungepaarten
Spin auf dem Quantenpunkt. Vorspannung- und Temperaturabhän-
gigkeit des Kondoeffektes werden eingehend untersucht. Bei endlichen
Magnetfeldern B wird zwischen den Füllfaktoren 3 und 4 eine Mo-
dulation dieses Effektes in Abhängigkeit von B und der Anzahl N
der Elektronen auf dem Quantenpunkt beobachtet. Der resultierende
Verlauf der Leitfähigkeit erinnert als Funktion von B und N an ein



Schachbrettmuster. Dessen Periode in Richtung des Magnetfeldes kon-
nte zu einem magnetischen Flussquant bestimmt werden. Zwischen
hellen und dunklen Feldern des Schachbrettmusters wird im Gegen-
satz zu früheren Untersuchungen nicht das Auftreten des Kondoeffek-
tes selbst sondern seine Aufspaltung moduliert. Dies deutet darauf hin,
dass am Zustandekommen des Kondoeffektes auf dem Quantenpunkt
statt eines einzelnen Elektrons ein korrelierter Vielelektronen-Zustand
beteiligt ist. Zudem konnte erstmals gezeigt werden, dass der Kondo-
effekt bei einer Spinpolarisation des Emitters verschwindet.

Bei noch weiter erhöhter Kopplung zwischen Quantenpunkt und
Zuleitungen schließlich treten Fanoresonanzen an die Stelle der Cou-
lomb- bzw. Kondoresonanzen. Diese konnten eingehend untersucht wer-
den, da sie in den verwendeten Proben außerordentlich stabil und
reproduzierbar sind. Sie werden im Rahmen eines einfachen Zweika-
nal-Modells als Interferenz von einem resonanten, auf Coulombblocka-
de basierenden Transmissionskanal mit einem zweiten nichtresonan-
ten Kanal interpretiert. Eine quantitative Analyse der Eigenschaften
beider Kanäle in Abhängigkeit von Temperatur, Magnetfeld, Gate-
und Vorspannung bestätigt, dass der resonante Kanal auf Coulomb-
blockade basiert. Der nichtresonante Kanal zeigt ein diskontinuier-
liches Verhalten in Abhängigkeit von Gatespannung und Magnetfeld,
von den anderen Parametern wird er nicht beeinflusst. Die Interferenz
beider Kanäle ist stabil gegenüber Dekohärenz durch eine endliche
Vorspannung oder eine erhöhte Temperatur T ≤ 1 K. Aus einer ab-
schließenden Diskussion des Ursprungs des zweiten Transmissionska-
nals gehen eine Besetzung eines zweiten Subbandes in der Heterostruk-
tur und ein schnelles ballistisches Durchqueren des Quantenpunktes als
wahrscheinliche Kandidaten hervor.

Die Beobachtung von drei verschiedenen Transportregimes in einer
einzigen Probe demonstriert die weite und kontinuierliche Einstell-
barkeit der verwendeten SETs. So konnte ein korreliertes mesoskopi-
sches Vielelektronen-System kontrolliert und untersucht werden. Nach-
dem der Kondoeffekt in den letzten Jahren selbst Gegenstand aktiver
Forschung gewesen ist, könnte er sich in Zukunft zu einem Analyse-
werkzeug für solche Systeme entwickeln. Das Fano-Regime von SETs
ist lange vernachlässigt worden, könnte aber nun neue Möglichkeiten
zur Messung der Phase elektronischer Wellenfunktionen in Ergänzung
zu den etablierten Amplitudenmessungen eröffnen.
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1 Introduction

To experimentally study quantum mechanics at a basic level, physi-
cists have always been seeking for quantum systems which could be
manipulated in a well-defined and controlled way. Quantum dots [1, 2]
are nearly ideal candidates for such systems: They confine typically
between one and a few hundred electrons in a region small enough to
make quantization effects a prominent feature similar to the situation
in real atoms. Therefore quantum dots are often called artificial atoms
[3]. Compared to their real counterparts they offer the advantage of
greater tunability. The experimentalist is able to virtually freely de-
sign the electronic confinement potential either when fabricating the
devices or – depending on the type of quantum dot used – while per-
forming the experiment. The level spectrum as well as the number of
the confined electrons and their spin are tuned by external parameters
like gate voltages and magnetic field. This fulfills the physicists’ desire
to engineer quantum states and might even lead to the realization of
powerful quantum computers [4, 5, 6].

A suitable material in which to realize quantum dots are GaAs/Al-
GaAs semiconductor heterostructures [7]. These enable the fabrication
of very clean, defect-free two-dimensional electron systems with a large
de-Broglie wavelength of several ten nanometers [8, 9]. The comparably
large electronic wavelength allows to still consider structures of about
a hundred nanometers as zero-dimensional and dot-like. It puts the
controlled fabrication of zero-dimensional structures at the very edge
of modern lithography, making the fabrication process a challenging
but feasible task. This field is at the frontier of both, technology and
science alike.

Optical as well as electronic transport methods provide ways to
probe and manipulate wave function and level spectrum of quantum

1



1 Introduction

dots. While optical experiments focus on isolated quantum dots, trans-
port experiments are applied to single-electron tunnelling transistors
(SETs). The latter devices consist of a quantum dot tunnel coupled to
two electron reservoirs. While transport is dominated by properties of
the pure quantum dot in the so-called Coulomb regime at weak tun-
nel coupling, additional correlation phenomena at stronger coupling
lead to new transport regimes due to the increased overlap of dot and
reservoir wave functions.

The Kondo effect [10] in SETs [11, 12] is an example for such a cor-
relation phenomenon studied in transport experiments [13, 14, 15, 16].
At sufficiently low temperatures, the formation of spin singlets between
an unpaired electron on the quantum dot and reservoir electrons gives
rise to distinct features in the conductance of SETs. Instead of a single
unpaired spin, more complicated states on the dot might enable the
emergence of more sophisticated Kondo effects [17, 18].

Another transport regime of strong tunnel coupling between dot
and leads is the Fano regime [19, 20, 21]. Here the coupling is so large
that the tunnelling barriers are nearly transparent, and an alternative,
non-resonant transport channel emerges in addition to the resonant
Coulomb-blockade channel. The interference of electronic wave func-
tions transmitted through both channels is again reflected in charac-
teristic features of transport measurements.

Outline

In the present work quantum dots are investigated in the Coulomb,
Kondo and Fano regimes. Figure 1.1 illustrates their distinction by the
strength of the tunnel coupling between dot and leads:

• The Coulomb-blockade regime is characterized by a weak
tunnel coupling between dot and leads. The electronic multi-
particle states on the quantum dot are virtually undisturbed by
the presence of the leads.

• The Kondo regime at strong tunnel coupling is governed by
correlations between the electrons on the dot and in the leads,
leading to transport even in Coulomb-blockade valleys.

2



Fano regime
(Chapter 6)

Kondo regime
(Chapter 5)

Coulomb blockade
(Chapter 4)

coupling strength between dot and leads

Figure 1.1: In this work, quantum dots are studied in three different
transport regimes. Coulomb, Kondo and Fano resonances – depicted
here with their characteristic VG-G-lineshapes – are observed in trans-
port measurements at different tunnel couplings of a quantum dot to
the leads.

• At further increased tunnel coupling the Fano regime is reached.
Here a second transport channel through the dot is opened which
interferes with the first channel.

In detail, this thesis is organized as follows:
Chapter 2 gives a concise introduction to single-electron transis-

tors in the Coulomb-blockade regime. It focuses on those single-electron
transport phenomena important to understand the other chapters. Spe-
cial attention is paid to the electronic level spectrum of quantum dots
in a magnetic field.

In Chapter 3, we give a brief outline of the fabrication and prepa-
ration of our single-electron tunnelling transistors. We introduce the
measurement techniques employed to study electronic transport at low
temperatures.

The quantum dots are investigated in the Coulomb-blockade regime
in Chapter 4. First, we characterize our quantum dots in conventional
linear and nonlinear conductance measurements. The temperature is
varied to gain additional information on the involved energy scales.
Then we examine the influence of a magnetic field on the emitter Fermi
level and on the ground state of the interacting multi-electron system
on the dot. We show that at certain magnetic fields transport depends
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1 Introduction

on the spin of the tunnelling electron. The results described in this
chapter are essential for the interpretation of our further experiments.

The Kondo regime of a multi-electron quantum dot which is strongly
tunnel coupled to leads is explored in Chapter 5. After an introduc-
tion to Kondo physics we experimentally characterize the Kondo effect
found in our quantum dot at zero magnetic field. Finally we examine
its modulation and modification due to a magnetic field. We demon-
strate that the Kondo effect is suppressed if the emitter becomes spin
polarized.

Chapter 6 is devoted to the Fano regime of quantum dots. After
summarizing Fano theory, we develop a model to describe the for-
mation of Fano resonances in a SET as interference of two transport
channels. Our measurements are interpreted in terms of this model.
We analyze the importance of decoherence introduced by a finite bias
voltage or temperature. We investigate how the Fano resonances in our
dot are influenced by a magnetic field. Finally, based on the previous
results we discuss the origin of the second transport channel.

Chapter 7 gives a summary of the results and the most important
conclusions.
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2 Quantum dots and
single-electron tunnelling

As quantum dots by now have been the objective of vivid interest
for more than ten years, this work cannot examine every aspect of this
field. This introductory chapter provides those properties and concepts
of quantum dots which are relevant to the later experimental part. For
more exhaustive reviews the reader is referred to the numerous books
and papers on quantum dots: Ref. [1] covers nearly the complete topic
and gives a good overview. The early experiments are described in
Ref. [3]. Ref. [22] is very helpful in analyzing experimental data while
Ref. [23] focuses extensively on the electrostatics of quantum dots.
Ref. [24] provides a selection of important papers on the field. A less
specialized, broader audience is addressed in References [25, 26, 27].

This chapter focuses on the conventional regime of weak coupling be-
tween quantum dot and leads. After introducing the basic concepts of
charge- and 0D quantization we discuss the Hamiltonian of an isolated
quantum dot. Thereafter some experimental realizations of quantum
dots are compared. We summarize the influence of a magnetic field on
dots. Moreover, the electrostatic capacitance and constant-interaction
models are introduced. The sections on Coulomb blockade, excitation
spectroscopy and cotunnelling are of particular importance for the later
analysis of our experimental data, as is the final section on the tem-
perature dependence of Coulomb-resonance lineshapes.
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2 Quantum dots and single-electron tunnelling
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Figure 2.1: A quantum dot embedded between two reservoirs and
controlled via a gate electrode: (a) Electrons tunnel from the source
reservoir to the quantum dotQD and from there into the drain contact.
The island energy levels are capacitively controlled using a plunger
gate electrode G. (b) Energy diagram of a quantum dot with its levels
tuned by the plunger gate voltage VG. High tunnelling barriers (black)
separate the dot from reservoirs (grey) with chemical potentials µS

and µD.

2.1 Quantum dots

Quantum dots are small, conducting regions defined in insulating sur-
roundings. On these islands, electrons are confined. In this aspect,
quantum dots closely resemble atoms with their electrons confined in
the attractive potential of their nuclei. Quantum dots are also named
artificial atoms because of this similarity [25]. Unlike real atoms, the
spectra of quantum dots cannot only be probed and manipulated by
adsorption and emission of electromagnetic radiation but also in trans-
port experiments. Electronic leads tunnel coupled to a quantum dot
allow to probe its spectrum in current-voltage measurements. Such a
system is depicted in Figure 2.1(a): The quantum dot is embedded be-
tween two leads named source and drain. These act as electron reser-
voirs and are tunnel coupled to the island. An additional ”plunger”
gate electrode capacitively coupling to the quantum dot is used to
electrostatically manipulate the dot energy levels. Hence, as the con-
ductance can be controlled via a gate electrode, this setup is called
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2.1 Quantum dots

single-electron transistor (SET).
A typical energy diagram of a SET is shown in Figure 2.1(b) with

some discrete levels in the quantum dot and continuous spectra in the
source and drain reservoirs. The discreteness of quantum dot spectra
will become clear in the next sections. Here, it is important to under-
stand that the plunger gate is used to shift the internal dot levels.

2.1.1 Charge quantization

Assuming that there is no coupling between the quantum dot island
and its surroundings, it contains an integer number of electrons and its
charge Q is quantized, Q = Ne. At finite tunnel coupling to the leads,
charge quantization still holds if two requirements are met:

1. To put an extra charge e on an island with capacitance C, the
charging energy U = e2/C has to be overcome. For charge quan-
tization the thermal energy kBT must not exceed this Coulomb
energy,

e2/C � kBT. (2.1)

2. The tunnel barriers between dot and leads must be sufficiently
opaque such that the electrons are located either on the dot or on
the leads. Considering a tunnelling resistance Rt, a typical time
to charge the island is ∆t = RtC. A typical energy scale is given
by ∆E = U . From Heisenberg´s uncertainty relation ∆E∆t > h
a requirement for the tunnelling resistance is deduced:

Rt � h/e2. (2.2)

To summarize, a quantum dot connected to leads shows charging ef-
fects if its charging energy is sufficiently large compared to temperature
and if the coupling to the leads is weak enough. A small capacitance is
realized by making the dot small. The coupling to the leads is adjusted
in the fabrication process or can later be tuned in the experiment.

2.1.2 0D-Quantization: Electronic level spectrum

Quantum dots are generally very small with their dimensions as tiny as
the Fermi wavelength. Hence they can be considered as zero-dimensional
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Figure 2.2: (a) Coulomb-blockade induced level spectrum of a quan-
tum dot with charging energy U and (b) excitation spectrum with
confinement-induced quantum mechanical levels εi spaced ∆ε.

objects. Electrons residing on the dot have a discrete energy level
spectrum εi. This quantum mechanical quantization is different from
the classical charge quantization discussed in the previous section. In
the dots examined in this work, it is typically much smaller than the
Coulomb charging energy U .

For a two-dimensional harmonic confinement potential with a classi-
cal radius r of the ground state wave function the internal level spacing
∆εi = εi+1−εi is constant, and ∆εi = ∆ε (m∗ is the effective electron
mass):

∆ε = ~ω =
2~2

m∗r2
. (2.3)

In other confinement potentials the spacing is not necessarily constant,
but the harmonic approximation still gives an estimate. The exact
spectrum is given by the appropriate Hamiltonian. To add an extra
electron onto the dot, not only Coulomb energy U but also the quantum
mechanical ground state energy εi has to be overcome.

Figure 2.2 illustrates this situation: Around Coulomb-blockade in-
duced levels with spacing U , electronic levels εi with a spacing ∆ε
emerge.

8



2.1 Quantum dots

2.1.3 Quantum dot Hamiltonian

In the regime of weak tunnel coupling between dot and leads the exact
spectrum of a quantum dot is determined from its Hamiltonian. The
leads in a SET are then described by a separate Hamiltonian which
is not considered here. For stronger coupling interactions between dot
and leads have to be taken into account (chapter 5). We will describe
a weakly coupled quantum dot with N interacting electrons, each at
position ~ri, with momentum ~pi and spin ~Si. The N -electron Hamilto-
nian HQD is composed of a sum over all single-electron energies plus
a contribution from interaction:

HQD =
N∑

i=1

 1
2m∗

(
~pi + e ~A(~ri)

)2

︸ ︷︷ ︸
free electron

+ gµB
~B · ~Si︸ ︷︷ ︸

Zeeman term

+ Vext(~ri)︸ ︷︷ ︸
confinement


+
e2

2

N∑
i=1

N∑
j=1
j 6=i

Vee(~ri,~rj)

︸ ︷︷ ︸
interaction

. (2.4)

The last term in the Hamiltonian contains the electron-electron in-
teraction Vee and accounts for the Coulomb charing energy U . The
preceding sum over all N electrons represents single-particle contribu-
tions to the total energy, consisting of a free electron term, a Zeeman
term and the confinement potential. The free electron term describes
a free electron of charge e in an external magnetic field ~B = ∇ × ~A.
The Zeeman term with the Landé g-Factor g and Bohr’s magneton
µB gives the Zeeman energy of an electron in a magnetic field. Vext is
the external confinement potential. The electronic energy levels εi of
a quantum dot with a given confinement potential can be determined
from this Hamiltonian.
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Figure 2.3: Realizations of semiconductor quantum dot in (a) lateral
and (b) vertical geometry.

2.1.4 Experimental realizations of semiconductor
quantum dots

Although the name ”quantum dot” suggests exceedingly small, point-
like spatial dimensions, typical semiconductor quantum dots are on the
order of 100 nm in diameter. In comparison to metals with generally
high electron densities, semiconductors contain orders of magnitude
less free electrons. Islands of the size given above may contain only a
few hundred or even less electrons. Thus semiconductor quantum dots
consist of only very few relevant electrons and single-electron effects
become prominent.

Whether the electronic level spectrum is discrete or not depends –
among other parameters – on the size of the devices as compared to the
Fermi wavelength. The Fermi wavelength in semiconductors is greatly
reduced compared to metals.

However, the first quantum dots fabricated and examined in a con-
trolled way were metallic SETs [28], where due to the small Fermi
wavelength the electronic level spectrum was continuous. The con-
trolled fabrication of semiconductor quantum dots was achieved a few
years later [29, 30].

In experimental realizations, semiconductor quantum dots usually
consist of islands which are disc shaped. Based on the direction of the
current relative to the disc, they are classified into two groups, namely
lateral and vertical structures. This is illustrated in Figure 2.3. While
vertical dots are usually smaller and contain less electrons compared to
lateral ones [30, 2], their tunnel coupling to the leads is adjusted already
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2.2 Quantum dots in high magnetic fields

in the fabrication process. Thereafter it is fixed. Lateral dots provide
a better tunability in experiments by allowing the tunnel barriers to
be varied.

The quantum dots examined in this work are lateral devices based
on two-dimensional electron systems in GaAs/AlGaAs semiconductor
heterostructures. The de Broglie wavelength of the free electrons in the
heterostructures is very large, typically ∼ 40 nm, and thus comparable
to the spatial dimensions accessible with modern lithography. There-
fore the dots can be fabricated small enough for the energy levels to
become quantized.

2.2 Quantum dots in high magnetic fields

In this section, we focus on the influence of a magnetic field B on
quantum dots. Magnetic fields are used in the later experiments to tune
the energy levels of dots. We first consider a free electron in a magnetic
field, later confinement and interaction with other electrons are added.
The latter resembles the situation described by the Hamiltonian in
eq. 2.4.

2.2.1 Free electron in a magnetic field

This section describes a free electron in a magnetic field and neglects
the confinement potential in a quantum dot which is added later. An
electron in a magnetic field is forced on circular cyclotron orbits per-
pendicular to the magnetic field in classical physics. An exact solution
of the problem is possible also in quantum mechanics, yielding energy
eigenvalues [31]

εn = (n+ 1/2) ~ωC , n = 0, 1, 2, . . . , (2.5)

with Landau quantum number n and cyclotron frequency

ωC =
eB

m∗ . (2.6)

The z degree of freedom parallel to the magnetic field has been ne-
glected because in this work only quantum dots embedded in two-
dimensional electron systems and in a perpendicular magnetic field are
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2 Quantum dots and single-electron tunnelling

considered (chapter 3.1). The Landau levels are equally spaced with
an energy separation ~ωC proportional to the magnetic field. Each
Landau level is nL-fold degenerate (gS is the degeneracy due to spin),

nL = gS ·
eB

h
. (2.7)

A characteristic length scale in this regime is the magnetic length

lB =

√
~
eB

(2.8)

which describes the classical cyclotron radius in rn =
√

(2n+ 1) · lB
and thus gives the order of the extent of the electronic wave function.

To take into account the electron spin, eq. 2.5 is extended by a
Zeeman contribution:

εn,Sz
= (n+ 1/2) ~ωC + gµBBSz, Sz = ±1/2. (2.9)

In presence of a magnetic field, spin degeneracy is lifted and each Lan-
dau level splits into two. This is considered in the definition of the
filling factor ν which describes the number of occupied Landau levels.
With an electron density ne and a degeneracy per spin-split Landau
level nL = eB/h we get:

ν =
ne

nL
=
neh

eB
. (2.10)

This framework describes one free electron in a magnetic field. In the
next section we will consider the influence of a confinement potential
in a quantum dot.

2.2.2 Confined electron in a magnetic field:
Fock-Darwin spectrum

To add external confinement to the free electron spectrum from eq. 2.9,
a smooth, circularly symmetric confinement potential Vext(r) varying
slowly on the scale of variations of the electronic wave function, lB , is
considered (Thomas-Fermi approximation):

εn,Sz,m = (n+ 1/2) ~ωC + gµBBSz + Vext(rm). (2.11)
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Figure 2.4: Fock-Darwin spectrum of a single particle in a harmonic
potential, ω0 = 1 meV.

In addition to Landau-level index n and spin Sz an angular momentum
quantum number m was introduced.

A common approximation to quantum dot confinement potentials is
the circularly symmetric harmonic confinement,

Vext(r) = (1/2)m∗ω2
0r

2.

For this confinement, eq. 2.11 was solved by Fock and Darwin [32, 33].
Neglecting the Zeeman term which is trivial they evaluated

εn,m = (2n+ 1 + |m|)
√

(~ω0)2 + (~ωC/2)2 + (m/2)~ωC .

The Fock-Darwin spectrum for an electron in GaAs with ω0 = 1 meV
is shown in Figure 2.4. For low magnetic fields, frequent level cross-
ings are observed, whereas for high magnetic fields Landau quanti-
zation dominates the confinement potential and the asymptotic form
εn,m = (n+1/2+ (|m|−m)/2)~ωC is found. To determine energy lev-
els εi in more realistic confinement potentials sophisticated numerical
calculations are necessary.

This single-particle description of a quantum dot is adequate for
structures containing only very few electrons. It is often applied to
vertical quantum dots [2]. However, it neglects Coulomb interaction
which strongly alters the energy spectrum in lateral multi-electrons
quantum dots considered in this work [34].
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2 Quantum dots and single-electron tunnelling

2.2.3 Interacting and confined electrons in a magnetic
field

In extension to the single-particle description developed in eq. 2.11
now interactions between the confined electrons are considered. This
problem needs a self-consistent treatment. The total energy of all N
electrons on the quantum dot is given by

EN =
∑

n

∑
Sz

∫
d2r ρn,Sz

(r) · ((n+ 1/2) ~ωC + gµBBSz)

+
∫
d2r ρ(r) · Vext(r)

+
1
2

∫
d2r

∫
d2r′ ρ(r)ρ(r′)Vee(r, r′) (2.12)

with ρn,Sz (r) the electron density in Landau level n, ρ(r) the total elec-
tron density, Vext(r) the bare confinement potential and Vee(r, r′) the
electron-electron interaction. The first two terms describe the energy of
single electrons from the previous section while the last term accounts
for their interaction. This equation is solved by minimizing EN with
respect to the charge distribution ρn,Sz (r) under certain constraints.
In the context of quantum dots this was first discussed by McEuen et
al. [34]. In the following paragraphs we briefly discuss their results.

Charge density

A self-consistent solution of eq. 2.12 for a sufficiently high magnetic
field B yields a charge distribution ρn,Sz

(r) as schematically depicted
in Figure 2.51. Starting with an empty dot, first electrons are added
to the dot centre where the external confinement potential has a mini-
mum. Due to Coulomb interaction, subsequently added electrons can-
not be added to the dot centre like the first ones. Instead they are
placed in outer regions. Only when the first Landau level n = 0 is
completely occupied, additional electrons are placed in the centre of
the dot again and are added to Landau level n = 1. Therefore the
large energy gap ~ωc between first and second Landau level has to be
1Zeeman energy is neglected in the following discussion for the sake of simplicity.

14



2.2 Quantum dots in high magnetic fields

n=0

n=1

(b)(a)

radius r

ch
a

rg
e

 d
e

n
si

ty
 r

n=0

n=1

compressible

incompressible

Figure 2.5: (a) Schematic self-consistent charge density ρ(r) in a
quantum dot in a high magnetic field. The Landau levels n form edge
states in the external potential, resulting in compressible stripes sepa-
rated by incompressible (insulating) regions. (b) Top view of a quantum
dot with the stripes from (a).

overcome. This is the situation depicted in Figure 2.5. The interplay
between Landau quantization, Coulomb repulsion and confinement po-
tential leads to the constant charge density for the first Landau level
n = 0 in the central dot region where the confining potential is com-
pletely screened and thus the effective potential is flat. At the edge
of the dot, the confining potential cannot be completely screened any
longer. Consequently, the charge density drops rapidly. In the Figure,
the second Landau level n = 1 is not completely occupied and thus the
charge density ρn=1 drops gradually from the centre to the outer dot
regions.

Radial regions of constant charge density are named incompressible
stripes. These never contain states at the Fermi level contributing to
transport and are thus insulating. In contrast, the so-called compress-
ible stripes characterized by a variable charge density completely screen
the external potential. They are available for transport and therefore
named metallic.
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Figure 2.6: Confined, interacting electron systems form edge states
at the border of the confining potential in a magnetic field: (a) Self-
consistent energy scheme of different Landau levels resulting in com-
pressible edge channels separated by incompressible regions as illus-
trated in (b) and (c).

Edge states

The compressible and incompressible stripes from the previous para-
graph can be understood in terms of so-called edge states ([35, 36]
and references therein). As sketched in Figure 2.6, the self-consistent
energy of the electrons on every Landau level is – due to screening –
flat in the central region of the dot and is bent upwards on the outer
perimeter due to the external confinement potential. The resulting in-
crease to the outer regions is stepwise, containing rising as well as flat
segments. Every occupied Landau level has a region of flat potential
at the Fermi level. The lower the Landau level index, the farther this
region is located to the outer dot perimeter. It corresponds to a com-
pressible, metallic stripe which screens the external potential due to

16



2.3 Single-electron tunnelling

its variable charge density. The other regions are incompressible and
insulating, not screening the external potential.

The interplay between discrete Landau levels and Coulomb interac-
tion again has led to the formation of metallic regions on the quantum
dot separated by insulating regions. This model of a quantum dot in a
high magnetic field is comparable to the description of a bulk quantum
Hall system.

2.3 Single-electron tunnelling

Until now, we have concentrated on the quantum dot itself and have
neglected other components of a SET. In this section we will consider
complete SETs with gates as well as source and drain contacts. After
introducing some simple models, we will consider the transport prop-
erties of single-electron tunnelling transistors.

2.3.1 Electrostatic capacitance model

A simple electrostatic capacitance model for the total energy of the
electrons on a quantum dot has proven very useful. This model com-
pletely neglects the internal structure of the dot. Thus it describes
metallic quantum dots with a negligible level spacing very well but
semiconductor quantum dots only roughly. It allows to determine the
dependence of the dot energies on the external gate voltages (chapter
4.3). The pure capacitance model presented here will be extended to
the constant-interaction model in chapter 2.3.2 to take into account
the intra-dot level structure of semiconductor quantum dots.

All electrodes, gates as well as source and drain contacts, couple
capacitively to the quantum dot as illustrated in the circuit diagram
in Figure 2.7. The quantum dot and its surroundings can be interpreted
as a network of capacitors. We consider a quantum dot on the potential
VQD. Its total charge QQD is linear in the voltage Vi of every gate
i ∈ {S,D,G, . . .}:

QQD =
M∑
i=1

Ci(VQD − Vi) = VQDCΣ −
M∑
i=1

CiVi. (2.13)

17



2 Quantum dots and single-electron tunnelling

source
contact

drain
contact

C ,RD DC ,RS S

CG

plunger gate

QD

Figure 2.7: Circuit diagram of a quantum dot tunnel coupled to source
and drain leads. The tunnel junctions are characterized by their ca-
pacitance CS,D and their resistance RS,D. The gate electrode couples
purely capacitively to the quantum dot with a capacitance CG.

We have introduced the total capacitance CΣ of the quantum dot:

CΣ =
M∑
i=1

Ci. (2.14)

The capacitances Ci describe the dependence of the dot charge on
outer gate or contact voltages Vi: Ci = ∂QQD/∂Vi. These coefficients
depend on the relative geometric arrangement of dot and gates and on
the dielectrics involved.

We assume an integer number of electrons N on the island and a
charge QQD = −eN . Solving eq. 2.13 for VQD allows to compute the
total energy for N electrons on the island, EN , depending only on
the charge of the island −eN and on the potentials of the external
electrodes Vi:

EN =

−eN∫
0

dQQD VQD(QQD)

=
(eN)2

2CΣ
− eN ·

M∑
i=1

Ci

CΣ
Vi. (2.15)

The first term regards the work necessary to load the island with N
electrons. The second term accounts for the potential energy of N
electrons in the gate-electrode potentials ϕi = Ci/CΣ · Vi.
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2.3 Single-electron tunnelling

The above formula allows to determine the energy needed to place
an extra electron on the dot. This energy is equivalent to the chemical
potential µN , the derivative of the total energy EN with respect to
particle number N :

µN =
∂EN

∂N
=

e2

CΣ
N − e ·

M∑
i=1

Ci

CΣ
Vi. (2.16)

Thus to place an extra electron on the dot the charging energy

U = e2/CΣ (2.17)

from the N electrons already on the dot has to be overcome (first term
in eq. 2.16). Additionally, the extra electron has to be placed in the
potentials of the gate electrodes ϕi = Ci/CΣ ·Vi (second term). For the
addition of every further electron, the chemical potential on the dot
increases accordingly. The chemical potential of the quantum dot is
an important quantity because of the easy experimental accessibility
of chemical potential differences. This will be discussed in the next
section.

We point out that the part of the addition energy describing the
influence of the external potentials does not depend on the electrons
already on the dot (apart from small corrections due to a dependence
of CΣ on N). This allows to introduce a so-called lever arm αi,

αi = Ci/CΣ, (2.18)

to describe the influence of the voltage Vi on the corresponding elec-
trostatic potential and hence on the chemical potential of the quantum
dot, µN . In the approximation discussed here, the lever arm is a con-
stant independent of other dot parameters, in particular independent
of N . Varying the electrode voltage Vi linearly shifts the chemical po-
tential on the dot by −αieVi.

2.3.2 Constant-interaction model

The capacitance model is extended to the constant-interaction model
by considering the electronic level structure of a quantum dot. For the
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2 Quantum dots and single-electron tunnelling

N -electron dot an energy EI
N is added to the energy EN from eq. 2.15.

EI
N is given by a sum over the energies of occupied single-particle states

εi. If the set I denotes the occupied levels, we get

EI
N =

∑
i∈I

εi. (2.19)

The resulting total energy of the quantum dot is

EN,I = EN + EI
N . (2.20)

We have neglected many-particle effects like exchange interaction
which would modify EN,I . Also neglected are the dependencies of the
parameters of the capacitance model on N . The parameters of the
capacitance model depend on details of the electronic wave functions
involved, another fact which is ignored. Despite its clear deficiencies,
the constant-interaction model has proven highly useful in parameter-
izing the experimental data.

2.3.3 Coulomb-blockade measurements

From charge quantization it is clear that the chemical potential µN of
a quantum dot (equation 2.16) has only discrete values. This leads to
a discrete spectrum of the quantum dot as depicted in Figure 2.8(a).
In the electrostatic capacitance model, this spectrum is moved up and
down as a whole with any electrode voltage, e. g. Vi=G. The bias voltage
VSD = (µD − µS)/e defines a transport window, a span of dot energies
for which electronic transport is in principle possible. If the quantum
dot actually is conducting or not depends on whether one of the discrete
dot levels is within the transport window.

In situation (1) depicted in the figure, there are N electrons on
the dot. The Nth electron cannot tunnel from the dot to source or
drain reservoirs because all levels up to the corresponding chemical
potentials µS and µD are occupied. On the other hand, no electron can
tunnel from the reservoirs to the dot, because the level µN is already
occupied and the next available level µN+1 lies energetically too high.
Thus, whenever there is no dot level within the transport window, no
transport of electrons between source and drain reservoir is possible.
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Figure 2.8: Coulomb blockade: Depending on plunger gate voltage,
the situations on the quantum dot depicted in (a) lead to (b) alternat-
ing Coulomb resonances and blockade in the source-drain current for
nearly zero bias voltage VSD as a function of plunger gate voltage VG.
(c) A variation of the bias voltage VSD results in the so-called Coulomb
staircase.
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Then the number of electrons on the dot is stable and the system is
Coulomb blocked.

In situation (2) the plunger gate voltage has been adjusted so that
the µN+1 dot level is within the transport window: If the dot is oc-
cupied by N electrons, another electron can tunnel onto it from the
source reservoir. Due to µN+2 > µS , µD no (N + 2)th electron can
enter the dot as long as it is occupied by N + 1 electrons. Only when
the (N + 1)th electron has left the dot in a further tunnelling process
another electron can enter. The (N + 1)th electron can leave the dot
into the drain reservoir because of µN + 1 > µD. In the situation (2)
one transport channel from source to drain is open. The number of
electrons on the dot fluctuates between N and N + 1, therefore this
situation is named charge degeneracy.

Situation (3) is comparable to situation (2) except for the wider
transport window. Here, two channels are available for transport giving
rise to a higher dot conductance than in situation (1). The number of
electrons on the dot fluctuates between N , N + 1 and N + 2.

In Figure 2.8(b), the dependencies of dot charge Q = Ne and current
on plunger gate voltage VG are considered. Only small bias voltages
VSD comparable to situations (1) and (2) discussed above are regarded.
At plunger gate voltages as in situation (1) no current flows through the
dot and its charge is stable. For voltages leading to situation (2), the
charge becomes instable. It can fluctuate by e. Then transport becomes
possible, hence a Coulomb resonance is observed in the current. The
with of the resonance is discussed in section 2.4. Due to the constant
charging energy U , Coulomb oscillations are periodic in gate voltage.

Figure 2.8(c) depicts the current as a function of bias voltage VSD.
As with increasing bias voltage the transport window widens, the so-
called Coulomb staircase is observed. With the current first zero, more
and more channels become available for transport with increasing VSD.
The addition of each channel results in a step in the current.

Coulomb diamonds

The combination of Figure 2.8, (b) and (c), i. e. bias and gate-voltage
dependence leads to so-called Coulomb diamonds. This term refers to
a diamond shaped conductance pattern as a function of VSD and VG.

22



2.3 Single-electron tunnelling

VG

VSD

N

N+1

N-1

N
N-1

N+1
N

N
N-1

N+1
N

N+1
N

N-1

N+1
N

N-1

N+2
N+1

N

N+2
N+1

N

1 tunnelling
electron 2 tunnelling

electrons
charge stable

N+1
N

N-1

N+1
N

N+2
N+1

N

N+1
N

N-1

N+1
N

N+2
N+1

N

1

2

3

4

4 5

6

6

2

1

3
5

µ =µ =µS N+1 D

µ <µ ,µ <µN+1 S D N+2

µ <µ ,µ <µN S D N+1

µ <µ <µD N+1 S

µ <µ ,µ <µD N N+1 S

µ <µ <µD N S

µS µD

Figure 2.9: Scheme of Coulomb-blockade diamonds with dot en-
ergy diagrams and the resulting conductance pattern in dependence
of plunger gate VG and bias voltage (VSD) as explained in the text.
Lighter shades indicate higher conductance.

In Figure 2.9 some Coulomb diamonds are schematically depicted.
To understand the emergence of the Coulomb diamonds, we first

consider a variation of plunger gate voltage VG at zero source-drain
bias voltage VSD according to the previous discussion (points (1)–(3)
as marked in Figure 2.9): Inside a Coulomb diamond of vanishing con-
ductance marked by (3) in the figure the system is Coulomb blocked
and the charge Ne on the quantum dot is stable. Increasing the plunger
gate voltage VG will bring the SET to the charge degeneracy point (2)
where the number of electrons can fluctuate between N and N + 1. A
further increase of VG eventually ends in another stable configuration
(3) with N + 1 electrons on the dot.

The influence of a finite source-drain bias voltage VSD is illustrated
by including the configurations (4) to (6) into our consideration: When
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2 Quantum dots and single-electron tunnelling

the source-drain bias voltage is increased by lowering the right reser-
voir’s chemical potential, starting at the stable configuration (1) with
N + 1 electrons, the transport window is widened until in region (4)
the chemical potential for N + 1 electron on the dot lies between the
chemical potentials in the reservoirs. This enables transport with the
charge on the dot fluctuating between N and N+1 electrons. As in the
VSD = 0 case, a decrease of gate voltage in regions (5) and (6) leads to
dot charges fluctuating between N − 1, N and N + 1 in region (5) and
N − 1 and N in (6). Coulomb diamonds apart from but interlocked
with the ones lined up at VSD = 0 emerge. These new diamonds differ
from the first ones by their finite conductance. At even higher bias volt-
ages further Coulomb diamonds appear with dot charges fluctuating
not only by one but by two or more electrons. Thus the conductance
in these diamonds is even higher.

To conclude, the conductance of a quantum dot showing Coulomb
blockade can be tuned by either varying a gate voltage, leading to
Coulomb resonances, or by tuning the bias voltage, leading to a Coulomb
staircase. The combination of both make up the Coulomb diamonds.
These are purely classical effects based on charge quantization without
any quantum mechanics involved.

2.3.4 Excitation spectroscopy

In addition to charge quantization, the electronic level spectrum of a
quantum dot and in conclusion quantum mechanics also contributes
to the addition spectrum. We have already considered this fact in the
constant-interaction model. It becomes prominent in two situations:
First we discuss a level spacing ∆εi = εi+1 − εi which is not constant
but varies as a function of i. When it is comparable to the charging
energy U or even larger, the Coulomb oscillations become aperiodic.
This is observed in vertical quantum dots [2]. In larger lateral dots
with ∆εi much smaller than U it is a small effect, and we approximate
∆εi ≈ ∆ε.

Second, the electronic level spectrum also becomes visible if more
than one electronic energy level comes into the transport window,
e. g. εi and εi+1. Then an electron tunnelling into the dot can tun-
nel into either state i or state i+ 1 which gives rise to a change in the
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Figure 2.10: Scheme of excitation spectroscopy of a quantum dot
in nonlinear transport measurements, the lines indicating increased
differential conductance and thus the opening of additional transport
channels. The corresponding energy diagrams relate these channels to
tunnelling through excited states.

tunnel current. These states are never simultaneously occupied as the
bias window is too small to overcome the additional charging energy
U . The increase is solely due to the existence of a second channel.

Figure 2.10 illustrates how these additional transport channels mod-
ify the Coulomb diamonds in a differential conductance measurement.
In such measurements, not the absolute conductance but its deriva-
tive dI/dVSD with respect to source-drain voltage VSD is detected.
Hence, steps in the absolute conductance become peaks in differential
conductance. In the figure, dashed diagonal lines of increased differ-
ential conductance parallel to the borders of the Coulomb diamonds
mark additional steps in the quantum dot conductance. The energy di-
agrams relate the additional transport channels to excited states in the
quantum dot. These come into the transport window at the increased
bias voltage. Not every excited state is necessarily visible in the type
of measurement discussed here, since some states may couple to the
reservoirs only weakly.

The increases in tunnelling current allow to spectroscopically inves-
tigate the excitation spectrum of quantum dots by variation of the bias
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Figure 2.11: Scheme of a Coulomb diamond with excited states and
with a differential background conductance due to elastic (light grey
area) and inelastic cotunnelling (dark grey area). The quantum dot
ground state (solid lines) and an excited state (dotted lines) are con-
sidered. (1) and (2) are first order tunnelling processes, (3) and (4)
represent cotunnelling processes.

voltage and to experimentally determine the level spacing ∆εi.

2.3.5 Cotunnelling

Until now, only first order tunnelling between quantum dot and leads
was considered. The term cotunnelling generally refers to higher order
tunnelling processes, i. e. two or more correlated tunnelling events in-
volving energetically forbidden intermediate states. As an example for
a second order tunnelling process, an electron might tunnel onto a SET
despite Coulomb blockade. The resulting virtual intermediate state is
energetically forbidden. The lifetime of this virtual state is given by
Heisenberg’s uncertainty relation, τ . h/∆E. It decays by removal of
one electron from the dot, and energy conservation is again satisfied.

Cotunnelling contributes to the background conductance in trans-
port measurements as illustrated in Figure 2.11 [37, 38]. Processes (1)
and (2) are the known first order tunnelling processes, (1) giving rise
to Coulomb resonances and (2) involving an excited state. (3) depicts
an elastic cotunnelling process responsible for a constant background
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Figure 2.12: Typical types of Coulomb oscillations in a quantum dot
for temperatures T in the three regimes discussed in the text and as
named in Figure 2.13. The traces are normalized for each regime, the
black curves having been calculated for the lowest temperature. The
arrows indicate increasing temperatures.

conductance in the Coulomb diamond. At (4) the transport window
is large enough for an additional inelastic cotunnelling channel to be
opened. This channel involves an excited state on the dot. It is called
inelastic because the state of the dot before and after the process dif-
fer. After the tunnelling process the dot is in an excited state and
relaxes into its ground state. Inelastic cotunnelling is only observed if
the level spacing ∆ε is smaller than the Coulomb energy U . It sets in
at a source-drain voltage of eVSD ≥ ∆ε.

Since cotunnelling is proportional to the bias voltage VSD, it pro-
duces a constant differential conductance despite the peaks in differ-
ential conductance making up the Coulomb diamonds.

2.4 Coulomb-resonance lineshape

We determine the energy scales of the quantum dot from the line-
shapes of Coulomb resonances. Typical Coulomb resonances as seen
in the conductance measurements are shown in Figure 2.12 as a func-
tion of detuning δε = ε − ε0 from the resonance at ε0. The detuning
is determined by the plunger gate voltage VG. The lineshape of the
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Figure 2.13: Peak (a) height and (b) width of Coulomb resonances
in dependence on temperature T in the three regimes discussed in the
text: (1) low temperature limes, kBT � ~Γ � ∆ε, (2) finite tempera-
tures, ~Γ � kBT � ∆ε, and (3) high temperatures ~Γ,∆ε . kBT .

resonances depends on three quantities: intrinsic linewidth ~Γ, tem-
perature kBT and electronic level spacing ∆ε. It is modified if the
electronic level spacing is so small that multiple levels lie within one
Coulomb resonance. The thermal energy kBT does not modify the
resonance itself as in the Coulomb-blockade regime it always is small
compared to the charging energy U , kBT � U . Thus it has no influ-
ence on the dot occupation N . Source and drain reservoirs, however,
have a continuous density of states occupied according to the Fermi-
Dirac distribution function. This broadens the measured lineshape at
finite temperature, whereas at T = 0 a step-like Fermi distribution
does not lead to any broadening. The intrinsic resonance linewidth ~Γ,
finally, is determined by Heisenberg’s uncertainty relation containing
the finite lifetime τ ∼ 1/Γ of the investigated state on the quantum
dot. It depends mainly on the tunnel coupling to the leads.

Following Reference [39] we distinguish three regimes in the depen-
dence of the Coulomb lineshape on the above-mentioned parameters.
Typical lineshapes are depicted in Figure 2.12. Figure 2.13 shows peak
width and height as a function of temperature for all three regimes.
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2.4 Coulomb-resonance lineshape

(1) Low temperature limes, kBT � ~Γ � ∆ε

The low temperature limes is characterized by thermal energies kBT
negligible compared to the intrinsic linewidth ~Γ. Coulomb resonances
in this regime are described by the well-known Breit-Wigner formula
[40] with a full width at half maximum (FWHM) of ~Γ [39]:

G(δε)/Gmax = ~
ΓlΓr

Γl + Γr
· ~Γ
(δε)2 + (~Γ/2)2

for kBT � ~Γ � ∆ε

(2.21)
Γl and Γr denote the tunnel coupling of the dot to the left and right
reservoirs, and Γ = Γl +Γr. If G is the degeneracy of the resonant level,
the peak conductance Gmax in this regime is given by

Gmax = G e
2

h
. (2.22)

Neither Coulomb-peak height nor width depend on temperature in this
regime. This is reflected in the temperature independent asymptotes
in Figure 2.13 at low temperatures (regime (1)).

(2) Finite temperatures, ~Γ � kBT � ∆ε

This regime is reached when the thermal energy kBT is large compared
to the intrinsic linewidth ~Γ but small compared to the level spacing
∆ε. Thermal broadening for the Fermi-Dirac distributed electrons in
the reservoirs determines the lineshape. G(δε)/Gmax is basically given
by the derivative of the Fermi distribution function with respect to
energy [39],

G(δε)/Gmax =
(

cosh
δε

2kBT

)−2

for ~Γ � kBT � ∆ε. (2.23)

The peak conductance Gmax is proportional to the intrinsic linewidth
~Γ and to the inverse temperature T−1:

Gmax =
e2

4kBT
· ΓlΓr

Γl + Γr
=
e2

16
· Γ
kBT

(2.24)
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2 Quantum dots and single-electron tunnelling

The FWHM is given by

FWHM = 4 · arccosh(
√

2) · kBT ≈ 3.53 · kBT. (2.25)

In this experimentally particularly important regime the linewidth is
proportional to the temperature T . The conductance maximum, how-
ever, is proportional to the inverse temperature T−1. Thus the area
A ∼ Gmax ·FWHM under the peak is independent of the temperature
T . This is regime (2) in Figures 2.12 and 2.13.

The known temperature dependence of the FWHM of Coulomb
peaks in this regime allows to determine the lever arm αi (section
2.3.1).

(3) High temperatures, ~Γ,∆ε . kBT

When the temperature is increased even further, the thermal energy
kBT becomes the largest energy scale. Many single-particle levels in
the dot contribute to transport if ∆ε . kBT , leading to multilevel
transport [39, 41]:

G(δε)/Gmax =
δε/kBT

sinh(δε/kBT )
(2.26)

≈
(

cosh
δε

2.5kBT

)−2

for ~Γ,∆ε� kBT.

The peak conductance Gmax depends on the density of states ρ within
the quantum dot (it makes no longer sense to talk about single levels)
and on the intrinsic linewidth ~Γ, but is independent on temperature
T :

Gmax =
e2ρ

2
· ΓlΓr

Γl + Γr
=
e2ρ

8
· Γ (2.27)

The FWHM is proportional to the temperature T , approximately:

W ≈ 4.35 · kBT. (2.28)

This situation is reflected as regime (3) in Figures 2.12 and 2.13.

The three regimes described above are distinguished by their indi-
vidual characteristic dependence of peak height and width on temper-
ature. In this work, the quantum dots are typically operated in the
finite temperature regime.
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3 Experiment

In this chapter the fabrication of the split-gate single-electron tun-
nelling transistors and the low-temperature measurement techniques
employed for the investigation of their transport properties are de-
scribed.

3.1 Heterostructures

The starting point for the structures investigated in this thesis are mod-
ulation doped GaAs/AlGaAs heterostructures [7]. In such structures
extremely high electron mobilities are achieved by spatial separation of
conduction electrons from scatterers like their parent donor atoms. Epi-
taxial growth by molecular beam epitaxy (MBE) allows to fabricate
crystals of excellent quality with only few contaminating impurities,
both further improving the mobility.

In general, heterostructures consist of layers of two or more semi-
conductors with different band gaps. Similar lattice constants of the
constituents allow to grow single crystals without dislocations. With
the correct layer sequence it is possible to form nearly arbitrary po-
tential profiles in the growth direction. A preferred material system
for this so-called band gap engineering is Ga1−xAlxAs because its
band gap is continuously varied with the aluminium concentration x
from EGaAs = 1.5 eV to EGa0.67Al0.33As ≈ 1.91 eV [42]. GaAs and
AlAs have almost the same lattice constants, aGaAs = 5.6533 Å and
aAlAs = 5.6611 [43]. This allows defect free, crystalline growth of
arbitrary material mixtures. Nowadays electron mobilities exceeding
3000 m2/Vs are reached by this method.
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Figure 3.1: (a) Layer sequence of heterostructure 1129 which was
used in the experiments. (b) Simulation of the resulting conduction
band edge and formation of the two-dimensional electron gas in the
triangular potential minimum.

In this work, mainly heterostructure 1129 grown at the Ruhr-Uni-
versität Bochum in the group of D. Reuter and A. D. Wieck was used.
In Figure 3.1 the according layer sequence is shown together with a
simulated band structure. As can be seen in the simulation, at the
AlGaAs/GaAs interface a triangular potential well in the conduction
band energy EC is formed. Quantized states in this potential well lead
to the formation of two-dimensional subbands in the xy-plane. At suf-
ficiently low temperatures, only the lowest subband is occupied. Then
the heterostructure contains only one two-dimensional electron system
(2DES) 57 nm below the surface.

The sample was characterized in standard quantum Hall measure-
ments [44], yielding an electron density of n = 3.7 · 1015 m−2 and a
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Figure 3.2: (a) SEM micrograph of the central gate structure forming
the quantum dot. (b) Simulated potential energy in the 2DES created
by application of −1 V to each gate electrode (self-consistent calcula-
tion by courtesy of M. Stopa).

low temperature mobility of µ = 130 m2/Vs. Further information on
the heterostructure and the simulation of band structures is given in
appendix C.

3.2 Patterning of the 2DES

Even more than 10 years after the advent of the first lateral semicon-
ductor SETs, the patterning of quantum dots only a few 100 nm wide
in a 2DES 57 nm below the substrate surface remains a challenge.
Three orders of magnitude have to be overcome to contact the less
than 100 nm wide gate electrodes to 100 µm wide bond pads. This is
achieved by the combination of optical and electron beam lithography
described in this section.

Standard Hall bars are patterned on the heterostructure by optical
lithography [45]: First, the 2DES is contacted by alloyed Au/Ge/Ni
pads and in a second step a mesa is etched from the heterostructure.
Afterwards, six metallic gate electrodes (6 nm Cr, 25 nm Au) are fab-
ricated on each Hall bar using two further electron beam lithography
steps [46, 47]. A scanning electron microscopic (SEM) image of the
central region of the gate structure which later forms the quantum
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dot is shown in Figure 3.2(a). The 2DES areas serving as source and
drain leads are marked. Visible are the six finger gates used to de-
fine a quantum dot in the centre. The central upper gate electrode is
used as a plunger gate for shifting the quantum dot energy levels. As
shown in Figure 3.2(b), negative voltages applied to all gate electrodes
allow to deplete the two-dimensional electron gas underneath. In this
way, a potential minimum is created in the 2DES. This small island
contains electrons which are separated from the bulk 2DES by tunnel
barriers, visible as constrictions in the Figure. The fabrication scheme
is explicated in more detail in appendix B.

From the SEM image a geometric dot diameter of 380 nm is deduced.
Taking into account the depletion length of the split gates, we obtain an
electronic diameter of del ≈ 250 nm. Such a dot of area A is estimated
to contain N ∼ n ·A = 180 electrons.

3.3 Measurement setup

The study of single-electron transport in split gate transistors requires
low temperatures and a highly accurate low-noise setup. Thermal en-
ergy and noise level are to be kept small compared to the level spacing
between the quantum dot states. In this work, four different cryogenic
systems were used:

• 4He storage vessel for easy and rapid characterization measure-
ments at T = 4.2 K, mainly to test ohmic contacts.

• 4He bath cryostat from Oxford Instruments for quantum Hall
characterization measurements at T ≥ 1.3 K.

• Single-shot 3He insert from Oxford Instruments in a 4He bath
cryostat for temperatures between T = 350 mK and 4.2 K. The
measurement setup was developed in this cryostat. Some first
productive SET measurements were also conducted here.

• Oxford Instruments Kelvinox 300 3He-4He dilution refrigerator
for nearly all SET measurements shown in this thesis. This cryo-
stat reaches a base temperature of approximately 20 mK (with
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Figure 3.3: Schematic setup for the electronic transport measure-
ments.

the samples mounted). A superconducting magnet reaching fields
of up to B = 13 T is integrated into the cryostat.

A detailed introduction to cryogenics is given in Reference [48].
We have sketched a simplified setup for the electrical transport

measurements in Figure 3.3. The oscillator output voltage VAC of a
EG&G 7260 lock-in amplifier is added to a DC voltage VDC generated
by an IOtech DAC488 HR/4 digital to analog converter (DAC). This
signal is divided by a factor of 1000, filtered and then applied to the
source contact of the sample. It is adjusted so that the AC voltage
modulation across the sample is VSD,AC = 10 µV at a frequency of
86.666 Hz. The drain contact of the sample is connected to an Ithaco
1211 current amplifier providing a virtual ground to the sample. The
current amplifier’s output is split into an AC component connected to
the input of the lock-in amplifier and a low-pass filtered DC compo-
nent which is read out with a Keithley 2000 multimeter. The split gate
electrodes are connected to the remaining three output channels of the
DAC. These leads also contain voltage dividers (1 by 6.5). Because
of the limited number of DAC channels, opposite gate electrodes are
connected to the same output, except for the plunger gate which is
controlled individually to keep the lever arm for shifting dot energy
levels low.
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To achieve a good signal quality and sufficiently low temperatures,
extreme care has to be taken with filtering of the electrical signals. This
is true in particular for the dilution refrigerator. All signal lines enter
the cryostat only through π filters at room temperature. These have
a cut-off frequency of ∼ 10 MHz. The voltage dividers are mounted
close to these filters. In the cryostat at base temperature additional
low pass filtering is applied to the extremely noise sensitive lines con-
necting the gate electrodes. These RC filters have a cut-off frequency of
∼ 1 Hz. All measurement equipment is connected through individual
insulating transformers to the wall sockets. GPIB/IEEE 488 and serial
connections to the computer controlling the experiment contain opto-
couplers to insulate high-frequency noise from digital transients and to
avoid ground loops. With these measures, in the dilution refrigerator
an electronic temperature of Tel . 70 mK is achieved as known from
Coulomb blockade measurements (chapter 4.2).
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4 Coulomb-blockade regime

In this chapter, we explore transport through our split-gate quantum
dots in the Coulomb-blockade transport regime. This regime is char-
acterized by a weak tunnel coupling between dot and leads. The pre-
vailing phenomena in this regime reviewed in chapter 2 are well under-
stood. This allows to characterize the interacting multi-electron system
in the quantum dot and its interaction with the gate electrodes.

We pay particular attention to magneto-transport spectroscopy. A
magnetic field provides an additional means of tuning the relative
strengths of confinement, Coulomb, exchange and Zeeman energy of
the electrons on the dot and thus to influence their many-electron
ground state.

With one exception (Figure 4.6(b)) all data presented in this chapter
is from the same sample 1129-8-7.3 and from the same cooling cycle.
In this way, we consistently characterize this device.

4.1 Linear conductance measurements

Linear conductance measurements on a quantum dot are always con-
ducted at zero bias voltage VSD = 0, i. e. in the linear response regime.
Hence the transport window (chapter 2.3.3) ideally is infinitely nar-
row. In Figure 4.1, such a measurement is shown as a function of
plunger gate voltage VG. We observe regularly spaced Coulomb peaks,
∆VG ∼ const. As explicated in chapter 2.3.3, these peaks appear when-
ever the chemical potential for adding another electron to the dot is in
resonance with the source and drain reservoirs. Each peak is interpreted
as the addition of one electron to the dot. The peak height fluctuates
indicating that the dot is in the quantum regime with only one internal

37



4 Coulomb-blockade regime

-1.20 -1.15 -1.10 -1.05 -1.00
0.0

0.5

2
G

 (
e

/h
)

V  (V)G

Figure 4.1: Coulomb-blockade oscillations in a linear conductance
measurement. Each of the regular Coulomb peaks at increasing plunger
gate voltage VG marks the addition of one extra electron to the quan-
tum dot. At VG ∼ −1.07 V this regularity is broken due to a charge
reconfiguration on the dot.

level coupling to the reservoirs: Different internal states couple to the
reservoirs with different strengths leading to the observed amplitude
modulation. Apart from the modulation, the peak height increases with
rising plunger gate voltage. This is due to the spatial proximity of the
plunger gate to the tunnel barriers which are still in the range of the
plunger gate’s electrostatic potential. At VG ∼ −1.2 V this coupling is
so low that the Coulomb resonances vanish. At VG ∼ −1 V it is high
enough for different Coulomb oscillations to overlap resulting in a non-
zero conductance in between. A reconfiguration of the charges on the
dot is responsible for the deviations from regular Coulomb blockade at
VG ∼ −1.07 V: At an increased internal dot energy a new ground state
becomes favorable, leading to a redistribution of the electrons on the
dot.

According to the constant-interaction model from chapter 2.3.2, the
total energy EN,I of a quantum dot containing N electrons in state
I is a sum of Coulomb energy EN and quantum mechanical energy
EI

N . Adding one electron costs Coulomb charging energy U = e2/CΣ

plus single-particle energy εi. Assuming that the single particle energy
is generally different for each single particle state i ∈ I, we conclude
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4.2 Temperature dependence of Coulomb oscillations

εi � U because the spacing of the Coulomb peaks is nearly constant.
Thus the spacing ∆VG ≈ 13 mV reflects the charging energy of the dot.
Knowledge of the lever arm αG (equation 2.18) would allow to convert
the unit from gate voltage to energy. Anticipating αG = 0.045 from
the discussion of the temperature dependence of Coulomb oscillations
in the next section, a charging energy of

U ≈ 0.590 meV

and a total capacitance
CΣ ≈ 270 aF

are computed. The gate capacitance is

CG = e/∆VG ≈ 12 aF.

These results are summarized in table 4.1 on page 62. Further infor-
mation on the quantum dot is determined in the next section.

4.2 Temperature dependence of Coulomb
oscillations

In this section we will extract the lever arm αG and the intrinsic
linewidth ~Γ of the SET from the temperature dependence of linear
conductance measurements. A model for the variation of Coulomb-
peak lineshapes as a function of temperature was discussed in chapter
2.4.

Figure 4.2(a) shows a Coulomb resonance in linear conductance for
various temperatures. Since the peak height drops with increasing tem-
perature but the width increases, the finite temperature limes is appli-
cable. From equation 2.25,

FWHM ≈ 3.53 · kBT,

at finite temperatures it is possible to identify an energy scale in terms
of plunger gate voltage VG (i. e. the peak’s FWHM ∆VG) with an
absolute energy scale kBT . Therefore the slope of the ∆VG(T ) curve
has to be determined. However, particularly for low temperatures the
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Figure 4.2: (a) Coulomb oscillations in linear conductance at tem-
peratures T = 30 mK, 70 mK, 120 mK, 190 mK, 300 mK, 400 mK,
500 mK and 600 mK. (b) Quadratic peak widths (FWHM) from Figure
(a) versus quadratic temperature.

total width Wtotal of a Coulomb peak is given by a convolution of
peaks with a width W1 according to the above formula with peaks
with the intrinsic linewidth W2 = ~Γ. Modelling Gaussian lineshapes
the convolution yields a peak with FWHM W 2

total = W 2
1 +W 2

2 . Thus
the quantity to be considered is ∆V 2

G(T 2) as shown in Figure 4.2(b).
From the slope a of this curve a lever arm of

αG =
3.5kB

e
· 1√

a
= 0.045

is determined. An extrapolation of this curve to T = 0 yields an axis
intercept y0 from which the intrinsic resonance linewidth is computed:

~Γ = eαG ·
√
y0 = 100 µeV.

Deviations from the temperature dependence of Coulomb-peak line-
shapes expected from the discussion in chapter 2.4 are frequently ob-
served at low temperatures. They are attributed to a deviation of the
electronic temperature from the measured temperature of the cryo-
stat’s mixing chamber. Such a decoupling of electronic and lattice tem-
peratures in our experiment is observed at T . 70 mK (not shown).
The electronic temperature is assumed to saturate in this range.
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Figure 4.3: Lever arm αG (black squares) and intrinsic linewidth ~Γ
(grey circles) determined from the temperature dependence of several
Coulomb oscillations. These quantities are shown together with lines
to guide the eye and Coulomb oscillations at base temperature.

We have analyzed temperature dependencies for several Coulomb
peaks. The results are summarized in Figure 4.3. With increasing
plunger gate voltage the intrinsic linewidth ~Γ of the resonances in-
creases while the lever arm αG is almost constant. The increase of ~Γ is
attributed to the influence of the plunger gate on the height of the tun-
nel barriers due to spatial proximity. Decreased tunnel barriers shorten
the lifetime and thus increase the width of the resonant level. For even
higher plunger gate voltages VG & −1 V, due to the increased cou-
pling to the leads other mechanisms start to dominate transport and
the dot is no longer in the regime of weak coupling. Therefore this
simple analysis of the Coulomb lineshape as a function of temperature
is not possible anymore.

4.3 Nonlinear conductance measurements

In addition to the variation of the plunger gate voltage VG in linear
conductance measurements, in nonlinear differential conductance mea-
surements of dI/dVSD the bias voltage VSD between source and drain
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Figure 4.4: Differential conductance as a function of bias VSD

and plunger gate voltage VG in grey scale, black corresponding to
dI/dVSD = 0 and white to dI/dVSD = 0.35 e2/h. Black lines high-
light the Coulomb-blockade diamonds.

reservoirs is also swept. Such a measurement is shown as a grey scale
plot of the differential conductance in Figure 4.4. Coulomb diamonds
of vanishing conductance are lined up along the gate voltage axis at
VSD = 0 (chapter 2.3.3). At VG ∼ −1.17 V, a slight charge reconfig-
uration on the dot is observed. Coulomb-blockade diamonds allow to
determine the dot-gate capacitances from the electrostatic capacitance
model.

4.3.1 Charging energy and total capacitance

The width of the Coulomb diamonds allows to estimate the charg-
ing energy U by assuming lever arms of source and drain contacts of
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αS,D ≈ 0.5 according to equation 2.18 and assuming that source and
drain capacitances are the main contributions to the total capacitance.
Neglecting quantum mechanical single particle energies, for the mea-
surement presented in Figure 4.4 this results in

U = αSe∆VSD ≈ 0.6 meV.

The total capacitance is determined from equation 2.17:

CΣ =
e2

U
≈ 270 aF.

These results are in good agreement to the values obtained from linear
and temperature dependent conductance measurements in the previous
sections.

4.3.2 Determination of dot-gate and dot-contact
capacitances

The capacitances of the quantum dot to its surroundings are deter-
mined from the slopes of the Coulomb diamonds. We combine the sta-
bility considerations (Figure 2.9 on page 23) with equation 2.16 from
the electrostatic capacitance model. We recall the bias voltage and
plunger gate-voltage dependent contributions (VS = 0 and VD = VSD):

µN (VSD, VG) = e
CD

CΣ
VSD + e

CG

CΣ
VG + const.

At the border of a Coulomb diamond, the chemical potential µN

for adding the Nth electron to the dot is in resonance with either
the source or drain reservoir’s chemical potential (Figure 4.5). Setting
µS = 0 and µD = eVSD, from µS

!= µN we get(
∆VG

∆VSD

)(S)

= mS = −CD

CG
(4.1)

for resonance with the source chemical potential and from µD
!= µN

we get (
∆VG

∆VSD

)(D)

= mD =
CΣ − CD

CG
. (4.2)
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Figure 4.5: The slopes (a) mD and (b) mS of the Coulomb diamonds
allow to determine the dot capacitances. VG,N and VG,N+1 determine
the gate voltages of two successive Coulomb resonances at VSD = 0.

for resonance with the drain chemical potential.
We determine mS = −7.4 and mD = 14.8 from Figure 4.4 at VG ∼

−1.146 V, thus

αD =
1

1−mD/mS
≈ 0.3 and αG =

1
mD −mS

≈ 0.045.

Assuming CΣ = 270 aF from previous results, the capacitances are

CD ≈ 90 aF and CG ≈ 12 aF.

The source capacitance CS is expected to have a similar value as the
drain capacitance CD and can only be determined from a separate mea-
surement with the source and drain leads swapped. Source and drain
capacitances give the largest contributions to the total dot capacitance.

4.3.3 Excitation spectrum

In nonlinear conductance measurements not only the charging energy
of a SET and its capacitances are probed but also the electronic level
spectrum of the dot (chapter 2.3.4). In these measurements, diagonal
lines of increased differential conductance are not only observed at the
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Figure 4.6: Excitation spectra (dotted lines) in Coulomb diamonds
(solid lines) for two different quantum dots in differential conductance
measurements: (a) More detailed view into the measurement already
presented in Figure 4.4. (b) Completely different system with extremely
small spatial dimensions and consequently with large excitation ener-
gies. Please note the different axis scales.

borders of Coulomb diamonds but also parallel to them. Two measure-
ments are shown in Figure 4.6. The additional increases of differential
conductance correspond to the opening of extra transport channels
through excited dot states. Thus they always lie outside the blockade
region.

We extract excitation energies of roughly ∆ε ∼ 300 µeV from Fig-
ure 4.6(a). From equation 2.3 we estimate an electronic level spacing
of ∼ 150 µeV assuming an electronic quantum dot diameter of 250 nm.
Hence in the measurement the second excited state is probed. We do
not clearly observe the first excited state. This is attributed to a weak
tunnel coupling of the associated wave function to the leads. Additional
data from the same measurement (not shown) indicates excitation en-
ergies ∆ε ∼ 100 µeV, confirming an electronic level spacing between
∼ 100 µeV and ∼ 150 µeV.

Figure 4.6(b) is from the lithographically identical sample 1129-1-
2.2. In this sample, only one pair of opposite split gates was used to
form a dot, the others were grounded. We assume that this dot is
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4 Coulomb-blockade regime

formed by an impurity underneath the tunnel barrier [49]. It shows
much larger excitation energies, hence the spectrum is more clear than
for the sample discussed above. Both, capacitances and excitation en-
ergies in this sample indicate an electronic diameter on the order of
∼ 10 nm (data found in table 4.1). The data from this dot is shown
because due to the smallness of the system and the high excitation
energies the excitation spectrum is much more clearly visible.

4.4 Magneto-transport spectroscopy

As explicated in chapter 2.2 the electronic energy levels in a quantum
dot are modified by a magnetic field B. These energy levels contribute
to the total addition energy for an extra electron on the dot. The
addition energy finally is experimentally accessible in the plunger gate
voltage of the Coulomb peaks. Thus to spectroscopically investigate
the magnetic field dependence of a quantum dot’s energy levels, the B-
dependence of Coulomb-peak positions is studied. The peak amplitude
reveals additional information on the coupling of the current electronic
energy level to the 2DES leads.

A magnetic field influences not only the quantum dot’s energy levels
but also the structure of the leads. As two-dimensional electron systems
these are subject to the quantum Hall effect (QHE). Consequently the
emitter and collector Fermi levels can no longer be considered con-
stant but oscillate as a function of B. This was experimentally verified
e. g. in References [50, 51]. These oscillations have to be considered
in magneto-conductance spectroscopy as they obscure the spectrum of
the quantum dot itself [52].

Figure 4.7 shows an overview of the magneto-conductance of a quan-
tum dot. The linear conductance is plotted in grey scale as a function
of plunger gate voltage VG and magnetic field B. The nearly horizon-
tal white traces of high conductance represent Coulomb resonances,
some of them are highlighted by dotted lines. Their positions shift up-
and downwards in VG as functions of B. Some of the shifts appear
at the same magnetic field values for all Coulomb resonances and are
thus independent of the number of electrons on the dot (vertical dot-
ted lines in the figure). Periodic in 1/B, they are attributed to the
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Figure 4.7: Dot conductance on a logarithmic scale as a function of
plunger gate voltage VG and magnetic field B in grey scale (black: low
conductance; white: high conductance as indicated). We change the
grey scale at VG = −1 V (grey line). At the top of the Figure a two-
terminal Hall measurement from the same cooling cycle with all gates
grounded is shown.
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quantum Hall effect in the 2DES leads and will be addressed in section
4.4.1. They obviously do not depend on the configuration of the dot –
then we would expect a variation with gate voltage. Other shifts occur
at different magnetic fields for different gate voltages (almost vertical
dashed lines at B ∼ 4 T and 9 T). These are attributed to electron
redistributions on the quantum dot itself. The large shifts visible in
this large-scale overview are attributed to changes in the dot filling
factor as discussed in section 4.4.3. An additional fine structure will be
examined in section 4.4.2.

4.4.1 Magneto-oscillations of the emitter Fermi level

The Coulomb-peak position shifts in Figure 4.7 which do not depend
on magnetic field are attributed to a quantum Hall effect in the 2DES
leads. For comparison, we show a two-terminal quantum Hall mea-
surement of the 2DES in the upper part of the Figure. It is taken
from the same sample and cooling cycle as the grey scale plot. Due
to the two-terminal nature of the measurement, the Hall resistance
RHall also contains components of the longitudinal resistance with its
Shubnikov-de Haas oscillations. The plateaus are not lying at the exact
quantized values because the lead and contact series resistances have
not been subtracted. It is evident that the marked upwards-shifts in
the Coulomb-peak positions are correlated with integer 2DES filling
factors at ν = 4 and ν = 2. For higher filling factors the situation is
not as clear, and for ν = 3 no peak position shift is observed.

Figure 4.8 shows the shift in the Coulomb-peak position for fill-
ing factor ν = 2 for several subsequent peaks from two gate voltage
regimes. At B = 6.8 T all Coulomb peaks clearly shift upwards by
∆VG ≈ 9 mV.

For an explanation of the above behavior the chemical potential µ
of emitter and collector has to be considered. It is calculated according
to equation 2.9 for a free electron in a magnetic field and sketched
in Figure 4.9(a). µ slowly rises with increasing magnetic field until an
integer filling factor is reached. Then, after a sharp drop, the depopula-
tion of another filling factor starts. The energy difference ∆E of these
jumps rises with decreasing filling factor. The jumps are generally large
at even filling factors due to the beginning depopulation of a new top-
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Figure 4.8: More detailed graph of the dot conductance versus VG

and B than in Figure 4.7 (black: low conductance; white: high conduc-
tance), reflecting the jumps in the 2DES chemical potential at filling
factor ν = 2. Note that the scales on the B-axes are the same.

most Landau level, whereas at odd filling factors only the small Zeeman
energy plays a role. In the calculation of µ the exchange enhancement
of the g-factor for certain filling factors has been neglected. Therefore
the height of some jumps, particularly at ν = 1, is underestimated.

In magneto-conductance spectroscopy, resonance between the dot’s
chemical potential µN and the reservoirs’ chemical potentials µS = µD

is detected. At jumps in the emitter chemical potential, µN has to
be adjusted to maintain resonance. This is achieved by a variation of
the plunger gate voltage VG. Thus in a grey scale plot of magneto-
conductance versus B and VG, jumps in the emitter chemical potential
are reflected in the VG-positions of the Coulomb resonances. The down-
ward jumps in µS = µD at integer filling factors require a decreased
chemical dot potential µN for a continued resonance. This corresponds
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Figure 4.9: (a) The calculated 2DES chemical potential µ taking into
account Landau energy En and Zeeman energy EZ , exhibits large,
sharp drops by ∆E at even filling factor ν. (b) A drop in the 2DES
chemical potential (black arrow) by ∆E requires a less negative plunger
gate voltage (grey arrow) to maintain the resonance condition.

to a more positive plunger gate voltage. Figure 4.9(b) illustrates this
mechanism connecting the emitter Fermi level variations of a 2DES to
the measured magneto-conductance. It explains the observed electron
number independent jumps in the Coulomb-peak positions.

One might consider random charge reconfigurations in the vicinity of
the dot as an alternative explanation for the discussed discontinuities
in the magneto conductance from Figure 4.7. However, the shifts are
steep but continuous in B as seen from Figure 4.8. In addition they
could be reproduced in a second measurement. Thus they cannot be
attributed to such charge reconfigurations.

To summarize, jumps in the Fermi energy at even integer 2DES fill-
ing factors explain the gate voltage independent features in Figure 4.7.
With increasing filling factor these jumps become smaller which ex-
plains that only at ν = 2 and ν = 4 a clear influence of the emitter is
observed.

4.4.2 Spectroscopy of the quantum dot

We deduce information on the quantum dot itself from magneto-con-
ductance measurements by following the gate voltage position of sin-
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Figure 4.10: Position (in gate voltage VG) and amplitude G of a
Coulomb peak over a wide range of magnetic field B. Both quantities
show correlated patterns of cusps.

gle Coulomb peaks as a function of perpendicular magnetic field. Fig-
ure 4.10 shows such a Coulomb-peak position in VG and the corre-
sponding peak amplitude G versus B. Apart from the overall structure
attributed to the 2DES leads, the Coulomb peaks move in a zig-zag
pattern on small magnetic field scales ∆B ∼ 100 mT. The amplitude
of these fluctuations is small compared to the total addition energy
which is & 10 mV in units of plunger gate voltage and which varies
with B. The Coulomb-peak amplitude shows correlated fluctuations.
Figure 4.11 is from a similar measurement of the same sample at differ-
ent gate voltages, more clearly showing the correlation between peak
position and amplitude variations. The two regimes distinguished in
this Figure differ in whether spin blockade is present or not. They are
further studied in the following.

Regime (1): Absence of spin blockade

Regime (1) in Figure 4.11 consists of a regular series of cusps in the
Coulomb-peak position. Each steep ascent is correlated with a drop
in the Coulomb peak’s amplitude. During the cusp’s slow descent the
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Figure 4.11: Position (in gate voltage VG) and amplitude G of a
Coulomb peak as a function of magnetic field B, similar to Figure 4.10
but showing more details. The gate voltages are also different than
in the previous Figure. Two different regimes are observed, the arrow
roughly marking the transition between them.

amplitude is constant. One such cycle is schematically depicted in Fig-
ure 4.12(b).

The cusps were first attributed to the frequent crossings of single par-
ticle levels in the Fock-Darwin spectrum of a quantum dot (Figure 2.4
on page 13). McEuen et al. soon realized that a self-consistent treat-
ment is necessary to completely understand the experimental results
[53, 34]. This is based on minimizing the total energy of all electrons on
the dot under consideration of interaction as described in chapter 2.2.3.
Such a treatment leads to a charge density distribution as depicted in
Figure 4.12(a) for a quantum dot with two Landau levels occupied
and thus consisting of two metallic regions separated by an insulating
stripe (discs in Figure 4.12(b)). Slightly increasing the magnetic field
in such a system increases the degeneracy of each Landau level. The
charge density in the lower Landau level then increases in the centre
of the dot and thus decreases at the edges because no electron has
been added or redistributed. Thereby the electrostatic potential in the
central metallic region is increased and in the outer metallic region is
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Figure 4.12: Magneto-conductance measurements of a quantum dot:
(a) Sketch of a quantum dot’s charge density distribution ρ with the
lowest Landau level n = 0 completely filled and the n = 1 one par-
tially filled. The dotted lines denote the charge density after slightly
increasing the magnetic field. (b) Schematic Coulomb-peak position
and amplitude for an electron tunnelling through (1) an inner and (2)
an outer edge state in an increasing magnetic field.

decreased. Thus the rising portions of the Coulomb-peak position vs.
B trace (region (1) in Figure 4.12) correspond to electrons tunnelling
through the dot centre and the falling portions (region (2)) to elec-
trons tunnelling through the edge. At the transition from a rising to a
falling portion of the curve the tunnelling electron’s intermediate shell
changes from the inner to the outer one. No electron statically bound
to the dot is redistributed in this process but just the lowest-lying free
state which is utilized by the tunnelling electron. In contrast, at the
transition from a falling to a rising portion of the Coulomb-peak posi-
tion vs. B trace an electron trapped on the dot is redistributed from
Landau level n = 1 to n = 0. The tunnelling electron now again uti-
lizes an inner shell of the quantum dot. Thus for one complete cycle
one magnetic flux quantum has to be added to the dot.

The Coulomb-peak amplitude variation with B is easily understood
considering whether an inner or an outer edge state of the dot is uti-
lized by the tunnelling electron. Inner edge states are generally tunnel
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Figure 4.13: The 2DES emitter in a lateral SET becomes effectively
spin polarized at high magnetic fields.

coupled to the leads more weakly compared to outer ones due to their
greater spatial separation from them. Hence the tunnelling current is
lowered if an inner shell of the dot is utilized by the tunnelling electron.

Regime (2): Spin Blockade

Regime (2) in Figure 4.11 is similar to regime (1) described above.
It differs mainly in the Coulomb peaks’ amplitude modulation where
cycles with higher and lower amplitudes alternate. Less clear the same
is true for the cusps in the peak positions. Thus in this regime we have
to consider new cycles consisting of two old cycles from the section
above.

To explain the Coulomb peak and amplitude modulation observed in
this regime, McEuen’s model from the above section has to be extended
by the concept of spin blockade [54, 52]. Therefore we have to remember
that the leads connected to the quantum dot consist of a 2DES with its
peculiar behavior in a magnetic field. In particular, the emitter may
become effectively spin polarized due to a spin polarized outer edge
state and a tunnel coupling of the other emitter edge states to the dot
too weak. This is illustrated in Figure 4.13.

The polarized outer emitter edge state corresponds to a filling factor
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Figure 4.14: Scheme of magneto-conductance spectroscopy in a quan-
tum dot considering spin. Coulomb-peak position and amplitude for
an electron tunnelling through the inner and outer edge states in an
increasing magnetic field. From (1) to (4) the spin of the tunnelling
electron (grey) changes giving rise to spin blockade. The static part of
the dot’s electronic configuration is sketched in black. From the spin-
polarized emitter mainly spin-down electrons are available.

ν = 1. This situation is not to be confused with a totally spin polarized
emitter at a 2DES filling factor ν = 1. Also considering edge channels
corresponding to higher filling factors ν > 1 more to the centre of
the bulk 2DES, the emitter is not necessarily totally spin polarized
despite a spin polarized outer edge. Since we do not observe a clear
influence of the bulk 2DES filling factor on spin blockade, changes of
the bulk 2DES filling factor in a magnetic field must mainly influence
the inner edge channels. This has also been confirmed in other works
[52, 55]. The formation of an isolated spin polarized edge state in the
emitter depends on the smooth edge potential created by the split gate
electrodes [54].

In Figure 4.14 the complete four-stage cycle is sketched together with
the corresponding quantum dot configurations. The statically trapped
electrons are colored in black and the tunnelling electron in grey. Re-
gion (1) and (2) make up one cycle in McEuen´s interpretation as
discussed above, (3) and (4) make up another one. The tunnelling
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electron always favors the spin-down state for energetic reasons when-
ever it is unpaired, and the spin-up state if the down-state is already
occupied by an electron on the dot. From the spin-polarized emitter
mainly spin-down electrons are available, again for energetic reasons.
In regions (1) and (4) the tunnelling amplitude is reduced due to a
spin mismatch, resulting in spin blockade.

4.4.3 Filling factor of the quantum dot

The filling factor of the quantum dot has a great influence on the
magneto-conductance spectroscopy discussed above, hence it should
be possible to derive an exact dot filling factor from the data. Fig-
ure 4.15 shows Coulomb-peak positions and amplitudes for three con-
secutive Coulomb resonances over a wide range of magnetic field. The
dot is well in the Coulomb regime at VG ∼ −1.1 V. Clear and frequent
cusps are observed up to a magnetic field of B ∼ 3.8 T. Then the
modulation vanishes. Here, the dot is assumed to be completely spin
unpolarized at filling factor νdot = 2. At still higher magnetic fields
additional features are expected when the dot becomes spin polarized
(νdot = 1). However, as the height of the tunnel barriers is increased
by an increasing magnetic field, the tunnel amplitude vanishes before
additional features are observed.

A similar graph is shown in Figure 4.16 for a larger electron number
and extremely high tunnel coupling at VG ∼ −0.5 V. Despite the dot
is not entirely in the Coulomb regime here, similar features like in
Figure 4.15 are observed. We presume a dot filling factor νdot = 2
near B ∼ 4.7 T. The modulation of both, Coulomb-peak position and
amplitude, vanishes and slowly reappears at still higher magnetic fields.

In the intermediate coupling regime at VG ∼ −0.8 V we extract
νdot = 2 at B ∼ 4 T from Figure 4.10. The vanishing of the modulation
of Coulomb-peak position and amplitude at filling factor νdot = 2 and
its slow revival is clearly observed.

A clear indication for dot filling factors νdot = 3 or νdot = 4 is not
observed in any of Figures 4.10, 4.15 or 4.16.

The presumed positions of filling factor νdot = 2 inB are summarized
by the nearly vertical dashed line at B ∼ 4 T in Figure 4.7. The
great difference of the dot filling factor compared to the bulk 2DES
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filling factor by nearly a factor of two is attributed to the reduced
electron density in the dot due to the presence of negatively charged
gate electrodes. This was also observed in previous studies [52, 55].

In dots with a low number of confined electrons N . 25, it is possi-
ble to determine the exact electron number by counting the number of
spin flips starting at filling factor νdot = 2 needed to fully spin polarize
the dot (νdot = 1) [52, 56, 57]. At higher electron numbers, however,
this analysis becomes unreliable [58, 59]. Then it becomes difficult to
correlate all cusps in peak position to cusps in amplitude, making clear
that not all relevant features can be spotted in the data [55]. Further-
more, with many electrons on the dot it is no longer obvious whether
single spin flips are the only relevant electronic reconfiguration. Due to
the interplay of the spin and orbital degrees of freedom of many cor-
related electrons other energies might become dominant over Zeeman
energy [54]. Hence, at high electron numbers counting the features in
Coulomb-peak position and amplitude in the 1 < νdot < 2 range does
not give the correct total electron number on the dot.

4.4.4 Maximum density droplet

At sufficiently high magnetic fields a quantum dot reaches the equiv-
alent of filling factor ν = 1 in a bulk 2DES. In this state the dot is
completely spin polarized, all electrons are aligned, and the charge dis-
tribution is compact. Single-particle states of angular momentum are
successively occupied. Therefore this state is called maximum-density
droplet (MDD) [60, 61]. The stability of this state is determined by a
balance of the following energies:

• the confinement potential tending to compress the electron pud-
dle,

• the repulsive Coulomb interaction between the electrons, and

• the attractive exchange interaction.

Zeeman energy and correlation effects also have to be considered. The
relative strengths of these forces are tuned in a magnetic field which
induces transitions between the MDD and other lower-density states.
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(d) LDD, n < 1

(a) 1 < n < 2

(b) MDD, n=1, B=BC

(c) MDD, n=1, B>BC

Figure 4.17: Sketch of a quantum dot’s spin configuration at different
filling factors as indicated. The magnetic field increases from (a) to (d).

Hartree-Fock calculations predict the formation of MDDs in fair agree-
ment with experiments [62].

The formation of MDDs is illustrated in Figure 4.17. In (a), the dot
filling factor is 1 < νdot < 2 and the dot is only partly polarized. By
increasing the magnetic field, the electron distribution on the dot is
compressed which increases Coulomb energy. Consequently electrons
are redistributed from the centre to the edge of the dot flipping their
spin to maximize exchange and to minimize Zeeman energy. Finally,
the spin-polarized, highly symmetric MDD state is reached at B = BC

(b). By further increasing B, this state becomes even more compact
(c). At a certain threshold magnetic field, the Coulomb interaction
becomes large enough for the MDD to break apart into a larger lower-
density droplet (LDD). (d) depicts three different LDD states with
holes in the electron distribution and spin textures. The stability of
maximum density droplets and which LDD configuration is favored is
experimentally examined in Refs. [63, 64].

Since we assume filling factor νdot = 2 at a magnetic field of B ∼
4.7 T, νdot = 1 is expected at B ∼ 9 T. Only at extremely high plunger
gate voltages of VG ∼ −0.5 V the tunnel coupling is sufficiently high
to investigate electronic transport even at these high magnetic fields.
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Figure 4.18: Coulomb-peak positions and amplitudes versus B at
extremely high magnetic fields. At the dashed line at B ∼ 9.2 T, a
maximum density droplet corresponding to νdot = 1 is formed in the
quantum dot. At still higher magnetic fields marked by dotted lines it
decays into lower density droplets.

As shown in Figure 4.18, relatively regular cusps in Coulomb-peak
position and amplitude versus B are observed up to a magnetic field
of B ∼ 9.2 T (dashed line). This is attributed to the spin polarization
of the dot at 1 < νdot < 2. We identify filling factor νdot = 1 at the
dashed line. The observation of filling factor νdot = 1 at B ∼ 9.2 T
confirms the identification of filling factor νdot = 2 at B ∼ 4.7 T.

Due to the high number of electrons on our dot (N > 100) it is not
clear whether the ground state is really a compact MDD state or a less
compact LDD state as the width of the MDD region becomes narrower
inB with increasing electron number [60, 61, 62, 64]. In the figure, a flat
region with only very few, less regular features follows (dotted lines).
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4 Coulomb-blockade regime

Sample 1129-8-7.3 1129-1-2.2
Regime VG ∼ −1.15 V VG ∼ −0.65 V

from αG∆VG in Coulomb oscillations
charging energy U 0.59 meV 4.2 meV
total capacitance CΣ,G 270 aF 38 aF
gate capacitance 12 aF 5 aF

from temperature dependence of Coulomb lineshapes
lever arm αG 0.045 —
intrinsic linewidth ~Γ 100 µeV —

from the Coulomb diamond width ∆VSD

charging energy U 0.60 meV 4.5 meV
total capacitance CΣ,SD 270 aF 36 aF

from slopes in Coulomb diamonds
lever arm αD 0.3 0.4
lever arm αG 0.045 0.13
drain capacitance CD 90 aF 15 aF
gate capacitance CG 12 aF 4.8 aF

from excitation spectroscopy
excitation energy ∆ε ∼ 100 µeV ∼ 1 meV

Table 4.1: Data extracted from Coulomb-blockade measurements for
two characteristic SET samples.

These are attributed to the infrequent transitions between MDD and
various LDD states.

4.5 Conclusions

A summary of the results obtained in the Coulomb-blockade regime
is provided in tables 4.1 and 4.2. They stem from measurements of
Coulomb oscillations in the linear conductance at base temperature,
from the variation of the Coulomb-resonance lineshape as a function
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Dot filling factor νdot = 1 νdot=2

VG ∼ −1.1 V n. o. 3.8 T
VG ∼ −0.8 V n. o. 4.0 T
VG ∼ −0.5 V 9.2 T 4.7 T

Table 4.2: Results from magneto-transport investigations on sample
1129-8-7.3. The approximate magnetic fields of integer dot filling fac-
tors are given for three gate voltage regimes. νdot = 1 is observed only
at VG ∼ −0.5 V (n. o. in the other rows means not observed).

temperature and from the Coulomb diamonds probed in nonlinear con-
ductance measurements. Key parameters are different characteristic
capacitances in the SETs, their lever arm, excitation energy and in-
trinsic linewidth. A number of capacitances of the SET is determined
in different types of measurement and cross-checked. The results agree
very well. The magnetic field values for the assumed positions of the
dot filling factors νdot = 1 and νdot = 2 are independently extracted
from magneto-conductance measurements. The fields for νdot = 1 and
νdot = 2 are consistent. In addition, spin blockade observed in sample
1129-8-7.3 provides clear evidence of an effective spin polarization in
the emitter.

The results from sample 1129-8-7.3 were roughly reproduced in an-
other quantum dot, while the data from 1129-1-2.2 represents a ran-
dom but well-defined smaller system. Sample 1129-8-7.3 is used in the
experiments in the rest of this work.

In the discussion on magneto-transport, some fundamental questions
on the state of a multi-electron dot in high magnetic fields were ad-
dressed. Today, the formation of maximum- and lower-density droplets
and their transitions are not fully understood. In the discussion on
spin blockade a better understanding of the emitter edge states in the
smooth potential created by the split gates would be desirable.

To conclude, sample 1129-8-7.3 has been thoroughly characterized in
Coulomb and magneto-transport measurements. Moreover, important
concepts have been introduced and applied to this dot. In the classical
Coulomb-blockade regime this multi-electron dot is understood very
well which allows to explore new regimes in a controlled manner.
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5 Kondo regime

In the split-gate single-electron transistors introduced in the previous
chapters a great number of parameters can be controlled over a wide
range. This allows to investigate novel transport regimes completely
different from the well-known Coulomb blockade. The present chapter
is devoted to one such alternative transport regime where a strong
coupling of the quantum dot to its leads gives rise to the Kondo effect,
a many-body interaction phenomenon between dot and lead electrons.

After an introduction to the Kondo effect and its theoretical descrip-
tion this framework is applied to the present quantum dot. Typical
fingerprints of a Kondo effect are identified and compared to the fea-
tures in the measurements at zero magnetic field. The influence of gate
voltage and magnetic field on the Kondo effect in our highly correlated
multi-electron quantum dot is studied in detail. Finally, Coulomb-peak
positions and amplitudes are analyzed in the Kondo regime, allowing
to determine how the degree of spin polarization in the emitter affects
a Kondo effect.

5.1 Introduction to the Kondo effect

The Kondo effect describes the influence of a magnetic impurity on
a sample’s resistivity as a function of temperature. The Kondo effect
has attracted theorists and experimentalists alike in the past [65] and
is the subject of continuous interest [66] due to its recent observation
in semiconductor quantum dots. This section gives a short review of
Kondo physics and its application to quantum dots.
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Figure 5.1: Kondo effect in magnetic alloys: (a) Relative resistivity of
a copper sample for different iron impurity concentrations as a function
of temperature [67]. (b) Scheme of the mechanism of the Kondo effect.
An electron experiences a spin-flip scattering process at a magnetic
impurity (see text).

5.1.1 Low-temperature resistivity in the presence of
magnetic impurities

We usually understand the resistivity of pure metals to be composed
of a phonon contribution which increases with temperature plus a tem-
perature independent value due to imperfections in the lattice. In the
1930s one was convinced to have found deviations from this behavior
which were later found to be caused by magnetic impurities in the sam-
ples. The temperature dependence of the resistivity found in the 1930’s
experiments is depicted in Figure 5.1(a), showing an unexpected mini-
mum and a rise in resistivity for decreasing temperature. This behavior
was later named Kondo effect.

It was 1964 that J. Kondo proposed his s-d model which is able to
explain the resistivity minimum. He assumed that there were magnetic
moments in the sample which he associated with spins Simp at the im-
purities. Each impurity spin is coupled via an exchange interaction J
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5.1 Introduction to the Kondo effect

with incident conduction electrons with spin Sin [10]. With an anti-
ferromagnetic coupling J < 0, Eint = −2JSimp · Sin describes this
interaction. Using third order perturbation theory, Kondo showed that
this interaction leads to extra scattering of the conduction electrons
near the Fermi level and an additional contribution to the resistivity

ρe ∝ J · ln(T ).

This term together with the phonon contribution is able to explain the
resistivity minimum. For T → 0, however, it becomes unphysical and
diverges. To describe also the extreme low-temperature properties cor-
rectly, more sophisticated methods like the numerical renormalization-
group technique developed by Wilson [68] or the Bethe ansatz [69, 70,
71] are needed. Wilson was rewarded with a Nobel prize for his work in
1982. A review on the theory of the Kondo problem is found in [72, 73].

The interaction constant J in the Kondo model sets the energy scale
of the Kondo effect. It is often expressed in terms of the so-called
Kondo temperature TK which can be determined from experimental
data more easily. While the Kondo effect determines the conductance
at low temperatures below TK , at temperatures above TK the inter-
action of impurity and conduction electrons is disturbed by thermal
energy.

Figure 5.1(b) schematically depicts the scattering process behind
the Kondo effect: An incident electron with spin down |↓〉 at the Fermi
level EF and an electron with opposite spin |↑〉 trapped at a mag-
netic impurity form a virtual intermediate state with both electrons
on the impurity site. This state is forbidden since all accessible states
up to the Fermi level are already occupied. Within a maximal lifetime
determined by the Heisenberg uncertainty relation it decays into the
impurity being occupied by the |↓〉 electron and the |↑〉 electron at
the Fermi level. Thus the spin on the impurity site has flipped. In the
Kondo ground state of the system, the impurity spin is continuously
flipped in such processes and thus the conduction electrons completely
screen the impurity spin. This additional scattering process gives rise
to the increased resistivity at low temperatures.

The Kondo ground state can also be interpreted as a correlated
state consisting of singlets between the single impurity electron and
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Figure 5.2: Sketch of the Anderson impurity model with the Kondo
singlets marked by the ellipses. The spin-degenerate level at ε is singly
occupied. To add another electron the interaction energy U has to be
employed. The system fluctuates between both configurations shown.

many reservoir electrons. The Kondo temperature TK then describes
the binding energy of the singlets. The vanishing of the Kondo effect at
high temperatures T > TK is understood as the singlets being broken
up by thermal energy. At low temperatures T < TK , the singlets form
the so-called Kondo cloud. Its extension is estimated

lK =
~vF

kBTK
(5.1)

with Fermi velocity vF = ~kF /m
∗ and Fermi wave vector kF =

√
2πne.

ne denotes the electron density. The size of the Kondo cloud gives
the extension of the singlet states formed by impurity and conduction
electrons.

5.1.2 Anderson impurity model in quantum dots

A description of a Kondo system equivalent to the one discussed above
was introduced in 1961 by P. W. Anderson [74]. He originally consid-
ered only one electron reservoir, but we focus on the extended version
of his model including a second reservoir better resembling quantum
dots with two leads. This model is sketched in Figure 5.2. We model
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5.1 Introduction to the Kondo effect

the magnetic impurity as a twofold (spin-) degenerate energy level ε
below the Fermi level EF of two reservoirs. It is singly occupied. A
Coulomb energy U large compared to all other relevant energy scales
has to be employed to bring a second electron onto the impurity site,
thus ε + U > EF . The impurity is tunnel coupled to the source and
drain electron reservoirs with couplings ΓS ,ΓD. Large couplings al-
low the formation of singlet states consisting of the impurity spin and
reservoir spins. The impurity spin is screened in these states, thus
the system fluctuates between both configurations shown in the figure.
This allows transport of electrons from one reservoir to the other one
despite the impurity level ε not being aligned with the Fermi levels.

The equivalence of the Anderson model and the Kondo system was
first discussed by Schrieffer and Wolff [75]. We use a definition of the
Kondo temperature according to Haldane [76, 77] which allows to de-
termine TK from the Anderson model parameters. For a Fermi energy
EF = 0 and a spin-degenerate level below the Fermi energy at ε < 0
(Figure 5.2) he found:

TK =

√
U~Γ
2kB

· exp
(
π
ε(U + ε)
U~Γ

)
. (5.2)

This allows a direct mapping between both models. The dependence of
the Kondo temperature TK on the model parameters will be discussed
further in a later section.

The possibility of a mapping of the Anderson model to quantum
dots was realized in 1988 [11, 12, 78]. Like a quantum dot, an An-
derson model consists of reservoirs (leads), tunnel barriers and the
impurity (dot) itself. However, in quantum dot experiments the for-
mation of singlet states and the increased scattering due to the Kondo
effect increases the conductance and not the resistivity. This is because
quantum dot experiments measure the conductance through the essen-
tially non-conducting impurity, in contrast to the traditional Kondo
experiments probing a perturbation of the conductance in an anyway
conducting metal. After the discovery of Kondo physics in defects in
metal point contacts in 1992 [79], it was until 1998 that the Kondo ef-
fect was observed in intentional, well-controlled quantum dots for the
first time [13, 14, 15, 16]. Despite some deviations from nearby levels
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[80], these experiments closely resembled the Anderson model. In re-
cent experiments a Kondo effect was not only observed in traditional
quantum dots but also in carbon nanotube SETs [18] and single-atom
SETs [81].

Anderson Hamiltonian

It is instructive to consider the Hamiltonian of the Anderson model.
The Hamiltonian is constructed from the components of the model,
namely reservoirs (Hr), impurity (Hi) and the tunnel coupling in be-
tween (Ht):

H = Hr + Hi + Ht. (5.3)

The electron reservoirs are described by

Hr =
∑
r,k,s

εrks a+
rksarks. (5.4)

The single-particle creation operator a+
rks generates an electron with

energy εrks in reservoir r ∈ {source,drain} in the momentum eigen-
state k and with spin s = ±1/2. arks is the corresponding annihilation
operator. nrks = a+

rksarks gives the number of particles in state rks.
The impurity is characterized by the Hamiltonian

Hi =
∑

s

εs c+
s cs + U c+

+1/2c
+
−1/2c−1/2c+1/2. (5.5)

Here, c+
s and cs are the corresponding creation and annihilation op-

erators with ns = c+
s cs giving the number of electrons with spin s on

the impurity. The first term describes the single particle energies with
ε+1/2 = ε−1/2 = ε in the degenerate case considered here. The second
term accounts for Coulomb interaction and due to the large charging
energy U prevents double occupancy of the impurity.

Since in a tunnelling process an electron in a reservoir is annihi-
lated and an another one on the impurity is created or vice versa, the
corresponding Hamiltonian is

Ht =
∑
rks,q

trks,q arksc+
q + h.c. (5.6)
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Figure 5.3: Schematic spectral density in the Anderson impurity
model for (a) zero bias voltage and (b) finite bias voltage.

The tunnel matrix element trks,q parameterizes this process and con-
tains contributions from ΓS,D.

All key ingredients of the Anderson model are found again in this
Hamiltonian.

Spectral density and Kondo conductance in quantum dots

The spectral density A(E) of a quantum dot is an extension to the con-
cept of a local density of states (LDOS). Is is based on the observation
that a Kondo system acts as if the density of states had a resonance
at the Fermi surface [73]. Despite a LDOS the spectral density reflects
correlation with the leads and hence a Kondo effect. Its value at the
Fermi level determines the conductance of the SET. A typical spectral
density for a dot in the Kondo regime is depicted in Figure 5.3(a). It
consists of two wide peaks corresponding to subsequent Coulomb res-
onances of a quantum dot and a sharp peak for the Kondo resonance
in between. The Kondo peak is pinned at the Fermi levels of the reser-
voirs and gives rise to a finite Kondo conductance in a quantum dot
at zero bias voltage even in Coulomb blockade valleys. In the unitary
limit, this Kondo conductance can reach up to 2e2/h [82].

Out of equilibrium at finite bias voltage, the sharp Kondo peak splits
into two, one pinned at each reservoir’s Fermi level (Figure 5.3(b)).
The conductance of the impurity is zero in this situation which can
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Figure 5.4: Dependence of the Kondo temperature TK on the Ander-
son model parameters for a realistic SET (α = 0.05, U/α = 12 mV).
(a) The dot energy level ε is tuned by varying the SET gate voltage VG

for Coulomb-resonance linewidths between ~Γ = 100 µeV (grey) and
500 µeV (topmost curve). The model becomes invalid in the grey areas
near the Coulomb resonances at VG = ±6 mV. (b) TK strongly de-
pends on the tunnelling rate Γ (ε = −U/2, VG = 0). Inset: Parameters
in the Anderson impurity model.

be seen from energy conservation when an electron is transferred from
one reservoir to the other in a Kondo scattering process. Detailed cal-
culations are found in [83, 84, 85, 86].

5.1.3 Estimation of the Kondo temperature

The Kondo effect reigns the conductance of a quantum dot at temper-
atures T < TK . In this section, we estimate the Kondo temperature
TK for our quantum dot with Haldane’s equation 5.2. We use the pa-
rameters found from measurements in the Coulomb-blockade regime
discussed in chapter 4 and summarized in table 4.1 on page 62. Fig-
ure 5.4 depicts the Kondo temperature as a function of gate voltage
VG and Coulomb-resonance linewidth ~Γ.

In Figure 5.4(a) TK exhibits a minimum in the middle of the Coulomb
valley at VG = 0 (ε = −U/2) and strongly rises near the resonance po-
sitions at VG = ±6 mV (ε = 0, U). Near the resonances, the so-called
mixed valence and empty orbital regimes are entered and our descrip-
tion of TK becomes invalid. The mixed valence regime is entered when

72



5.1 Introduction to the Kondo effect

the Kondo resonance comes into the vicinity of a Coulomb resonance
[87, 88, 89].

The dependence of TK on the resonance linewidth ~Γ is shown in Fig-
ure 5.4(b) and is rather strong. TK rises when increasing ~Γ, exhibiting
a nonlinearity for an experimentally realistic linewidth of ~Γ ∼ 200 µeV
(for the linewidth compare Figure 4.3 and the corresponding discussion
in chapter 4.2). Because of the large error inherent when determining
the linewidth this makes it difficult to predict an exact Kondo temper-
ature from the quantum dot parameters U and ~Γ. U = 600 µeV and
~Γ = 200 µeV are realistic values for our quantum dot as determined
in chapter 4. We get TK = 190 mK in the centre of the Coulomb valley
(ε = −U/2) and 340 mK at ε = −U/4. We cannot expect to find ex-
actly these values in our quantum dot, but a Kondo temperature of a
few hundred millikelvin seems realistic. Such temperatures are within
reach of low temperature experiments.

5.1.4 Kondo resonances with lifted degeneracy

Until here we discussed Kondo resonances only for a spin degenerate
level. But Kondo resonances might also be observed for non-degenerate
levels. For simplicity, we consider a magnetic field B applied to the
spin-degenerate Anderson model discussed above. Zeeman splitting of
the |↑〉 and |↓〉 states then lifts the degeneracy. An energy difference
∆ε = gµBB between the contributing levels inhibits the formation of a
Kondo resonance at zero bias voltage. However, for finite bias voltages
VSD = ±∆VSD = ±∆ε/e the energy difference of the reservoirs can
compensate for this splitting. Then the Kondo resonance is split with
peaks at the respective bias voltages VSD [13, 85, 90]. Energy is con-
served in spin-flip processes analogous to Figure 5.1. Figure 5.5 shows
the formation of spin singlets in such a situation and the resulting
source-drain voltage dependent differential conductance.

Even when degeneracy is lifted, for the observation of a Kondo effect
the other prerequisites must still hold. In particular the participating
levels must differ in spin as the Kondo effect is a spin effect. Obviously
this condition is fulfilled for the Zeeman split levels discussed above.
The coupling of the levels to the leads must also be sufficiently strong.

Finally, we want to introduce another, more complicated but never-
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Figure 5.5: (a) Kondo resonance with lifted degeneracy. The reser-
voirs differ in chemical potential by the same energy as the split dot lev-
els, ∆ε = e∆VSD. (b) In the resulting source-drain voltage dependent
differential conductance two resonances at ±∆VSD are found instead
of the zero-bias resonance.

theless highly relevant situation where a Kondo effect involving non-
degenerate levels might arise. It is linked to inelastic cotunnelling
through excited states [38, 17]. Inelastic cotunnelling was introduced
in chapter 2.3.5. We refer to process (4) in Figure 2.11 on page 26. At
the onset of inelastic cotunnelling the source drain voltage VSD just
compensates the energy difference between the two contributing levels
which are situated below the Fermi energy. From the energy conserva-
tion arguments presented above this may give rise to a Kondo effect.
Such a Kondo effect would become visible in differential conductance
as a peak at the edge of the inelastic cotunnelling step. In this Kondo
effect, the finite source-drain voltage compensates for the lack of de-
generacy.

5.1.5 Kondo effect for odd and even electron numbers

In a simple spin-1/2 Anderson model one would expect a Kondo effect
for an odd number of electrons N on the dot because of the unpaired
spin. Then in a single particle model we neglect all electrons on the dot
but the last one and apply the Anderson model. For an even number
of electrons, one might naively think that all spins are paired and thus
a Kondo effect has to be absent. Indeed such an odd-even behavior
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was found in the first observations of Kondo physics in quantum dots
[13, 14].

However, it later became clear that such a modulation of the Kondo
effect with electron number N depends on the details of the involved
quantum dot ground states [56], in particular on the question whether
electrons are added to the dot according to Hund’s rule or not. This
depends on the magnitude of exchange energy in the dot compared to
the single particle level spacing [2]. According to Hund’s rule, the spin
of electrons added to a dot is aligned to maximize the total spin. Then
unpaired spins are present for even as well as odd electron number, and
so is the Kondo effect. Both situations, absence as well as presence of
Hund’s rule, were observed in quantum dots [91] which affects the odd-
even modulation of a Kondo effect.

5.1.6 Deviations from the spin-1/2 Anderson model

Although the Anderson model describes the situation in quantum dots
in certain regimes very well, such a resemblance is never perfect. Devi-
ations from the model are e. g. observed when the coupling of the dot
to the the leads in not small compared to the electronic level spacing
and the multi-level regime is entered [88, 92, 93, 94]. Another devia-
tion was already mentioned: When the dot is tuned close to a Coulomb
resonance [87, 89] the mixed valence regime is entered.

Coupling of several electron spins

The splitting of Kondo resonances with 2e∆VSD = 2gµBB in a mag-
netic field was used as a test in the first Kondo experiments in SETs
[13, 14]. It is a typical property of the spin-1/2 Kondo effect discussed
so far. In particular in quantum dots containing many electrons, how-
ever, the single-electron approximation breaks down. The spin struc-
ture becomes more complicated because of many correlated electrons
on the dot coupling to a S 6= 1/2 state. A magnetic field influences this
correlated state in a nontrivial manner.

The simplest example which is analytically understood is a two elec-
tron system coupling to singlet (S = 0) and triplet states (S = 1)
[95, 96, 97, 98, 99, 100]. The degeneracy of these states is tuned in
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a magnetic field with a B-dependence completely different from the
spin-1/2 situation. At singlet-triplet degeneracy, a strong Kondo effect
is found [17, 18].

With more than two electrons even more complex magneto-con-
ductance patterns are theoretically predicted [101, 102] and experi-
mentally observed [103, 104]. These experiments will be discussed in
detail in section 5.5. The properties of the Kondo effect in such a situa-
tion deviate from what is expected from the spin-1/2 Anderson model
since the single-electron approximation no longer holds.

5.2 Quantum dot parameters

For the Kondo experiments we focus on structure 1129-8-7.3 thor-
oughly characterized in the previous chapter (Tables 4.1 and 4.2). Sim-
ilar results were obtained for another sample (1129-1-2.2) in a different
measurement.

Typical energies involved in tunnelling through dots resembling the
Anderson impurity model can be depicted like in Figure 5.6(a). The
situation in the dot under study here, however, is more like in Fig-
ure 5.6(b). Different from the Coulomb blockade regime observed at
VG . −1 V, to observe a Kondo effect the coupling of the dot to the
leads must be large. Therefore the plunger gate voltage was tuned to
VG & −1 V, which due to the spatial proximity to the tunnel barriers
results in the desired increased coupling, ~Γ ≈ 250 µeV. The charging
energy in this regime is U ≈ 500 µeV. Due to the large size of the
dot, the internal level spacing ∆ε is comparably small, ∆ε ≈ 100 µeV
(equation 2.3), so that ∆ε . ~Γ. Kondo as well as mixed valence ef-
fects should play a role. In addition, the large number of electrons in
our dot provides electronic ground states complex enough to allow a
variety of Kondo effects beyond spin-1/2 like a singlet-triplet Kondo
effect or even more complicated ones.
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Figure 5.6: Schematic energy diagrams of quantum dots with charg-
ing energy U , level spacing ∆ε and tunnel coupling Γ. (a) A dot in the
Kondo regime with the characteristic narrow resonance in the density
of states at the Fermi energy EF . (b) The situation in our dot, where
U , ∆ε and ~Γ are of similar magnitude.

5.3 Kondo effect at zero magnetic field

In this chapter, the Kondo effect in a quantum dot will be investi-
gated at zero magnetic field. Nonlinear and temperature dependent
differential conductance measurements will be discussed.

5.3.1 Nonlinear conductance

The simplest experimental signature of a Kondo effect in a quantum
dot is the finite conductance peak as a function of bias voltage at
VSD = 0 within a Coulomb-blockade valley. We observe this signa-
ture in nonlinear differential conductance measurements shown in Fig-
ure 5.7. The grey scale plot is from the same measurement as the
Coulomb diamonds in Figures 4.4 and 4.6(a). In several consecutive
Coulomb diamonds a clear Kondo signature is visible. We observe a
distinct zero-bias peak in the middle of a Coulomb blockade valley in
the exemplary cut at VG = −0.9965 V. This zero-bias anomaly is ab-
sent in the cuts at VG = −0.9095 V and −1.0475 V where the zero-bias
Kondo effect has vanished. As the Kondo resonance extends over sev-

77



5 Kondo regime

0.2

0.4

0.6

0.8

0.2

0.4

0.6

0.8

-0.4 -0.2 0.0 0.2 0.4

0.2

0.4

0.6

0.8

-0.4 -0.2 0.0 0.2 0.4
-1.05

-1.00

-0.95

-0.90

V  (mV)SD

V
 (

V
)

G

2
d

I/d
V

 (e
/h

)

 

 

V  (mV)SD

cut at -0.9095 V

cut at -0.9965 V

cut at -1.0475 V

2
d

I/d
V

 (e
/h

)
2

d
I/d

V
 (e

/h
)

Figure 5.7: Kondo effect in nonlinear differential conductance. The
Coulomb diamonds in the grey scale plot on the left (log scale with
black: dI/dVSD = 0.2 e2/h and white: dI/dVSD = 0.8 e2/h) exhibit a
Kondo resonance at zero bias voltage in subsequent valleys. The zero-
bias anomaly is pronounced in the VG = −1 V to −0.92 V range and
vanishes below VG = −1.0475 V and above VG = −0.9095 V as visible
from the cuts on the right. The Kondo resonance is marked by an arrow
in the middle cut.
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eral consecutive Coulomb valleys, electrons are not added pairwise and
the dot is filled according to Hund’s rule.

A side peak at VSD ≈ −80 µV becomes apparent in the Coulomb
blockade valleys at plunger gate voltages VG ≤ −1.02 V when the
central Kondo peak has vanished. This peak is located at the edge
of a step in the differential conductance. The step is probably due to
inelastic cotunnelling through an excited state. We recall an excitation
energy of roughly ∆ε ≈ 100 µeV. We attribute the peak to a Kondo
effect involving the excited state and the ground state as described
in section 5.1.4 on page 73. In Figure 5.7 this is observed much more
clearly for negative bias voltages than for positive ones because of an
asymmetry in the tunnelling barriers.

5.3.2 Temperature dependence

Measurements of the linear conductance versus temperature provide an
additional method to check for a Kondo effect. Figure 5.8(a) shows such
measurements in the gate voltage range already exploited in Figure 5.7.
Since the focus is on the Kondo effect we are particularly interested
in the Coulomb valleys. Therefore the valley conductance is further
investigated in Figure 5.8(b) for the valleys marked in (a).

At VG ∼ −1.05 V and VG ∼ −0.9 V the Coulomb valleys exhibit
the temperature dependence expected between wide Coulomb peaks.
The conductance rises when increasing temperature. Due to the high
coupling ~Γ the Coulomb peaks are extremely wide and even overlap.
Thus at increasing temperature when the peaks become even wider the
valley conductance increases. We will name this contribution Coulomb
conductance.

For gate voltages between −1 V and −0.92 V a reverse tempera-
ture dependence is observed, particularly pronounced around VG ∼
−0.975 V. This falling conductance with increasing temperature is a
clear signature of a Kondo effect. As known from chapter 5.1 the con-
ductance in a quantum dot is increased due to the Kondo effect unless
the latter is destroyed by thermal energy equal to or larger than the
singlet binding energy, the Kondo temperature TK . With temperature
increasing further, in this gate voltage range the decreasing Kondo
conductance is dominated by the increasing Coulomb conductance.
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Figure 5.8: Temperature dependence of Kondo resonances: (a) Linear
conductance as a function of plunger gate voltage VG for temperatures
T = 30 mK (black), 100 mK, 200 mK, 300 mK (light grey) and 450 mK
(dark grey). (b) Temperature dependent linear conductance at the gate
voltages marked in (a). (c) A fit of the black curve from (b) to equation
5.7 extended by a constant background conductance yields a Kondo
temperature of TK = 130 mK.
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The exact temperature dependence of a Kondo resonance was cal-
culated using a numerical renormalization group ansatz by Costi et al.
[87]. They found a scaling behavior of the normalized conductance as
a function of normalized temperature. The empirical formula

G(T ) = G0

(
1

1 + (T/T ′
K)2

)s

(5.7)

with

T ′
K =

TK√
21/s − 1

provides a good fit to their theory [105] and has become a widely
accepted Kondo fingerprint in recent literature, starting with [89]. As
shown in Figure 5.8(c) for the black curve in Figure 5.8(b) (VG =
−0.995 mV), our data is fit rather well by this formula if we assume a
temperature independent background conductance A. The parameters
from the fit are A = (0.228 ± 0.04) e2/h, G0 = (0.058 ± 0.005) e2/h,
TK = (0.13 ± 0.01) K and s = 5.5 ± 4.5. The Kondo temperature
TK from the fit describes the point where the Kondo conductance
has reached one half of its maximum value quite well. An increasing
background better resembling the Coulomb contribution in the lowest
(VG = −1.045 V) trace in Figure 5.8(b) yields a slightly larger value for
TK , thus we assume a Kondo temperature between 0.1 K and 0.2 K.
The dimensionless parameter s is claimed to have a characteristic value
of 0.2 [89] or 0.25 [106] for a spin-1/2 Kondo effect. Obviously, the large
error of our fit does not allow further conclusions from this parameter.

We compare the Kondo temperature from the measurement to the
Kondo temperatures calculated in section 5.1.3 for realistic dot param-
eters: For a charging energy U between 500 µeV and 600 µeV and a
coupling between ~Γ = 150 µeV and 250 µeV we get a Kondo tempera-
ture between TK = 100 mK and 400 mK. Calculated and experimental
Kondo temperature roughly agree, both are on the range of a few hun-
dred millikelvin.
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5.4 Kondo effect at finite magnetic fields

In this chapter, we employ a magnetic field perpendicular to the quan-
tum dot to tune the Kondo effect. We don’t observe the Zeeman split-
ting expected for a spin-1/2 Kondo resonance because of the large
number of correlated electrons on our dot. Instead we find a strikingly
regular modulation of the Kondo effect in our magneto-conductance
measurements. This modulation is analyzed with respect to its period-
icity and the Kondo effect leading to this pattern is characterized.

5.4.1 Overview of the magneto-modulated Kondo
conductance

Figure 5.9 shows an overview of the linear magneto-conductance G
versus plunger gate voltage VG and perpendicular magnetic field B.
For magnetic fields B & 1 T a diagonal stripe pattern is clearly visi-
ble. The striking regularity of this pattern vanishes only for low fields
and strong coupling (upper left region in the figure) where G(B, VG)
becomes rather complicated. This can be attributed to the increased
influence of disorder in this regime. Chaotic effects typical for open
quantum dots might also play a role. We will discuss the origin of the
regular pattern - a modulated Kondo effect - in two different regimes
of magnetic field in sections 5.4.2 and 5.4.3 below but will first focus
on its periodicity.

Tile periodicity

The measured conductance was Fourier transformed along the B axis
for several gate voltages VG. Figure 5.10(a) shows a typical result of
the power spectrum obtained. A clear peak is observed at a frequency
of f = 9.3 T−1 corresponding to a periodicity of ∆B ≈ 110 mT.
Each such transformation exhibits such a peak, from which we find a
periodicity varying from ∆B1 = 130 mT at VG = −1.2 V to ∆B2 =
75 mT at VG = −0.4 V.

We have identified the periodicity with the addition of one flux quan-
tum to the dot: Nφ = 1 flux quanta φ0 added per stripe period lead to
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Figure 5.9: Grey scale plot of the linear conductance G as a function
of plunger gate voltage and perpendicular magnetic field, black corre-
sponds to zero conductance and white to G = 1.8 e2/h (G = 0.18 e2/h
for VG < −1 V). A striking, regular diagonal stripe pattern is visible
especially for magnetic fields B > 1 T. Regions (I)-(III) marked by
white rectangles will be further investigated in Figures 5.11 and 5.12.
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Figure 5.10: Analysis of the VG dependent periodicity of the stripe
pattern in Figure 5.9 between 1.5 T and 2.5 T, where the pattern is
most clearly visible: (a) Fourier transform of one line in Figure 5.9
(VG = −0.819 V) along the B axis, showing a distinct peak corre-
sponding to a periodicity of ∆B ≈ 110 mT. (b) Evaluations like in (a)
show a roughly linear variation of the peak position with gate voltage
VG.

dot diameters
d = 2

√
Nφφ0/π∆B

ranging from 200 nm (VG = −1.2 V) to 265 nm (VG = −0.4 V) which
is in good agreement with the value of del ≈ 250 nm estimated from
the gate geometry. The smaller diameter for a more negative plunger
gate voltage is expected due to an increased depletion region near the
gates. From the calculated diameters and the 2DES electron density
ne = 3.72 ·10−15 m−2 (appendix C) we expect a change in the number
of electrons on the dot of ∆N = 87 electrons which closely resembles
∆N = 75 electrons as known from Coulomb blockade. The small differ-
ence could easily be attributed to the uncertainty in the charge density
n and its unknown exact form in the presence of charged top gates.

The addition of a flux quantum to a many electron system will
change its orbital and spin wave functions for magnetic fields smaller
than the extreme quantum limit. As already discussed in chapters 2.2
and 4.4.2, electrons are redistributed between different Landau levels
when a flux quantum is added. Thus we can link our stripe period to
such redistributions of electrons. This interpretation is supported by
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measurements of Coulomb-peak position and amplitude versus B in
chapter 5.5.

5.4.2 Modulated Kondo effect at low magnetic fields

To clarify the origin of the stripe pattern, we will now focus on more
detailed measurements in the fairly regular B ∼ 1 T regime as marked
in Figure 5.9 by (I). The filling factor in the dot at these magnetic
fields is extrapolated to νdot ∼ 8 using the results from chapter 4.4.3.
However, it is not clear whether it is still correct to assume Landau
quantization in the dot at such low magnetic fields.

The stripe pattern is made up of regions of enhanced conductance
in the Coulomb blockade regions (Figure 5.11(a)), which together with
the Coulomb peaks form tiles of increased conductance.

We have performed temperature and source-drain voltage dependent
measurements at the marked gate voltage and magnetic field values to
analyze this effect (Figure 5.11(c)). In the high conductance regions,
a zero-bias peak is observed (circle in the figure). It vanishes with in-
creasing temperature and disappears at a temperature of T ≈ 1 K.
This zero-bias peak is a clear signature of an interaction effect. It can
be attributed to the Kondo effect which is illustrated by the character-
istic temperature dependence in Figure 5.11(d). Due to the high and
increasing background conductance it is difficult to determine an exact
Kondo temperature TK . After subtracting the exponential background
known from the low conductance regions (triangle), the temperature
dependence can be fit by the empirical formula from equation 5.7. We
extract a Kondo temperature TK ≈ 0.4 K and s ≈ 1.1± 0.2. Although
the value of s strongly depends on the other fit parameters, in con-
trast to the analysis from chapter 5.3.2 it clearly deviates from s = 0.2
characteristic for a spin 1/2 system in the Kondo regime.

For the low conductance regions, the central Kondo peak is sup-
pressed (Figure 5.11(c)). Here the two small side peaks at ±170 µeV
which are also visible in the high conductance trace become more
prominent. We expect them to be related to a Kondo effect involving
inelastic cotunnelling through excited states as discussed in chapter
5.1.4 on page 73. This would be roughly consistent with the level spac-
ing ∆ε ≈ 100 µeV stated above and also explains the background con-
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Figure 5.11: (a) and (b) A more detailed view into the regions (I)
and (II) marked in Figure 5.9 with the extrapolated stripe positions
highlighted by dotted lines (black corresponds to G = 0.4 e2/h and
white to 1.2 e2/h). (c) Differential conductance versus VSD in high (•)
and low (H) conductance regions marked in (a) for temperatures T =
70, 200, 400, 500, 600, 800 and 1000 mK. (d) Temperature dependence
of linear conductance (VSD = 0 V) at the positions marked in (a) and
corresponding fits.
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ductance increasing exponentially with temperature in Figure 5.11(d)
(triangle).

In linear conductance (VSD = 0 V), the central Kondo peak appears
as a high conductance tile and the absence of a Kondo peak as a low
conductance tile. Stripe and tile patterns can thus be explained with
a magnetically modulated Kondo effect.

In the B ∼ 1 T regime, in some areas the situation is not as
clear cut and deviations from the regular magneto-conductance pat-
tern are found. In Figure 5.11(b) corresponding to region (II) in Fig-
ure 5.9, we observe a more honeycomb-like structure made up of nar-
row high-conductance lines between two adjacent Coulomb blockade
peaks instead of a high-conductance tile. This less regular magneto-
conductance is attributed to the high dot filling factor at νdot ∼ 8 at
these magnetic fields.

5.4.3 Modulated Kondo effect at high magnetic fields

Compared to the low magnetic field regime at B ∼ 1 T, for a higher
magnetic field, e. g. at B ∼ 2.2 T, the stripe pattern is much clearer
and extremely regular. This is seen in Figure 5.12(a) corresponding to
region (III) from Figure 5.9. Different from the low field regime, the
high field regime is characterized by a periodic magneto-conductance
extending over a wide range of gate voltage and magnetic field. Like in
region (I) discussed above, it consists of alternating tiles of enhanced
and suppressed conductance within the Coulomb blockade regions. The
filling factor of the dot in this regime is 3 < νdot < 4 (chapter 4.4.3).

To investigate the nature of the Kondo physics found here, we ex-
amine the involved energy scales in VSD dependent differential con-
ductance measurements in Figure 5.12(b) and (c). In tiles of enhanced
conductance, a clear zero-bias Kondo anomaly is observed. This Kondo
peak is the reason for the conductance enhancement in high-conductance
tiles. In contrast, in tiles of suppressed conductance a split Kondo peak
is found. In Figure 5.13 we verify that this observation holds over com-
plete tiles instead of being valid only for single magnetic fields. Non-
linear conductance is plotted at a fixed gate voltage as a function of
B and VSD. The central and split Kondo peaks are clearly visible,
but we don’t observe any smooth variation of the splitting within the
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Figure 5.12: Analysis of region (III) from Figure 5.9, B ≈ 2.2 T:
(a) Over a wide parameter range the stripe pattern is formed by tiles
of increased conductance between Coulomb blockade peaks. The black
dotted lines illustrate the stripes. (b) and (c) Nonlinear conductance
measurements at the positions marked in (a) show Kondo conductance
anomalies marked by arrows.
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Figure 5.13: (a) Chessboard pattern from the previous figure. (b)
Nonlinear magneto-conductance along the white dotted line in (a) in
the Coulomb blockade valley at a fixed VG = −0.775 V. Conductance
maxima are highlighted with horizontal dotted lines. The positions of
the cuts in Figure 5.12(b) and (c) are marked.

high- or low-conductance tiles. The transition between both situations
is abrupt. The chessboard pattern is explained with this modulation of
a Kondo effect as a function of magnetic field. More data on the tran-
sition between high- and low-conductance tiles is found in appendix
D.2.

A closer look at Figure 5.12 reveals that the central Kondo peak
is accompanied by additional side peaks at VSD = ±140 µV in high
conductance tiles. These are marked in Figure 5.14(c). In low conduc-
tance tiles, not only the split Kondo peaks at VSD = ±70 µV but also
a side peak at VSD = −210 µV is visible (Figure 5.14(f)). A side peak
at VSD = 210 µV is not clearly observed. The spacing of the peaks is
∆VSD = 140 µV in both situations.

We attribute the structure of Kondo peaks in high- and low-con-
ductance tiles to a Kondo effect involving excited states and inelastic
cotunnelling as introduced in chapter 5.1.4 on page 73. The following
discussion first focuses on the high-conductance tiles.

The situation in high-conductance tiles is illustrated in Figure 5.14(a)-
(c). The central Kondo peak in (c) must be due to a Kondo effect
involving a degenerate level as illustrated in (a). The level splitting
must be ∆ε = 0 because no Kondo peak splitting is observed. This
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Figure 5.14: Composition of the nonlinear conductance in (a)-(c)
high-conductance tiles corresponding to Figure 5.12(b) and in (d)-(f)
low-conductance tiles corresponding to Figure 5.12(c). In (c) and (f) we
have illustrated a background conductance due to inelastic cotunnelling
as grey rectangles. Superimposed Kondo peaks are marked by arrows.
In (b) and (e) sketches of corresponding Coulomb diamonds are shown
for comparison with Figure 2.11 on page 26. (a) and (d): Energy levels
involved in the Kondo effects (ellipses).

is despite the magnetic field from which a Zeeman splitting of EZ =
gGaAsµBB = 55 µeV would be expected for a spin-1/2 system. We
would clearly be able to observe such a Zeeman splitting in this mea-
surement due to the low ratio kBTK/EZ = 0.3 < 1. As no splitting
is observed, either a many-electron state with total spin S = 0 (and
consequently EZ = 0) is responsible for this Kondo peak or Zeeman
energy and other energies cancel, e. g. due to orbital effects. These
scenarios cannot be distinguished because the Zeeman energy varies
too slowly with magnetic field, thus the Zeeman contribution to the
energy levels cannot be varied effectively. At VSD = ±140 µV we ob-
serve the onset of inelastic cotunnelling through an excited state. The
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grey rectangles illustrate the background conductance caused by this
effect. At the onset of inelastic cotunnelling, ground state and excited
state with ∆ε = 140 µeV contribute to Kondo peaks superimposed on
the inelastic cotunnelling conductance. As decoherence is introduced
due to the finite source-drain voltage VSD [82, 107], the amplitude of
the excited Kondo peaks is considerably suppressed. The Coulomb di-
amond depicted in (b) relates this situation to the one discussed in
Figure 2.11 on page 26.

An excitation spectrum consistent with the three Kondo peaks is
shown in (a). The energy difference between pairs of levels exhibiting
a Kondo effect is given by the nonlinear conductance data. Not every
pair of levels exhibits a Kondo effect – for example, there could be no
spin difference between the two states. Hence, it should be noted that
not necessarily every level is included in such a spectrum but only a
subset of the available levels.

For the low-conductance tiles, the analysis is much the same as for
the high-conductance tiles. It is shown in Figure 5.14(d)-(f). Here,
at zero source-drain voltage no degenerate level is present to show a
Kondo effect. However, the ground state together with excited states
at ∆ε = 70 µeV and 210 µeV does show Kondo effects, also involving
inelastic cotunnelling. This feature is suppressed at VSD = +210 µV,
likely due to an asymmetry in the tunnel barriers. The lack of a side
peak at positive bias voltage was already observed in the measurements
presented in section 5.3.1.

We want to point out that the low conductance situation is explained
solely by split Kondo peaks and not by a two-stage Kondo effect [94, 92,
93]. A two-stage Kondo effect consists of two Kondo peaks of different
widths superimposed at VSD = 0 with different phases, also leading
to a double peak structure. Therefore the peak width of the second
Kondo peak must be very high which would require an extremely high
Kondo temperature in the case considered here. This effect would also
be unable to explain the side peaks at VSD = −140 µeV and VSD =
−210 µeV.

To verify that the peak structure is indeed related to Kondo physics,
the Kondo conductance is shown in Figure 5.15 as a function of tem-
perature. The central Kondo peak in the high conductance situation
shows the expected decrease with increasing temperature. We extract
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Figure 5.15: Temperature dependent linear (VSD = 0 V) conduc-
tance of a zero-bias Kondo peak (squares) and finite bias Kondo peaks
(circles/discs) at VSD = ±70 µV as marked in Figure 5.13(b).

a Kondo temperature of roughly TK ≈ 0.2 K. The increase in conduc-
tance for T > 0.5 K is attributed to the thermally activated inelastic
cotunnelling contribution. For the split peaks, we measure the peak
conductance as a function of temperature at finite source-drain volt-
age. It shows basically the same Kondo temperature dependence as
the single peak. Although no exact calculations exist for such a sit-
uation, this is generally expected [108]. The temperature dependence
of further side peaks was not investigated because of their extremely
low amplitude and the unknown influence of high source-drain volt-
ages. The Kondo chessboard conductance pattern completely vanishes
with increasing temperature as shown in Figure 5.16, i. e. at tempera-
tures above T ≈ 0.5 K only regular Coulomb blockade resonances are
observed.

Our results are different from the chessboard-like magneto-conductance
pattern investigated previously by Keller et al. [103] who observed an
alternation between Zeeman split spin-1/2 Kondo peaks in their high
conductance regions and no Kondo effect at all. Both experiments were
conducted in the same dot filling factor regime 2 < νdot < 4. We at-
tribute this discrepancy to a steeper confinement potential in their re-
active ion etched dot and to a lower Kondo temperature and coupling in
comparison to our system. Theoretical investigations [101, 102, 109] ex-
plain the large scale chessboard conductance pattern but cannot make
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Figure 5.16: Chessboard Kondo conductance from Figure 5.13(a),
at (a) base temperature T = 30 mK and (b) at T = 1 K. At high
temperatures the tile pattern completely vanishes.

predictions on nonlinear conductance measurements. Further theoret-
ical work is needed to fully understand the splitting at finite source-
drain voltage. The source-drain dependent measurements presented
here could be a starting point for a better understanding of the spec-
tra of multi-electron quantum dots and their evolution in a magnetic
field as they contain information on the energy spectrum.

5.5 Coulomb-peak positions and amplitudes
in the Kondo regime

The analysis of Coulomb-peak positions and amplitudes in magneto-
transport measurements was already introduced in chapter 4.4.2 as
a spectroscopic tool to understand the effect of a magnetic field on
the electronic ground state of quantum dots. In the present chapter,
this technique is applied to a quantum dot in the Kondo regime. As
in chapter 4.4.2, two regimes, namely absence and presence of spin
blockade, are distinguished. Indications for a suppression of the Kondo
effect due to a spin polarization of the emitter are found.
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Figure 5.17: (a) Grey scale plot of the chessboard-like linear conduc-
tance G as a function of magnetic field B and plunger gate voltage
VG (black: G = 0.4 e2/h, white: G = 1 e2/h). Coulomb-peak po-
sitions are marked by the black lines. (b) Coulomb-peak amplitudes
from (a) (curves are offset for clarity). Between the curves, tiles from
the chessboard pattern are shown. The curve segments are highlighted
as described in the text.

5.5.1 Absence of spin blockade

The Coulomb-peak positions in plunger gate voltage VG are expected
to exhibit a zig-zag pattern in an increasing magnetic field B. They
reflect the energy of the dot state involved in the tunnelling process.
Although we observe such a pattern in the Coulomb-blockade regime
at weak dot-lead coupling (chapter 4.4.2, in particular Figure 4.11),
in the higher coupling regime investigated here such a pattern is not
clearly visible. Figure 5.17(a) shows that the Coulomb-peak positions
in the Kondo regime are dominated by a shift towards Kondo valleys
obscuring the zig-zag pattern. This shift of the peak position in the
Kondo regime is not unexpected and was already observed in the first
studies by Goldhaber-Gordon et al. [89].

However, the amplitude modulation of the Coulomb peaks still closely
resembles the results known from measurements in the traditional
regime of weak coupling. This is shown in Figure 5.17(b) for three
consecutive Coulomb peaks from Figure 5.17(a). Corresponding curve
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Figure 5.18: Equivalent of Figure 5.17 for a slightly different mag-
netic field B and plunger gate voltage VG. (a) Grey scale plot of
the linear conductance G (black: G = 0.5 e2/h, white: G = 1 e2/h)
with Coulomb-peak positions. (b) Coulomb-peak amplitudes from (a)
(curves are offset for clarity) with corresponding curve segments high-
lighted. The alternating high and low conductance maxima are a sig-
nature of spin blockade. The tiles from the chessboard pattern are
sketched between the curves.

segments are highlighted by a white (light grey) background with high-
(low-) conductance tiles from the Coulomb valleys in between. At the
downward cusps, the electrons are redistributed between two Landau
levels. Thus the ability of the system to show a zero-bias Kondo effect
reflected in the tile pattern is switched. The coincidence between the
switching of the Kondo effect and cusps in the Coulomb-peak ampli-
tude is nicely reflected in the measurement.

5.5.2 Spin blockade and vanishing Kondo effect

In Figure 5.18 an analysis similar to the previous one is shown for
slightly different magnetic fields and plunger gate voltages. In the range
from B = 2.15 T to B = 2.55 T shown here we clearly observe the onset
of spin blockade. The amplitude modulation found in Figure 5.18(b) for
high magnetic fields B & 2.4 T closely resembles the modulation found
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for spin blockade in the Coulomb regime. For lower fields B . 2.2 T no
spin blockade is found and the amplitude modulation is comparable to
the one discussed in the previous section. The magnetic field values for
the onset of spin blockade agree in Kondo and Coulomb regimes at least
for some peaks, e. g. for the peak shown in Figure 4.11. Thus the outer
edge state in the leads which is most important for transport becomes
spin polarized just in the transition regime shown in the figure.

We remind that both, the alternating medium-conductance and high-
conductance plateaus in the spin blockade regime, are attributed to
transport due to electrons tunnelling through outer edge states. The
difference in their amplitudes is due to the modulation of spin block-
ade. The Coulomb-peak amplitude is suppressed when the spins of the
spin-polarized emitter and the transport state on the dot don’t match
and unsuppressed if they do match. The cusps between the plateaus
are attributed to transport due to electrons utilizing inner Landau lev-
els. In comparison, in absence of spin blockade only high-conductance
plateaus are present. Hence the observation of spin blockade indicates
a spin polarization of the emitter. The effective spin polarization of a
2DES emitter due to the formation of spin-polarized edge states cou-
pling to the quantum dot with different strengths was discussed in
chapter 4.4.2 of page 54.

Simultaneously with the onset of spin blockade we observe a suppres-
sion of the high-conductance tiles in the chessboard pattern. This in
turn is attributed to a suppression the zero-bias Kondo effect because
this Kondo effect is responsible for the increase of conductance in high-
conductance tiles. Approximately at B = 2.5 T when full spin block-
ade has been reached the Kondo effect has completely vanished. Figure
5.19 shows the relevant data over a wider range of magnetic field. The
onset of spin blockade is clearly observed in the Coulomb peak posi-
tions in Figure 5.19(b). Simultaneously the high-conductance tiles in
the chessboard-like magneto conductance are suppressed. This is also
reflected in Figure 5.19(c) which shows how the modulated Kondo ef-
fect in the Coulomb valley vanishes. At still higher magnetic fields spin
blockade vanishes and the Kondo effect is restored.

Although the zero-bias Kondo effect might be destroyed by a lifted
degeneracy of two levels due to the magnetic field, the coincidence
with the observation of spin blockade suggests another explanation:
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Figure 5.19: (a) Linear conductance G versus plunger gate voltage
VG and magnetic field B. Coulomb-peak positions are highlighted. The
grey line in the middle of the Coulomb valley marks the cut used for
(c). (b) Coulomb-peak amplitudes from (a), curves are offset for clarity.
(c) Logarithmic Kondo conductance in the Coulomb valley as marked
in (a).

The Kondo effect is a spin scattering process. A prerequisite for a
Kondo effect is that both spin orientations must be present in the
emitter. Thus if only one spin orientation from the emitter couples to
the quantum dot, the dot spin cannot be screened and the Kondo effect
vanishes.

We illustrate this situation in Figure 5.20 in more detail. In chapter
5.1.2 we have understood that a Kondo effect is a singlet state between
dot and lead electrons. Since such a singlet is a superposition of both
spin orientations, |↑〉 and |↓〉, on both sites, in the emitter and on the
dot, it in particular requires the presence of both, |↑〉 and |↓〉 electrons,
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GS GD GS GD

Figure 5.20: Spin polarization in the emitter suppresses the formation
of a Kondo singlet which is a superposition of both states depicted. The
cancelled state would require emitter electrons of the spin orientation
which is not present.

in the emitter. Obviously in a spin polarized emitter only one spin
orientation is present. Thus no Kondo singlet can be formed, the Kondo
effect is suppressed. The measurements demonstrate this dependence
of the Kondo effect on the presence of both spin orientations in the
emitter for the first time.

5.6 Conclusions

Based on the results from the Coulomb-blockade regime discussed in
chapter 4 we have explored Kondo physics in a large quantum dot with
strong coupling to the leads. The high number of interacting electrons
on the dot gives rise to a rich structure of the Kondo physics.

At zero magnetic field, we have observed a zero-bias Kondo effect
in subsequent Coulomb-blockade valleys showing that exchange inter-
action is large enough in our multi-electron dot for Hund’s rule to be
applicable. We have verified the typical temperature dependence of
the zero-bias anomaly as a further fingerprint for Kondo physics. In-
dications for a finite-bias Kondo effect involving inelastic cotunnelling
through excited states were also observed.

Tuning the quantum dot in a magnetic field revealed a flux quan-
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tum modulation of the Kondo effect over a wide parameter range in
magnetic field and in the number of electrons. While we do observe
deviations at high dot filling factors, for 3 < νdot < 4 the modulation
results in a strikingly regular chessboard pattern in the magneto con-
ductance. Nonlinear conductance measurements in this regime reveal
that Kondo physics is present everywhere in the chessboard pattern, in
high- as well as in low-conductance tiles. We find that not the presence
of a Kondo effect but its peak splitting in VSD is modulated by the
magnetic field. The magnitude of the splitting allows conclusions on
the spectrum of the quantum dot and might be used as a spectroscopic
tool in other experiments. The splitting of the Kondo peaks changes
nearly abruptly between high- and low-conductance tiles indicating a
sharp transition between different ground states. This Kondo effect
needs an explanation which goes beyond the classical spin-1/2 Ander-
son model and must be more complicated than a simple hybridization
between leads and one single electron on the dot. Correlated many-
electron effects on the dot must play a role.

By combining an analysis of Coulomb-peak amplitudes to detect a
spin polarization of the outer emitter edge states with the observation
of the modulated Kondo effect we have demonstrated the dependence
of the spin Kondo effect on the presence of both spin polarizations in
the leads.
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In this thesis, first the properties of a quantum dot in the Coulomb
blockade regime, i. e. at weak coupling to the leads, have been ana-
lyzed (chapter 4). In the gate-voltage dependence of the transmission
of the dot, we observed narrow, symmetric Coulomb resonances with
nearly zero conductance in between. At increased coupling, the Kondo
effect leads to an increased transmission between these Coulomb reso-
nances at zero bias voltage (chapter 5). The present chapter is devoted
to a regime characterized by a still larger coupling of the dot to the
leads, where we observe symmetric and asymmetric Fano resonances
and anti-resonances instead of Coulomb peaks. Our dot can be tuned
continuously between all three regimes, Coulomb blockade, Kondo and
Fano. This allows to study Fano resonances in a system well charac-
terized in the other regimes.

After introducing Fano resonance we develop a two-channel model to
explain and parameterize the emergence of Fano resonances in SETs.
We analyze the experimentally observed Fano lineshapes as a function
of bias voltage VSD, temperature T , and magnetic field B and extract
information on decoherence and on the second conductance channel in
the Fano system. Finally we discuss the origin of this channel.

6.1 Introduction to Fano resonances

The theory of Fano resonances was originally developed in the context
of electron-atom scattering [19] but by now is ubiquitous in resonant
scattering theory. Fano resonances have been observed in a wide vari-
ety of experiments like atomic photoionization [110], electron-neutron
scattering [111], Raman scattering [112], photoabsorption in quantum
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well structures [113, 114] or scanning tunnelling microscopy [115]. Since
transport in mesoscopic systems can be described in a framework sim-
ilar to the above systems [116, 117], Fano resonances have been pre-
dicted also for semiconductor nanostructures (Reference [118] and ref-
erences in Reference [20]).

Fano resonances are observed whenever a resonant scattering chan-
nel interferes with a non-resonant contribution as illustrated in Fig-
ure 6.1(a). In electronic transport experiments this occurs if the quan-
tum mechanical wave function of incident electrons is split into two
parts (one for each channel) at the entrance of some structure. Both
parts interfere at the exit of the structure. Hence the scattered wave
function is the result of interference of an incident electronic wave func-
tion transmitted through both channels. This is similar to Aharonov-
Bohm or double-slit experiments. Special about Fano experiments is
the phase shift in the resonant channel which depends on the energy
of the incident electrons. It varies between −π/2 and π/2. In con-
trast, the non-resonant channel’s phase shift is energy independent.
Thus the total transmission amplitude resulting from the interference
of both channels is a function of the energy of the incident electrons.
Although Fano transmission lineshapes include the Breit-Wigner shape
well-known from single channel resonant scattering theory, their gen-
eral shape is more generic as can be seen from Figure 6.1(b). Fano
lineshapes will be explained in more detail below.

We consider Fano systems in semiconductor nanostructures contain-
ing a SET in the resonant channel. In such systems, Fano resonances
reflect the phase shift due to the SET when crossing its resonances.
We distinguish three types of structures:

1. The obvious implementation of a Fano system is an Aharonov-
Bohm interferometer [119] with a SET embedded in one arm
of the ring structure [120]. Similar experiments are conducted
in ballistic two-path double-slit interferometers with the SET
embedded in one path [121, 122]. The path or ring arm containing
the SET is mapped to the resonant channel in a Fano system, and
the other arm is related to the non-resonant channel. The phase
shift of the non-resonant channel is controlled by application of a
magnetic field perpendicular to the interferometer which permits
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Figure 6.1: The two-channel scattering process schematically de-
picted in (a) generally leads to Fano resonances with their wide variety
of lineshapes, some of them shown in (b). Depending on phase ϕ and
transmission t of the two channels, different values of the Fano param-
eter q lead to symmetric Breit-Wigner (anti-) resonances or completely
asymmetric transmission lineshapes as functions of the detuning from
the resonance, ε̃. For negative values of q the resonances are mirrored
at the ordinate, i. e. ε̃→ ε̃.

to measure the phase shift in the SET [122]. Due to the high
complexity of these experiments the results sometimes are not
very clear cut [123, 124].

2. Fano resonances are also observed in ordinary SETs [20, 21] in
the regime of very strong coupling to the leads, the system stud-
ied in this work. Like for the structures discussed above, the
Coulomb resonances of the SET explain a resonant transmis-
sion channel through the system. The origin of the second, non-
resonant transmission channel is not obvious. We will discuss its
nature extensively in section 6.3.

3. Small quantum rings [125, 126] are the third type of structures
exhibiting Fano resonances [57]. They combine properties of Aha-
ronov-Bohm rings and quantum dots. In these structures, reso-
nant and non-resonant channels cannot easily be distinguished.
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6.1.1 General properties of Fano resonances

Fano considered a scattering problem with unperturbed continuum
states |ψ〉, discrete states |ϕ〉 and states of the whole system |Ψ〉 [19].
With an operator T describing the transition between an initial state
|i〉 and the state |Ψ〉 he found that the ratio of the transition prob-
ability |〈Ψ |T| i〉|2 to the probability |〈ψ |T| i〉|2 of transition to the
unperturbed continuum can be described by a single family of curves:

fFano(ε̃) =
|〈Ψ |T| i〉|2

|〈ψ |T| i〉|2
=

(ε̃+ q)2

ε̃2 + 1
. (6.1)

These curves are functions of a normalized detuning ε̃ which is cal-
culated from the resonance energy ε0 and the resonance width ~Γ,

ε̃ = (ε− ε0)/(~Γ/2). (6.2)

The so-called asymmetry parameter q is crucial for the actual shape
of a Fano resonance. We consider states |Φ〉 which are the discrete
states |ϕ〉 modified by the admixture of the continuum. q is then cal-
culated from the ratio of the transition probabilities to the modified
discrete states |Φ〉 and to a band of width Γ of unperturbed continuum
states |ψ〉 [19]:

1
2
πq2 =

|〈Φ |T | i〉|2

|〈ψ |T | i〉|2 Γ
. (6.3)

Figure 6.1(b) illustrates typical Fano lineshapes for various values of
q: For large q, q → ∞, we get the symmetric Breit-Wigner lineshape
[40] (a prefactor ∼ 1/q2 has to be introduced for normalization to
avoid divergence as q → ∞, but leaving the shape of the resonance
unaffected),

fBW (ε̃) =
1

ε̃2 + 1
. (6.4)

This lineshape was already found in the low temperature limes of SETs
in the Coulomb regime (equation 2.21 on page 29). With decreasing q
we get asymmetric lineshapes with a maximum for positive detuning
ε̃, while for negative detuning a minimum with vanishing transmission
is observed at ε̃ = −q. At vanishing q = 0 the lineshape becomes
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symmetric again and anti-resonances with a minimum at ε̃ = 0 are
observed. These dips have a Breit-Wigner lineshape, fFano(ε̃) = 1 −
fBW (ε̃). Negative asymmetry parameters q lead to Fano lineshapes
mirrored at the ordinate, i. e. ε̃→ −ε̃.

6.1.2 Fano resonances in a realistic SET experiment

In a real SET experiment, there might be a background conductance in
addition to Fano resonances. This part does not contribute to the in-
terference of the two channels. Reasons for such a contribution include
thermally activated transport, cotunnelling, decoherence or a reduced
transmission amplitude in one of the two interfering channels. The last
point leads to an imbalance of both channels, e. g. due to backscatter-
ing in one of the channels. The excess transmission remains unaffected
from the interference and does not contribute to the Fano lineshape
but to the background.

In presence of a background we cannot expect to observe the trans-
mission to reach zero at ε̃ = −q as expected from the original trans-
mission lineshape from equation 6.1. Instead it will remain finite at all
energies. Hence the function

fExp(ε̃) = AExp · fFano(ε̃) +BExp (6.5)

resembles the lineshape expected from an experiment better than equa-
tion 6.1. It is later successfully employed in fitting the data. The param-
eter AExp scales the Fano function and BExp accounts for the excess
background.

To get a realistic lineshape one may alternatively introduce a com-
plex Fano parameter which implicitly accounts for the excess back-
ground. In References [120, 127] the transmission lineshape

fC(ε̃) = AC
(ε̃+ qC)2

ε̃2 + 1
= AC

(ε̃+ Re(qC))2 + Im(qC)2

ε̃2 + 1
(6.6)

with a complex Fano parameter qC was used to fit the experimental
data. The introduction of a complex Fano parameter has created some
confusion and is not necessary if the excess background transmission
is explicitly considered as in equation 6.5. Both equations, 6.5 and
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6.6, are equivalent. Equation 6.5 more clearly describes the underlying
physics.

6.1.3 Two-channel model of Fano resonances in SETs

In this section, we will develop a two-channel model to describe the
emergence of Fano resonances in SETs. We first discuss the resonant
channel, which in SET experiments is identified with the regular path
of an electron through the quantum dot. We restrict our investigation
to the Coulomb regime and neglect higher order contributions to the
conductance like the Kondo effect. Considering a Coulomb resonance
at zero temperature T = 0, according to Schuster et al. the complex
transmission amplitude can be modelled using the Breit-Wigner for-
mula [122]:

tr(ε̃) = ar ·
i

ε̃+ i
. (6.7)

ar is the peak transmission amplitude and is considered a real quan-
tity. The conductance of a quantum dot measured in an experiment
is proportional to the transmission probability Tr(ε̃), which is easily
determined from the complex transmission amplitude:

Tr(ε̃) = |tr(ε̃)|2 =
a2

r

ε̃2 + 1
. (6.8)

Equation 6.8 is equivalent to the Breit-Wigner formula describing Coulomb
resonances (equations 2.21 and 6.4). The resonance phase shift ϕr(ε̃)
of transmitted electrons is

ϕr(ε̃) = arg(tr(ε̃)) = arctan ε̃. (6.9)

The transmission probability Tr and the transmission phase shift ϕr of
a Coulomb resonance in a quantum dot are depicted in Figure 6.2(a).
The phase shift ϕr varies from −π/2 before reaching the resonance
(ε̃→ −∞) to π/2 after crossing it (ε̃→∞). At the resonance position
ε̃ = 0 the phase shift is zero.

The non-resonant channel from Fano theory originates from a back-
ground conductance independent of the path through the dot and can
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Figure 6.2: (a) Transmission probability (black) and phase shift
(grey) as functions of the dimensionless detuning ε̃ = (ε − ε0)/(Γ/2)
for a quantum dot when crossing a Coulomb resonance. (b) Fano reso-
nances in the transmission probability resulting from interference with
a non-resonant background conductance with anr = 1 and the indi-
cated values of ϕnr.

be described with the energy independent complex transmission am-
plitude

tnr(ε̃) = anr · eiϕnr . (6.10)

anr is the real transmission amplitude and ϕnr accounts for the phase
shift of the non-resonant background channel. The transmission prob-
ability of the non-resonant channel is

Tnr = |tnr|2 = a2
nr. (6.11)

To calculate the total transmission probability of an electron co-
herently traversing both channels including interference, we have to
first sum up the transmission amplitudes and then to determine the
transmission probability:

Ttot(ε̃) = |tr(ε̃) + tnr(ε̃)|2 (6.12)

=
a2

nr(ε̃
2 + 1) + a2

r + 2anrar(ε̃ sinϕnr + cosϕnr)
ε̃2 + 1

Figure 6.2(b) illustrates the Fano lineshapes resulting from this co-
herent superposition for various phase shifts ϕnr of the non-resonant
channel.
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In presence of decoherence between the channels, the interference
term in equation 6.12 vanishes. For a totally incoherent superposition,
equation 6.12 is replaced by

Ttot,inc(ε̃) = |tr(ε̃)|2 + |tnr(ε̃)|2 (6.13)

Then we get Coulomb resonances atop of the non-resonant background
irrespective of the non-resonant phase ϕnr.

We map the parameter set (ar, anr, ϕnr) in the transmission prob-
ability from equation 6.12 to the experimental fit parameters (AExp,
BExp, q) from equation 6.5. After bringing both equations into the
same form we identify:

q

(
anr

ar
, ϕnr

)
=

1 + 2anr

ar
cosϕnr +

√
1 + 4anr

ar
cosϕnr + 4(anr

ar
)2

2anr

ar
sinϕnr

(6.14)

AExp(ar, anr, ϕnr) =
aranr sinϕnr

q(anr/ar, ϕnr)
(6.15)

BExp(ar, anr, ϕnr) = a2
nr −AExp(ar, anr, ϕnr) (6.16)

The equation for q is valid only for ϕnr 6= 0, π, . . .. For phase shifts ϕnr

of zero or π we get Coulomb resonances, q →∞, and anti-resonances,
q = 0. Note that we have neglected an incoherent contribution to the
background BExp and only consider the coherent part. Although an in-
coherent contribution could easily be incorporated, the equations given
here are sufficient to describe and interpret our data. The analytical
result proves that our model of a resonant quantum dot channel inter-
fering with a constant, non-resonant background transmission channel
indeed exhibits Fano resonances.

The particularly important dependence of the experimental Fano
symmetry parameter q on the non-resonant background transmission
phase shift ϕnr is plotted in Figure 6.3 for various combinations of
ar and anr. For realistic combinations of these parameters, q does not
strongly depend on ar and anr. The variation of q as a function of
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Figure 6.3: Fano symmetry parameter q as a function of the back-
ground phase shift ϕnr. (a) The non-resonant background transmission
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ϕnr can also be seen from Figures 6.1(b) and 6.2(b) which show Fano
lineshapes as a function of q and ϕnr, respectively.

The transformation discussed so far describes how to compute the
Fano parameter set (q, AExp, BExp) from the physically more descrip-
tive parameters (ar, anr, ϕnr) of our two-channel model. A reverse
transformation particularly useful in analyzing experimental data is
computed straight forward. The total transmission probability Tnr =
a2

nr for the non-resonant background channel neglecting an incoherent
contribution is

Tnr = a2
nr = AExp +BExp. (6.17)

Because of the trigonometric functions in equations 6.14 and 6.15, a
general result for ar and ϕnr is complex and ambiguous. Therefore we
give only the more compact set of equations

ar =
AExpq√

AExp +BExp sinϕnr

and (6.18)
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0 = (q2 − 1) sin2 ϕnr − q sin(2ϕnr)−
AExpq

2

AExp +BExp
(6.19)

from which ar and ϕnr can be determined. Later we will compute ar

and ϕnr for given experimental fit parameters (q, AExp, BExp).

6.2 Measurements on a quantum dot in the
Fano regime

In this section we discuss measurements on a SET in the Fano regime.
We interpret Fano resonances as a function of gate voltage VG in terms
of the two-channel model developed in the previous sections. Further-
more, their dependence on source-drain bias voltage VSD, temperature
T , and magnetic field B is discussed.

6.2.1 Tuning the SET into the Fano regime

In chapter 5 we tuned our SET from the Coulomb-blockade regime to
the Kondo regime. This was achieved by increasing the coupling be-
tween the quantum dot and the leads by application of a more positive
plunger gate voltage. Although the plunger gate in a split-gate SET
is intended to influence only the internal energy levels of the quantum
dot, due to the extremely small spatial dimensions of such a device it
also influences the tunnel barriers. Here we employ the same technique
to couple the quantum dot even stronger to the leads.

Figure 6.4 shows the linear conductance of sample 1129-8-7.3 over a
large range of plunger gate voltage VG. This is the same sample already
used for the experiments in chapters 4 and 5. For low temperatures
of T = 70 mK we observe Coulomb resonances at the lowest gate
voltages of VG ∼ −1.2 V, Kondo resonances in the intermediate regime
at VG ∼ −1.0 V and Fano resonances at still larger gate voltages
VG ∼ −0.6 V.

With increasing plunger gate voltage, the amplitude of the resonance
peaks in Figure 6.4 generally rises apart from small variations which
are caused by the different coupling of different dot ground states to
the leads. In addition, a large background conductance is observed
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Figure 6.4: Overview of the linear conductance measurements at tem-
peratures T = 70 mK (black) and T = 1 K (grey). Fano resonances
are observed in the marked gate voltages range. They go along with
an increased background conductance. The Fano regime is investigated
more closely in the next figures.

which varies extremely slowly compared to the resonances. Like with
the resonances, the background conductance generally increases with
increasing plunger gate voltage except for the fall at VG ∼ −0.5 V.
At high temperatures T ∼ 1 K the features in the background conduc-
tance become more pronounced as the modulation of the superimposed
Coulomb peaks decreases as indicated by the grey line in Figure 6.4.
The background conductance is particularly important because Fano
resonances in a SET require a non-resonant background conductance
channel.

We will now turn to a detailed analysis of the Fano lineshapes be-
tween VG = −0.7 V and −0.5 V.

6.2.2 Analysis of the Fano lineshapes

Detailed linear conductance measurements in the Fano regime are
shown in Figure 6.5(a). Three regions marked (1) to (3) are clearly
distinguished by characteristic lineshapes. In region (1), we observe
asymmetric Fano resonances with q < 0, in region (2) symmetric anti-
resonances with q = 0, and in region (3) asymmetric resonances with
q > 0. Note the high background conductance of 1− 2 e2/h.
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Figure 6.5: (a) Fits (black) to the Fano resonances in the linear
conductance G (grey). Three regions (1)–(3) of similar lineshapes are
marked, namely asymmetric Fano resonances with q < 0, symmetric
anti-resonances with q = 0, and asymmetric resonances with q > 0.
Characteristic lineshapes are sketched for the three regions. (b) Fano
asymmetry parameter q determined from the above fits. The thick
black and thin grey lines are guides to the eye representing two alter-
native interpretations of the data on q.
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6.2 Measurements on a quantum dot in the Fano regime

Fits to equation 6.5 of all measured resonances are shown by the
black lines in Figure 6.5(a). Small deviations between fit and data at
the edges of the region used in each fit are due to a beginning overlap
with neighboring resonances. We determine the values of AExp, BExp,
q, and the linewidth Γ of the resonant channel. The evolution of q as
a function of plunger gate voltage is shown in Figure 6.5(b) together
with two feasible interpretations of the data, namely a step-like and
a smooth evolution of q. In region (2), we clearly observe q ≈ 0, but
the values of q we get from our fits in regions (1) and (3) span a wider
range and critically depend on the upper and lower bounds of the fits.
Roughly, all values are close to q = +1 or −1, respectively. The other
fit parameters are not shown as they have no direct physical meaning.
Instead we determine the parameters of the two-channel model by the
transformation from section 6.1.3.

Figure 6.6 shows the parameters from the two-channel model. The
non-resonant conductance a2

nr clearly exhibits a step-like structure as
a function of gate voltage VG. It is 1.0 e2/h in region (1), 1.7 e2/h in
region (2) and 1.3 e2/h in region (3). Hence the non-resonant chan-
nel could be due to a one-dimensional spin-degenerate channel with
a conductance of 2 e2/h which is slightly reduced due to some form
of scattering. Its step-like structure suggests that the step-like inter-
pretation of the data on q from Figure 6.5(b) is more likely than the
smoother one.

The resonant channel’s transmission a2
r exhibits an unsystematic

modulation. The height of the Coulomb resonances in the resonant
channel strongly depends on the coupling of the involved quantum
state to the leads, hence it varies from resonance to resonance which
explains the modulation of a2

r.
The non-resonant channel’s phase shift varies in a step-like fashion,

much like its transmission probability a2
nr. Phase shifts of ϕnr = 3π/2,

π and π/2 are observed for regimes (1), (2) and (3), respectively. How-
ever, the uncertainty in the determination of q is reflected in an uncer-
tainty in ϕnr. The ambiguity in the transformation from section 6.1.3
is solved by choosing those parameters ϕnr from the results which
reproduce the experimental lineshapes. In this way, we were able to
reconstruct the parameters of the two-channel model from our experi-
mental data.
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Figure 6.6: From fits to the experimental conductance we have de-
termined (a) the non-resonant transmission probability a2

nr, (b) the
resonant transmission probability a2

r and (c) the non-resonant chan-
nel’s phase shift ϕnr. Regions (1)–(3) from Figure 6.5 are marked, and
in (a) the experimental data is shown for comparison.

We know the Fermi wavelength λF = 2π/
√

2πne in our sample which
allows to relate a phase shift to a length. Considering λF = 40 nm, we
identify a length of ∆λ ≈ 10 nm with the steps in the non-resonant
channel’s phase shift of ∆ϕnr = π/2. Assuming that the jumps in
the phase shift are due to switching between different non-resonant
paths, we conclude a length difference of 10 nm between these paths.
However, from our relative phase measurement we cannot determine
whether there is an additional length difference of an integer multiple
of λF .
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Figure 6.7: In region (1), for plunger gate voltages between VG =
−0.68 V and −0.65 V asymmetric Fano resonances with q < 0 are
found: (a) Grey scale plot of the differential conductance with Coulomb
diamonds highlighted by white lines. (b) Linear (VSD = 0) conductance
for temperatures T = 0.07 K (black), 0.2 K, 0.3 K, 0.4 K, 0.5 K, 0.6 K,
0.7 K, 0.8 K, 0.9 K (thin lines), and 1.0 K (dark grey).

6.2.3 Nonlinear and temperature dependent
conductance

We investigate regions (1) to (3) from Figure 6.5 in temperature de-
pendent and nonlinear conductance measurements. We first present
the measurements for the three regimes going into detail only with
specific features and thereafter discuss their general properties.

Region (1): Asymmetric resonances with q < 0

Region (1), corresponding to a plunger gate voltage range from VG =
−0.68 V to −0.65 V, is investigated in Figure 6.7. The lineshapes in
the linear conductance measurement in (b) are clearly asymmetric Fano
resonances. The fits from the previous section yield Fano asymmetry
parameters q = −1.4, q = −1.2 and q = −0.9 for the three reso-
nances shown. The Fano resonances decrease when the temperature
is increased and totally vanish at T = 1 K. The background conduc-
tance is still present at T = 1 K and does not seem to be substantially
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influenced. Increasing the temperature broadens the Fano resonances,
so that in a simple model one could consider the negative edge of one
resonance to cancel the nearby positive edge of the next resonance.
This together with a decrease in amplitude explains the vanishing of
the resonances at high temperatures. The Fano parameter q, however,
does not depend on temperature.

In the nonlinear conductance measurements from Figure 6.7(a) we
observe Coulomb diamonds. In contrast to the ordinary Coulomb block-
ade regime, the edges of the diamonds are not marked by peaks of high
conductance but by a high-low conductance combination in agreement
with the linear conductance lineshape. Additional high-low conduc-
tance features, e. g. the one highlighted by the thin white line, are
attributed to tunnelling through excited states (section 2.3.4). The
marked feature is about 2 mV in gate voltage apart from the edge of
the Coulomb diamond, from which we estimate an excitation energy
of ∆ε ∼ 100 µeV consistent with the discussion in section 4.3.3.

The standard analysis for Coulomb diamonds following chapter 4.3
yields the following results: From the width of the Coulomb diamonds
in VSD, a charging energy of U ≈ ∆VSD/(2e) ≈ 0.3 ± 0.05 meV and
a total capacitance of CΣ,SD ≈ 535 aF is extracted. The slopes in the
Coulomb diamonds are roughly mS = ∆VG/∆VSD ≈ 17±2 and mD ≈
18 ± 2, leading to a lever arm of αG ≈ 0.029 and a total capacitance
of CΣ,α ≈ 550 aF. Both results for the total capacitance are in good
agreement. This analysis is summarized in Table 6.1 on page 119.

Region (2): Anti-resonances with q = 0

Between plunger gate voltages of VG = −0.62 V and −0.056 V we ob-
serve clear, fairly symmetric Fano anti-resonances (Figure 6.8). They
correspond to a Fano asymmetry parameter of q = 0 as confirmed by
the fits from the previous section from which we get −0.2 < q < 0.2
for all resonances shown. The temperature dependence is similar to re-
gion (1): The resonance dips become wider and decrease in amplitude
when the temperature is increased. At T = 1 K the dip structure has
almost vanished. From Coulomb blockade it is known that the valley
conductance increases with increasing temperature, in particular if the
peaks overlap. The valleys from the Coulomb regime correspond to
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Figure 6.8: In region (2), between VG = −0.62 V and −0.56 V we ob-
serve symmetric Fano-dips with q = 0 superimposed on a nearly level
background conductance: (a) Grey scale plot of the differential con-
ductance, showing Coulomb anti-diamonds highlighted by black lines.
(b) Linear (VSD = 0) conductance in the corresponding plunger gate
voltage range for the same temperatures as in Figure 6.7(b). Clear
anti-resonances vanishing with increasing temperature are found.

the maxima between the dips observed here. These maxima decrease
with rising temperature which is attributed to the fact that we observe
anti-resonances instead of resonances. The valley amplitude in the res-
onant channel increases when increasing T which results in an effec-
tively decreased transmission after interference with the non-resonant
background channel.

The nonlinear conductance measurement in Figure 6.8(a) looks sim-
ilar to the results from the regular Coulomb blockade regime with the
Coulomb diamonds inverted. We do not observe Coulomb diamonds
but anti-diamonds. We have summarized the parameters extracted
from these measurements in Table 6.1 on page 119.

Region (3): Asymmetric resonances with q > 0

The region VG = −0.55 V up to −0.52 V investigated in Figure 6.9 is
similar to region (1) (VG = −0.68 V – −0.65 V) except for an opposite
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Figure 6.9: Asymmetric Fano resonances with q > 0 are found for
plunger gate voltages from VG = −0.55 V to −0.52 V in region (3):
(a) Grey scale plot of differential conductance with Coulomb diamonds
highlighted by white lines. (b) Linear (VSD = 0) conductance for the
same temperatures as in Figure 6.7(b).

symmetry of the Fano resonances. The fits yield q = 1.2 for both
resonances shown here. Although the Coulomb diamonds are less clear
than in the previous regions, we have extracted the relevant parameters
which are presented in Table 6.1 on page 119 again.

Discussion of the “Coulomb diamonds” in the three Fano regions

The parameters extracted from the Coulomb diamonds in regions (1)-
(3) are summarized and compared to the results for the Coulomb
blockade regime in Table 6.1. Within the considerable measurement
error, all results for the Fano regime agree. But compared to the
Coulomb regime, the total capacitance in the Fano regions has dou-
bled. This is attributed to an increased dot diameter and to decreased
tunnelling barriers at higher plunger gate voltages (VG ∼ −0.6 V vs.
VG ∼ −1.15 V). The latter increase source- and drain capacitances and
thus the total capacitance, CΣ = CS + CD + . . ..

The diamond-shaped structures in the nonlinear conductance mea-
surements are in good agreement with the two-channel model of Fano
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6.2 Measurements on a quantum dot in the Fano regime

from ∆VSD from slopes
U (meV) CΣ,SD (aF) αG CΣ,α (aF)

Region 1 (q < 0) 0.3 535 0.029 550
Region 2 (q = 0) 0.3 535 0.027 590
Region 3 (q > 0) 0.3 535 0.024 670
regular CB 0.6 270 0.045 270

Table 6.1: Parameters extracted from the “Coulomb diamonds” in
the three Fano regions from Figure 6.5 in comparison to the regu-
lar Coulomb-blockade regime at VG ∼ −1.15 V. The results for the
Coulomb regime are taken from Table 4.1 on page 62.

resonances in SETs introduced in section 6.1.3. They demonstrate
that the Fano resonances depend on VSD and VG in the same way
as Coulomb resonances: The non-resonant background conductance
channel is not considerably influenced by a finite source-drain voltage
VSD. The resonant channel, however, is from Coulomb resonances and
thus strongly depends on VSD. Coulomb resonances exhibit a similar
diamond pattern in nonlinear conductance (chapter 4.3). By the in-
terference of both channels the resonance lineshape is changed from
Coulomb to Fano, but the positions of the resonances in VSD and VG

remain unaffected. Hence, instead of diamonds formed by peaks we
observe diamonds which are formed by asymmetric structures or most
strikingly “anti”-diamonds.

In the discussion on Kondo physics at finite source-drain voltages on
page 91 we found that the singlet states between electrons on the quan-
tum dot and in the leads are destroyed by bias voltages of a few hundred
microvolt due to decoherence. In interference phenomena like the Fano
resonances discussed here coherence is also an issue. An increased deco-
herence would result in the interference to be destroyed. Then equation
6.13 instead of 6.12 increasingly governs the total conductance. The
Fano resonances would gradually develop into Coulomb resonances su-
perimposed on the non-resonant background conductance.

We do not observe decoherence with increasing bias voltage, our
system is robust in this respect. This is in contrast to the results of
Kobayashi and coworkers who investigated Fano resonances in a quan-
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tum dot embedded into one arm of an Aharonov-Bohm ring [120]. With
a ring circumference of L ∼ 4 µm their system is rather large compared
to an electron mean free path of le ∼ 8 µm in their heterostructure
which imposes a lower limit on the phase coherence length at low tem-
perature. A small bias voltage in their experiment is sufficient to de-
stroy the coherence between the two Fano channels. With an electronic
quantum dot diameter of L ∼ 250 nm our system is much smaller than
theirs. In addition the mean free path of le ∼ 13 µm is slightly larger in
our heterostructure. The larger ratio of the dimensions of our system
to the mean free path explains the increased robustness with respect
to VSD in our experiment.

Discussion of the temperature dependencies

The Fano resonances in our experiment vanish with increasing tem-
perature while the background conductance remains essentially unaf-
fected. This indicates a strong temperature dependence of the resonant
transmission channel, while the background transmission depends only
little on temperature.

We have determined the amplitude and width of an anti-resonance in
region (2) at VG = −0.598 V. Figure 6.10(a) shows fits of equation 6.5
to the anti-resonance for various temperatures between T = 70 mK and
500 mK. For higher temperatures the overlap with neighboring anti-
resonances becomes too strong for a fit to a single anti-resonance to
make sense. In the fits we assumed a constant non-resonant background
transmission of a2

nr = AExp +BExp = 1.75 e2/h.
As illustrated by Figure 6.10(b), the lineshape parameter q indeed

remains unaffected by a change in temperature as already realized ear-
lier. In analogy to the discussion on nonlinear conductance we conclude
that temperatures of T ∼ 0.5 K do not introduce decoherence between
the two Fano channels. A loss of coherence would lead to a transition
from Fano to Coulomb lineshapes. Kobayashi and coworkers observed
such a transition at T ∼ 0.2 K in their larger structure. Hence with
respect to decoherence our small Fano system is more robust not only
against finite bias voltages (previous section) but also against an in-
crease in temperature.

We have also analyzed the width (FWHM) of the anti-resonance as a
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Figure 6.10: (a) Fits to a Fano anti-resonance for temperatures be-
tween T = 70 mK and 500 mK. (b) Fano asymmetry parameter q
versus temperature extracted from the fits.

function of temperature in analogy to the classical analysis of Coulomb
resonances in chapter 4.2. In Figure 6.11(a) we present the linewidths
extracted from the fits in Figure 6.10. The linear dependence of the
squared FWHM on T 2 is in agreement with the Coulomb regime and
thus confirms that the resonant channel is from Coulomb blockade.
From the slope in Figure 6.11(b) we extract a lever arm of α ≈ 0.015
in rough agreement with the result from the nonlinear conductance
measurements.

We have extracted the parameters of the two-channel model from
the fits in the same way as in section 6.2.2. Here we are interested in
the temperature dependence of the resonant channel. Figure 6.11(b)
shows its transmission probability which apart from saturation at low
and high temperatures decreases logarithmically with increasing tem-
perature. To confirm this result, we have also determined the ampli-
tudes of the anti-resonances with respect to the background, ∆G =
GPeak − GV alley. Compared to our four-parameter fits, this analysis
is more simple and reliable. It could be employed for temperatures of
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Figure 6.11: (a) Amplitude of the resonant channel in the two-channel
model as a function of logarithmic temperature extracted from the fits
in Figure 6.10. (b) Quadratic peak widths (FWHM) from the fits versus
quadratic temperature. For both graphs, the data becomes unreliable
at high temperatures as marked by the arrows because of the beginning
overlap of the peaks in the resonant channel.

up to T = 1 K. Results for four anti-resonances and a Coulomb-like
resonances at still higher coupling for comparison are shown in Figure
6.12. The qualitative characteristics of resonance and anti-resonances
are the same and agree with the result from the fit. As for the fit, the
high temperature results have to be interpreted with caution because
of the overlap of neighboring peaks.

Göres et al. in Reference [20] speculated about an influence of Kondo
physics in their Fano experiment because of the logarithmic temper-
ature dependence of ∆G. Although we observe a similar temperature
dependence in our experiment we cannot confirm their speculations
because of the strong overlap of our resonances. This is clarified in the
inset in Figure 6.12 which shows a calculation of ∆G for a quantum dot
in the finite temperature regime (chapter 2.4) considering the overlap
of neighbor Coulomb resonances. The dotted curve illustrates a satu-
ration at low temperatures due to reaching the low temperature limes
(see again chapter 2.4). The result qualitatively agrees with our data
without considering a Kondo effect. Overlapping Coulomb resonances
in the non-resonant channel are sufficient to explain our results.
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Figure 6.12: Modulation amplitudes ∆G = GPeak−GV alley of several
resonances as a function of temperature T . The amplitude of Fano anti-
resonances is shown in black, the grey trace corresponds to a Coulomb-
like resonance at even stronger coupling for comparison. The respective
plunger gate voltages VG are listed in the legend. Inset: Qualitative con-
ductance modulation amplitude for Coulomb resonances in the finite
temperature regime from chapter 2.4 as a function of temperature. The
dotted curve sketches the saturation at low temperatures.

We conclude that for temperatures of up to 1 K no decoherence
is introduced. We have confirmed our two-channel model of a tem-
perature dependent Coulomb-like resonant channel interfering with a
temperature independent non-resonant channel.

6.2.4 Tuning Fano resonances in small magnetic fields

In this section we investigate the influence of a perpendicular magnetic
field B on the Fano resonances. If the Fano channels are arranged in
such a way that the magnetic flux penetrates an area between the
channels, a magnetic field will affect the phase shift between these
paths and thus change the interference pattern. This is in analogy
to the Aharonov-Bohm effect [119, 31] and is manifested in a modified
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Figure 6.13: Linear conductance G in region (2) as a function of gate
voltage VG for magnetic fields between B = 0 T and 100 mT in steps
of 10 mT. The gate voltage range of region (2) with symmetric Fano
anti-resonances is shown.

Fano asymmetry parameter q. E. g., for a variation of the non-resonant
phase ϕnr from 0 to π, q changes from ∞ to 0 and resonances become
anti-resonances. For intermediate phase shifts the lineshapes become
asymmetric. This lineshape variation is periodic with a periodicity ∆B.
Considering a circular area with radius r between the channels, the
oscillation period is

∆B =
φ0

πr2
. (6.20)

φ0 = h/e is the magnetic flux quantum. In classical Aharonov-Bohm
experiments with ring structures the ring diameter can be determined
from the oscillation period. We analyze our data in this context.

In Figure 6.13 we present measurements of Fano anti-resonances in
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Figure 6.14: Grey scale plot of the linear conductance as a function of
magnetic field B and gate voltage VG. The regions (1)–(3) from Figure
6.5 are marked.

region (2) for magnetic fields up to 0.1 T. The gate voltage position of
the anti-resonances slightly varies with increasing B, but the general
lineshape and thus q remains unaffected up to 60 mT. Then the anti-
resonances vanish, and finally at 100 mT a new sequence of peaks
emerges. We cannot clearly distinguish whether these new structures
consist of resonances or anti-resonances.

Considering ∆B = 60 mT as a lower bound for one quarter os-
cillation period, i. e. ∆ϕnr = π/2, we determine d = 150 nm as an
upper bound for the diameter of the area enclosed by the two chan-
nels. ∆ϕnr = π/2 corresponds to a transition of symmetric Fano reso-
nances to asymmetric ones, e. g. from q = 0 to q = 1. Thus this phase
shift would be clearly visible. Because the diameter of d = 150 nm
we determine is smaller than the approximate electronic dot diameter
of del = 250 nm (chapter 3) we rule out that the non-resonant back-
ground channel somehow circumvents the dot. A circumvention of the
dot would result in a greater area enclosed by the two channels. This re-
sult of a small Fano system is in agreement with its robustness against
decoherence which also suggests a very compact and small system.

The variation of the anti-resonance positions in gate voltage inhibits

125



6 Fano regime

to clearly follow a resonance as function of magnetic field. Such a vari-
ation of a peak position is already known from chapter 4.4.2 for high
magnetic fields. The mechanism behind this phenomenon is related
to the internal electronic structure of a quantum dot in a magnetic
field. Figure 6.14 shows these shifts for a larger range of gate voltage
and magnetic field. The shifts are rather complicated, in the Coulomb
as well as in the Fano regime. Their observation in the Fano regime
confirms our identification of the resonant conductance channel with
Coulomb oscillations in the SET. Unfortunately they also prevent to
clearly examine the evolution of the phase shift between the Fano chan-
nels reflected in q.

6.3 Background transmission channel

So far we have understood our Fano system quite well and have shown
that the resonant channel exhibits all the features typical of Coulomb
blockade in a SET. The non-resonant background transmission chan-
nel, however, remains puzzling. In this section we present some model
calculations considering different evolutions of the complex background
transmission to demonstrate its influence on the Fano resonances. Fur-
thermore, we discuss possible origins of the background transmission
channel.

6.3.1 Model calculations of Fano resonances

Based on the model introduced in chapter 6.1.3, we have simulated
the transmission of a quantum dot in the Fano regime for two given
evolutions of the non-resonant background conductance. We have first
anticipated a background transmission amplitude and phase shift re-
sembling the results from section 6.2.2. Thereafter, we investigate a
continuous background amplitude and phase evolution, namely a wide
resonance which varies so slowly that it can be considered nearly con-
stant over each Coulomb resonance.
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6.3 Background transmission channel

Model (1) for a non-resonant background conductance

In this section we have chosen the background transmission to repro-
duce the results from section 6.2.2. Transmission amplitude and phase
shift of the background channel are shown in Figure 6.15(a). They
reflect the step-like behavior suggested in Figure 6.5(b). The transmis-
sion of the Coulomb channel, a series of uniform Coulomb resonances
with the respective phase evolution, is depicted in Figure 6.15(b). Ac-
cording to Reference [122] the phase varies from ϕr = −π/2 to π/2
for each Coulomb resonance with a phase lapse of π in between. From
these components we have calculated the total transmission amplitude
including interference according to equation 6.12. The result is shown
in Figure 6.15(c).

In the total transmission amplitude at each Coulomb-resonance po-
sition a Fano resonance is observed. For a background phase shift of
ϕnr = 0 or equivalently 2π and Tnr = 0.5 we observe Breit-Wigner-
type Coulomb resonances. At higher energies, for ϕnr = 3π/2 and
Tnr = 1, we find asymmetric Fano resonances with q < 0. ϕnr = π and
Tnr = 2 lead to anti-resonances (q = 0) and ϕnr = π/2 and Tnr = 1
to asymmetric Fano resonances with q > 0. Finally, for ϕnr = 0 and
Tnr = 0 we get symmetric Coulomb resonances again. Thus the cal-
culation reproduces the lineshapes observed in the experiment. In this
way we explain the variation of the Fano parameter q with the evolu-
tion of the background transmission Tnr and phase shift ϕnr.

Model (2) for a non-resonant background conductance

As an alternative to the calculation from the previous section we have
considered a non-resonant background conductance resembling a broad
resonance. This model is no contradiction in itself because the reso-
nance in the background channel varies slowly enough to be consid-
ered constant (and thus non-resonant) over each comparably narrow
Coulomb resonance. The smooth evolution of the background channel
might be feasible considering the alternative, smooth variation of q in
Figure 6.5(b).

Figure 6.16 shows the results of our calculation in analogy to Figure
6.15. The resonant channel is the same as in the previous section, but
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Figure 6.15: Model calculation (1) of Fano resonances and anti-
resonances with a background transmission resembling the results from
Figure 6.6. (a) shows transmission amplitude and phase of the non-
resonant background channel, (b) of the resonant channel, and (c)
the resulting total transmission probability proportional to the con-
ductance. In (c), the background transmission amplitude from (a) is
shown in grey for comparison.
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Figure 6.16: Model calculation (2) of Fano resonances and anti-
resonances similar to Figure 6.15 but considering a wide resonance in
the background transmission. (a) Transmission amplitude and phase
of the background channel, (b) the same for the resonant channel, (c)
resulting total transmission probability.
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6 Fano regime

the (virtually) non-resonant background channel exhibits an extremely
broad resonance. Its phase is assumed to vary from ϕnr = 3π/4 to π/2.
These parameters reproduce the correct overall variation of the Fano
lineshapes in the total transmission with Fano parameters of q < 0,
q = 0 and q > 0. The details of the experimental data in Figure 6.5,
however, are better reproduced by the background transmission used
in calculation (1), although the model considered here seems more
natural and appealing.

Influence of Kondo-type resonances instead of Coulomb
resonances in the resonant channel

In the above calculations, we have considered Coulomb-type resonances
in the resonant channel. Since the quantum dot under study in this
chapter also shows a Kondo effect (chapter 5), we will briefly con-
sider how this would influence the total transmission lineshape. In the
Kondo regime, the transmission of the resonant channel changes from
Coulomb to Kondo type with a different amplitude and phase evolu-
tion [128, 123, 124]. In the unitary limit the phase evolves linearly from
−π/2 to π/2 when a Kondo resonance including both former Coulomb
peaks is crossed. Interference with a non-resonant transmission chan-
nel leads to characteristic Fano-Kondo resonances predicted by Hof-
stetter et al. [129]. Fano-Kondo resonances are wider than Coulomb-
deduced Fano resonances as a Kondo resonance extends over a com-
plete Coulomb valley. As they are related to a Kondo effect, they also
strongly depend on temperature and collapse when reaching TK . Fano-
Kondo resonances become most clearly visible when the unitary limit
is reached, a condition by far not reached in the Kondo effect in our
dot. Since our two-channel model deduced from Coulomb-blockade de-
scribes the experimental resonance lineshape very well and because of
the lack of a strong temperature dependence, we believe that a Kondo
effect cannot play a major role in our Fano experiment.

6.3.2 Origin of the non-resonant transmission channel

The puzzle about the exact origin of the non-resonant background
transmission channel in our experiment has not yet been solved. Here
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6.3 Background transmission channel

we discuss conceivable scenarios:

Channels bypassing the dot in the plane of the 2DES

From lithography there is no second conductance channel circumvent-
ing the dot in the plane of the 2DES. Considering the transport mea-
surements in a perpendicular magnetic field from section 6.2.4, this
scenario becomes even more unlikely as we found that the dimensions
of our Fano system in the plane of the 2DES are very small, d ≤ 150 nm.
Thus we can rule out a second path that circumvents the dot.

Dot split into two smaller droplets

It is not unlikely that quantum dots split into several smaller droplets
due to the potential created by nearby donors or impurities. This is dis-
cussed for example in Reference [55]. However, the clear measurements
from chapters 4 and 5 evidence that our structure is very clean. The
Fano regime discussed in this chapter is observed at even higher gate
voltages than the previous Coulomb and Kondo regimes. Therefore the
influence of impurities at the bottom of the dot potential should be de-
creased. Furthermore, the increased number of electrons at higher gate
voltages improves screening. Thus we also exclude a splitting of the
dot into smaller droplets due to impurities.

Cotunnelling

Due to the high plunger gate voltages employed in the Fano regime
the tunnel barriers are comparably low in this regime. This effect in-
creases the probability of cotunnelling which could be a likely origin of
a second transmission channel. In the cotunnelling regime, however, an
increased temperature is expected to further increase cotunnelling in
contrast to our experimental findings. In addition, at VG ∼ −0.45 V we
observe regular Coulomb resonances with a low background conduc-
tance indicating only a small cotunnelling contribution, if any (Figure
6.4 on page 111). This gate voltage is more positive than those applied
in the Fano regime, thus if cotunnelling plays a role it is expected to
increase and not to decrease. Cotunnelling is not a likely origin of the
non-resonant transmission channel.
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6 Fano regime

Second subband in the 2DES

The properties of the heterostructure from which the sample was fabri-
cated could also influence the formation of a non-resonant conductance
channel. In the triangular potential well in the z-direction of our het-
erostructure only the ground state is expected to be occupied (chapter
3.1 and appendix C), i. e. one two-dimensional subband in the 2DES is
occupied. But at sufficiently high electron densities occupation also of
the second subband of the heterostructure starts. This could provide a
second channel through the quantum dot. As the electronic wave func-
tions for the second subband are centered deeper in the heterostructure
and therefore farther away from the charged top gate electrodes this
channel could be non-resonant. Screening from electrons in the above
first subband is another effect flattening the potential created by the
top gates and making the channel in the second subband less resonant.
However, for the Fano resonances to emerge the electronic wave func-
tions must split between the two subbands at the first tunnel barrier
and join again at the second one. It is not clear how this splitting
works.

To clarify whether a second subband might be occupied in our het-
erostructure we have simulated its band structure for various gate volt-
ages Vgate. Details on the simulation are found in appendix C. Figure
6.17 shows that not only the electron density ne but also the occupation
of the second subband is varied as a function of Vgate. In the simulation,
at Vgate = −0.14 V the energy E2 of the second subband crosses the
Fermi level EF . This is where its occupation starts for increasing Vgate.
Due to unknown concentrations of dopants and background impurities
the simulation is not completely reliable. In particular, we cannot de-
duce the exact gate voltage for the population of the second subband
in the experiment. It is possible that the second subband comes into
play at just the plunger gate voltages where the Fano resonances set
in.

We have also employed Hall and Shubnikov-de Haas measurements
in which the electron density was increased by illumination and ap-
plication of positive backgate voltages. When the occupation of the
second subband starts this is visible in Hall density, mobility and the
emergence of a second Shubnikov-de Haas oscillation periodicity [130].
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Figure 6.17: Simulated band structures of our heterostructure show-
ing an occupation of the second subband as a function of the voltage
Vgate of a top gate electrode. (a) Conduction band offset EC (thick
lines), Fermi level EF = 0 (dotted line) and resulting electron densi-
ties ne (thin lines) for Vgate as indicated in the legend. (b) Energies
En of the nth subband versus Vgate with respect to the Fermi energy
EF = 0.

In our measurements we found some indications of a second subband
but no clear evidence [131].

Rapid ballistic traversal of the dot

Göres et al. proposed the non-resonant conductance channel in their
quantum dot to be related to electrons traversing the dot ballistically
[20]. Due to Heisenberg’s uncertainty relation ∆E∆t ≥ h, at a suffi-
ciently small charging energy a ballistic electron might rapidly traverse
the dot despite Coulomb blockade.

We check whether this model is a possible explanation for the second
channel in our dot: The charging energy in the Fano regime is U =
300 µeV (table 6.1 on page 119). With a bulk 2DES electron density
ne = 3.7 · 1015 m−2 we get a Fermi velocity of vF = ~

√
2πne/m

∗ =
2.5 ·105 m/s, and considering that the ballistic electrons have to travel
roughly the lithographic dot diameter of d = 380 nm (chapter 3.2) we
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Figure 6.18: Distances between successive resonances in plunger gate
voltage. The resonances are nearly equally spaced (thick black line)
except at the positions marked by the dashed lines. The original lin-
ear conductance data (grey) is shown for comparison with the Fano
lineshapes. Regions (1) to (3) are marked as in Figure 6.5.

get ∆E∆t = Ud/vF ≈ 0.1h. Because the real electron density in the
dot and thus vF is much smaller than in the bulk 2DES, we assume
∆E∆t ∼ h. Hence, it is possible for an electron to traverse our dot
irrespective of Coulomb blockade in the Fano regime. In the Kondo
and Coulomb regimes the charging energy is larger which keeps this
channel closed.

The properties of the non-resonant background conductance channel
reflected in q change at the borders of regions (1), (2) and (3). As illus-
trated in Figure 6.18, we observe a disturbed periodicity of the Fano
resonances which is a signature of a charge reconfiguration on the dot
at the left border of region (1), between regions (1) and (2), and at the
right border of region (3). A reconfiguration of the charge distribution
on the dot influences the potential landscape the rapid ballistic elec-
trons in the non-resonant channel have to cross. It thus explains the
jumps in the background transmission and in q between region (1)–(3)
shown in Figure 6.5. The closure of the second conductance channel at
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(a) (b) B = 60 mTB = 0

Figure 6.19: Trajectory of a rapid ballistic electron (a) at zero mag-
netic field and (b) at finite perpendicular magnetic field. Due to the
magnetic field the ballistic path is effectively blocked.

VG ∼ −0.5 V might be due to a charge reconfiguration blocking this
path through the dot completely. However, between regions (2) and
(3) there is a jump in the background transmission which cannot be
explained with a clear charge reconfiguration on the dot.

We do not expect any influence of temperatures T < 1 K on a ballis-
tic non-resonant channel based on this mechanism. This is consistent
with our experimental results where we did not observe any influence
of temperature on the non-resonant channel (chapter 6.2.3).

In a magnetic field the ballistic electron trajectory is bent. Electrons
traversing the dot on a straight trajectory at B = 0 are deflected at
finite B as illustrated in Figure 6.19. Instead of leaving the dot at the
exit tunnel barrier they are reflected by the neighboring walls of the
confinement potential. Thus they are multiply reflected within the dot.
Due to their extended stay in the dot they have to respect charging
energy which effectively blocks the non-resonant channel. In chapter
6.2.3 we identified a typical magnetic field scale of B ∼ 100 mT for
changes in the Fano resonance pattern. This corresponds to a cyclotron
radius of lcycl = ~kF /eB = 1 µm. So the magnetic field scale of changes
in the non-resonant transmission is roughly consistent with what is
expected for a ballistic electron in a dot with d = 380 nm. Illustration
6.19 resembles these dimensions.

To conclude, the model of a rapid ballistic traversal of the dot is
consistent with our data.
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6.4 Conclusions

We have studied Fano resonances in the conductance of our quantum
dot as a function of plunger gate voltage in the extremely strong cou-
pling regime. In contrast to previous works the resonances were stable
and reproducible over a large gate voltage range. We were able to con-
tinuously tune the system from the Coulomb regime of weak dot-lead
coupling and the Kondo regime of intermediate coupling to the Fano
regime of extremely strong coupling. We observed three different re-
gions in the Fano regime, each characterized by a unique lineshape
and Fano parameter q. The lineshapes vary from asymmetric reso-
nances (q ∼ −1) to symmetric anti-resonances (q = 0) and back to
asymmetric resonances (q ∼ 1). The Fano symmetry parameter q up
to T = 1 K is independent of temperature.

We explained the Fano resonances as an interference phenomenon
of two transmission channels through the dot, a resonant channel from
Coulomb blockade and a non-resonant one. We developed a two-channel
model which was employed in the quantitative analysis of our data to
verify that the resonant channel is from Coulomb blockade and to re-
veal information on the non-resonant conductance channel.

Interestingly, our Fano system is quite stable with respect to decoher-
ence introduced by a finite bias voltage or by an increased temperature.
We attribute the vanishing of the Fano resonances at further increased
temperatures to broadening of the Coulomb resonances in the resonant
channel alone and not to a reduced interference due to decoherence.
This stability is strikingly demonstrated in the Fano anti-diamonds,
inverted Coulomb diamonds observed in conductance measurements
versus VSD and VG. The stability of our system is a consequence of
the compactness of the Fano system with small spatial dimensions.
Measurements in a perpendicular magnetic field confirm this thesis.

We discuss and asses several explanations for the non-resonant chan-
nel and find two likely alternatives, namely the involvement of a sec-
ond subband in the heterostructure and a rapid ballistic channel not
respecting charging energy. The latter could be a consequence of the
reduced charging energy of the dot in the extremely strong coupled
regime.
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This thesis covers three regimes of electronic transport through quan-
tum dots. The regimes are distinguished by the coupling of the dot
to the leads, and although each regime exhibits its own characteristic
physics we can continuously tune our dots between them.

All experiments are based on single-electron tunnelling transistors
(SETs) fabricated by a combination of optical and electron-beam lithog-
raphy from a GaAs/AlGaAs heterostructure. The heterostructure forms
a two-dimensional electron system 57 nm below the surface. By appli-
cation of negative voltages to metallic split-gate electrodes atop the
heterostructure we create a zero-dimensional quantum dot that is tun-
nel coupled to the two-dimensional leads. Tunnel coupling, internal
energy levels, and the number of electrons confined in this device are
tuned by the variation of the gate voltages and a perpendicular mag-
netic field. The temperature provides an additional means to influence
this system.

In the weak coupling regime, transport in our SET is governed by
Coulomb blockade and the unperturbed electronic spectrum of the dot.
We determine the relevant parameters of our sample by temperature
dependent and nonlinear conductance measurements in this well un-
derstood regime. We find a number of electrons confined on the quan-
tum dot of N ≈ 150. This number is varied by ∆N = 75 by tuning
the plunger gate voltage. Emphasis is put on magneto-transport spec-
troscopy in high magnetic fields where the electrons in the dot are
organized in Landau levels. After isolating the influence of the emitter
Fermi level on the magneto-conductance we determine the filling fac-
tor of the dot. We observe a redistribution of charges between Landau
levels on the dot as a function of magnetic field. For certain fields, the
emitter effectively becomes spin polarized leading to spin-blockade in
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transport through the dot. After reaching filling factor one in the dot
at high magnetic fields, the redistribution of charge between Landau
levels stops and we observe infrequent transitions between maximum
and lower density droplet states.

At strong coupling between dot and leads the Kondo effect and hence
correlations between dot and lead electrons dominate transport. At
zero magnetic field, we have thoroughly characterized this Kondo ef-
fect and found out that it extends over many subsequent Coulomb
valleys, showing that electron spins in our dot are aligned accord-
ing to Hund’s rule. We have found the Kondo effect to be modulated
in magneto-transport measurements similar to those in the Coulomb
regime. Particularly between filling factor 3 and 4 this leads to an ex-
tremely regular, chessboard-like magneto-conductance which is mod-
ulated by the addition of single magnetic flux quanta. In contrast to
previous studies, we observe Kondo physics in the high- as well as in
the low-conductance tiles of the chessboard-like magneto-conductance
with a modulation given only by the splitting of the Kondo peaks. The
transitions are rather abrupt. The structure of the Kondo effect is in
this regime more complicated than expected for a single electron with
spin 1/2, demonstrating that the electronic state of the dot is governed
by many-particle correlations.

The modulated Kondo effect is suppressed when the emitter becomes
spin polarized. By linking spin blockade to the coincident suppression
of the Kondo effect we prove for the first time that the Kondo effect is
a spin phenomenon relying on the presence of both spin orientations
in the emitter.

Finally, we have shown that a SET may exhibit tunable Fano reso-
nances at further enhanced coupling. In our sample these resonances
were exceptionally stable and reproducible which enabled their thor-
ough investigation. We interpret our Fano resonances in a simple two-
channel model as an interference phenomenon between a resonant
channel and an alternative, non-resonant conductance channel. We
quantitatively analyze the properties of both channels as functions of
temperature, magnetic field, plunger gate and bias voltage. The reso-
nant channel comes from Coulomb blockade and exhibits typical char-
acteristics, most strikingly Coulomb diamonds which are turned into
anti-diamonds by tuning the second channel. We propose two possible
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origins for the non-resonant channel, namely a second subband in the
2DES and a rapid ballistic traversal of the dot irrespective of charg-
ing energy due to Heisenberg’s uncertainty principle. Transmission and
phase of the non-resonant channel as functions of plunger gate voltage
evolve in a non-continuous, step-like manner, pointing to reconfigu-
rations of the charge distribution on the dot as a likely cause. They
are not influenced by the other parameters. Our Fano system is very
small as the phase of the background channel is not affected by a small
magnetic field. This is confirmed by the robustness of the system with
respect to decoherence introduced by a finite source-drain voltage or
an increased temperature T ≤ 1 K.

The observation of Coulomb, Kondo and Fano regimes in a single
device demonstrates the wide and continuous tunability of split-gate
SETs. This has allowed to control and study a correlated, mesoscopic
many-electron system. After being the objective of active research for
several years, in the future the Kondo effect might increasingly become
a tool to gain further insight into the structure of such systems. The
Fano regime of SETs has been neglected for a long time but might
open new opportunities to study the transmission phase of electronic
wave functions in addition to the established amplitude measurements.
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Symbols

α, αi lever arm (for gate i)
A area
~A magnetic vector potential, B = ~∇× ~A
ar, anr transmission amplitudes of the resonant quantum

dot and the non-resonant background channel
Ar, Anr squared transmission amplitudes of the resonant

quantum dot and the non-resonant background chan-
nel

AExp Fano fit parameter, fExp = AExp · fFano +BExp

B, ~B magnetic field, in this thesis always applied perpen-
dicular to the sample

BExp Fano fit parameter, fExp = AExp · fFano +BExp

C capacitance
CΣ total capacitance of a quantum dot
ε0 dielectrics constant
εr relative dielectrics constant, in GaAs εr = 12.4
ε, E energy
ε0 resonance energy
εi energy for electronic dot level i due to quantum me-

chanical confinement
εn electronic energy level in a magnetic field with Lan-

dau level index n
δε detuning from resonance, δε = ε− ε0
ε̃ normalized detuning from resonance, ε̃ = δε/(Γ/2)

141



A Symbols and notations

∆εi spacing of electronic dot energy levels i and i + 1,
εi+1 − εi

∆ε constant spacing of electronic dot energy levels
e elementary charge
EF Fermi energy
En energy of the nth subband in the heterostructure
EN total energy of a quantum dot containingN electrons
fBW Breit-Wigner function, fBW (ε̃) = 1/(ε̃2 + 1)
fExp function used to fit Fano resonances, fExp = AExp ·

fFano +BExp

fFano Fano function, fFano(ε̃) = (ε̃+ q)2/(ε̃2 + 1)
Γ intrinsic resonance linewidth
g, gGaAs Landé g-Factor, in GaAs gGaAs = −0.44
gS degeneracy due to spin
G source-drain conductance at zero bias (VSD = 0)
G degeneracy
h, ~ Planck constant, ~ = h/2π
H Hamiltonian
I current
kB Boltzmann constant
kF Fermi wave vector, in a 2DES kF =

√
2πne

λF Fermi wavelength, λF = 2π/kF

lB magnetic length, lB =
√

~/eB
lcycl cyclotron radius, lcycl = ~kF /eB
le electron mean free path
µe electron mobility of the 2DES
µB Bohr’s magneton
µN chemical potential of a N -electron quantum dot
µS , µD chemical potentials in source and drain reservoirs
m orbital quantum number
me mass of an electron
m∗, mGaAs effective mass of an electron, in GaAs mGaAs =

0.067me

ν filling factor ν = ne/nL

n Landau level index (neglecting Zeeman energy)
N number of electrons on a quantum dot
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ne electron density of a 2DES
nL degeneracy of a Landau level, nL = gS · eB/h
φ0 magnetic flux quantum, φ0 = h/e
ϕr, ϕnr phase shifts of the resonant dot and the non-resonant

background transmission channels
Ψ, ψ,Φ, ϕ wave functions
~p momentum
q parameter characterizing Fano lineshapes
Q charge
ρ density of state
ρe resistivity
~r position vector
R ohmic resistance
~S, S spin
Sz z-component of a spin S
T sample temperature
TK Kondo temperature
tr, tnr complex transmission amplitudes of the resonant

quantum dot and the non-resonant background chan-
nel

Tr, Tnr transmission probabilities of the quantum dot and
the non-resonant background channel

Ttot total transmission probability
U charging energy of a quantum dot
V voltage
Vee electron-electron interaction potential
Vext external confinement potential
vF velocity of electrons at the Fermi level, vF = ~kF /m

∗

ωc cyclotron frequency, ωc = eB/m∗

Notations

2DES two-dimensional electron system
AC alternating current
BG backgate electrode (metalized chip carrier at the

back of the sample substrate)
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D drain contact (collector)
DAC digital to analog converter
DC direct current
G plunger gate electrode
h.c. hermitian conjugate
Im(c) imaginary part of the complex number c
LDD lower density droplet
LDOS local density of states
MBE molecular beam epitaxy
MDD maximum density droplet
PMMA polymethylmetacrylat (chemical used as e-beam re-

sist)
QD quantum dot
QHE quantum Hall effect
Re(c) real part of the complex number c
S source contact (emitter)
SD source-drain, e. g. in VSD, ISD, ...
SEM scanning electron microscope
SET single-electron transistor

144



B Sample fabrication and
handling

In this appendix the preparation of the samples used in the experiments
is described. “Recipes” are given for the most crucial lithography steps
as well as some instructions for handling the delicate structures. This
section is meant to help in the preparation of similar samples. It shall
not replace a general introduction into micro- and nanolithography
found e. g. in [45, 46].

Starting point for the fabrication of the samples is a GaAs/AlGaAs
heterostructure forming a 2DES below the surface. After cutting the
wafer into smaller chips of preferably 4 mm by 4 mm, Hall bars are

(a) (b)

1 mm 1 mm

Figure B.1: Mask used for the optical lithography steps, namely (a)
evaporation of ohmic contacts and (b) mesa etching. The actual mask
contains arrays of 10 by 10 structures which allows to fabricate a large
number of structures onto a single chip.
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(a) (b)

Alignment

Marker

optical

Alignment

819.2 µm 81.92 µm

Figure B.2: Patterns used for electron beam lithography: (a) markers
and wiring, (b) gates. In (a), some ohmic contacts from the optical
lithography are shown for a better orientation. In the inset in (b),
different shades of grey represent different exposure doses.

patterned onto these in two optical lithography steps. In the first step,
Au/Ge/Ni ohmic contacts are fabricated in a lift-off process using the
mask from Figure B.1(a). In the second step the mask from Figure
B.1(b) is used for mesa etching. The gate structures are patterned
using two electron beam lithography steps which are now explained in
more detail.

B.1 Electron beam lithography

For electron beam lithography [46, 47] a LEO 1530 SEM with an El-
phy deflection unit was used. As for connecting the bond pads with the
actual finger gates a great difference in dimensions has to be overcome,
two electron beam lithography steps are employed. The first step is car-
ried out in a SEM writing field of 819.2 µm x 819.2 µm and aligned to
the edges of the outer ohmic contacts fabricated in the optical lithog-
raphy. In this step, wires from the bond pads reaching a few µm onto
the Hall bar are produced. Markers to allow the critical alignment of
the second lithography step are also written. The extremely small split
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(b)

200 µm 20 µm

(a)

Figure B.3: SEM overview of the sample at magnifications (a) 180x
and (b) 2000x. Bond pads and -wires, the Hall bar structure with its
ohmic contacts, and gate electrodes are visible.

gate structures on the Hall bar are fabricated in a separate lithography
step as the resolution of the SEM is not sufficient to write small struc-
tures at the low magnification of the large writing field. Additionally,
a thinner metallization is needed for the smaller structures. The split
gates are written using a 81.92 µm x 81.92 µm SEM writing field. Both
lithography patterns are displayed in Figure B.2. In particular in the
pattern for the split gates the proximity effect [46] has to be considered
and the exposure dose has to be varied accordingly over the structure.

A detailed listing for the electron beam lithography processing fol-
lows:

1. Coarse structure: marker and wiring

Cleaning: Clean the chip with acetone/propanol if necessary.
Coating: Spin coat the sample for 60 s with CoPo resist at 4000

RPM and bake for 10 min at 185 ◦C. Add a second layer of
2% PMMA 950K using the same procedure.

Exposure: Write the pattern from Figure B.2(a) using a working
field of 819.2 µm x 819.2 µm and the according magnifica-
tion. An acceleration voltage of 30 kV and a large aperture
of 60 µm resulting in a beam current of 1 nA was used.
All adjustments were optimized for a working distance of
4.0 mm. A useful beam step size for these parameters was
50 nm.
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Development: Standard development in methyl isobuthyl ke-
tone : propanol in a ratio of 1 : 3 for 60 s, rinse with propanol,
and blow dry with nitrogen.

Evaporation: Evaporate 8 nm Cr for adhesion and 60 nm Au
onto the sample.

Lift-Off: Put the sample into an acetone bath for 5 min, then
remove the waste Au by directing an acetone jet from a
pipet onto the sample. Rinse the sample with acetone while
removing it from the bath, swiftly switch to propanol and
instantly dry clean with nitrogen.

2. Fine structure: gates

Cleaning: Clean the chip with acetone/propanol if necessary.
Coating: Spin coat the sample for 60 s at 4000 RPM with 2%

PMMA 200K and bake for 10 min at 185 ◦C. Add a second
layer of 2% PMMA 950K using the same procedure.

Exposure: Write the pattern from Figure B.2(b) using a working
field of 81.92 µm x 81.92 µm and the according magnifica-
tion. An acceleration voltage of 30 kV and the smallest aper-
ture of 7.5 µm resulting in a beam current of approximately
12 pA was applied. Again, a working distance of 4.0 mm
was used. A useful beam step size for these parameters was
5 nm in good relation to the dimensions of the pattern.

Development: Development is the same as in the previous lithog-
raphy step for the coarse structure.

Evaporation: Evaporate 6 nm Cr for adhesion and 30 nm Au
onto the sample. The layers are finer than in the previous
step to help with the lift-off.

Lift-Off: This step is crucial for the small structures fabricated
here. The sample is put into an acetone bath for at least 8
hours. Then the acetone bath is processed in an ultrasonic
bath for 2 minutes. Rinse the sample with acetone while re-
moving it from the acetone bath, swiftly switch to propanol
and instantly dry clean with nitrogen. This process step has
to be adjusted to produce the correct result.
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B.2 Mounting

Figure B.4: Sample glued and bonded into a chip-carrier pho-
tographed through a light microscope.

Figure B.3 shows the finished structures, illustrating the large dif-
ference in scale which has to be overcome. The fine structure of the
split gates is shown at a larger magnification in Figure 3.2 on page 33.

B.2 Mounting

The chips are split into smaller pieces containing some few samples
and glued into chip-carriers using conductive silver paint (Figure B.4).
The pads of one sample are then bonded to the carrier using 17.5 µm
gold wire. Starting with bonding, precautions against electrostatic dis-
charges have to be taken (see next section).

B.3 Sample handling

Although an experimental detail, the handling of samples containing
small metallic gate electrodes is a major challenge which may cause
great frustration. A bonded sample is very susceptible to electrostatic
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B Sample fabrication and handling

(a) (b)

2 µm 2 µm

Figure B.5: Sample destroyed by electrostatic discharge. (a) Due to
the discharge, in the centre of the structure all metallic gate electrodes
have been evaporated. Apparently there is a trench on the sample
surface along the path of the main discharge. (b) Magnification of (a)
as marked.

discharge which results in a destruction of the gate electrodes as il-
lustrated in Figure B.5. It is difficult to find out in which step such
a destruction occurs, particularly as problems are not always visible
under a light microscope, and not all samples seem to show the same
degree of sensitivity to discharges. These are the most important pre-
cautions taken:

1. All work is performed on a conducting, grounded cloth and wear-
ing an anti-static wrist strap.

2. The contacts connecting the 2DES are bonded first.

3. Bonded samples are stored on antistatic foam.

4. The cryostat itself and all lines to the chip-carrier holder are
grounded prior to mounting the sample and during the whole
process of cooling down.
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C Parameters of
heterostructure 1129

C.1 Characterization of the heterostructure

All samples discussed in this work are based on heterostructure 1129
grown by D. Reuter and A. D. Wieck at Ruhr-Universität Bochum. It
was characterized in (quantum) Hall measurements [44] at low tem-
perature of T = 350 mK. Hall and longitudinal resistance are shown
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Figure C.1: Quantum Hall effect in heterostructure 1129 with con-
ductance plateaus in the Hall resistance RHall and Shubnikov-de Haas
oscillations in the longitudinal resistance RSdH .
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C Parameters of heterostructure 1129

Material Thickness Doping concentration
GaAs:Si 10 nm 0.85 · 1018 cm−3

Al0.33Ga0.67As:Si 30 nm 0.85 · 1018 cm−3

Al0.33Ga0.67As 17 nm -
GaAs 600 nm -

Table C.1: Parameters for the self-consistent band structure calcula-
tion of heterostructure 1129.

in Figure C.1. We extract an electron density of ne = 3.7 · 1015 m−2

and a mobility of µe = 130 m2/Vs.

C.2 Self-consistent Poisson-Schrödinger band
structure calculation

The band structure of heterostructure 1129 was numerically calcu-
lated using a semi-classical Schrödinger-Poisson solver developed by
G. Snider at the University of Notre Dame [132, 133, 134]. This com-
puter program first solves the Poisson equation in one dimension for
a given layer sequence and a known doping profile. In heterostructure
1129 a triangular potential well forms in the resulting conduction band
profile. In this potential well the Schrödinger equation is solved in a
second step.

Although a full three-dimensional simultaneous solution of the Schrö-
dinger and Poisson equations considering even gate voltages would in
principle be feasible [135], such a calculation is beyond the scope of
this work for the extremely high computational effort and also for the
limited accuracy of the result. Uncertainties in the exact composition
of the sample considering every impurity atom lower the confidence
in such calculations. Therefore the semi-classical and one-dimensional
solution presented here is a good compromise between effort and at-
tainable accuracy.

The parameters for the calculation are given in table C.1. The exact
doping concentration is unknown when growing the heterostructure
and was adjusted to give the correct charge density of the 2DES known
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C.2 Self-consistent Poisson-Schrödinger band structure calculation
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Figure C.2: Heterostructure 1129: (a) Calculated valence and con-
duction band profiles EV and EC and charge density n. (b) The
Schrödinger equation was solved in the triangular well in the conduc-
tion band. Two bound states (grey) lie below the Fermi level EF and a
third one (also grey) above. The wave functions for the occupied states
are shown in black.

from the Hall measurements in C.1.
Figure C.2 shows the numerically determined band structure of het-

erostructure 1129. The 2DES is formed in the triangular potential well.
For the chosen parameters 2 subbands below the Fermi level are oc-
cupied. The occupation of the second subband depends critically on
the parameters of the calculation. From this calculation it is not sure
whether or not the second subband plays a role in transport, because
the exact shape of the triangular potential well and thus the energy of
the second subband is determined by the unknown background doping
concentration.
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C Parameters of heterostructure 1129
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D Additional data on sample
1129-8-7.3

In this appendix we report on additional data on sample 1129-8-7.3.
This data is from the same sample and cooldown as the measurements
presented chapters 4 and 5.

D.1 Coulomb peaks in high magnetic fields

We present additional data on Coulomb-peak positions and amplitudes
at very high magnetic fields in complement to the discussion on maxi-
mum density droplets (MDDs) in chapter 4.4.4. The plunger gate volt-
age is tuned to extremely high values of VG ∼ −0.5 V since only in this
regime the tunnel coupling is sufficiently strong to observe electronic
transport despite high magnetic fields.

Figure D.1 shows Coulomb-peak positions and amplitudes versus B
in continuation of Figure 4.18. We attribute the vanishing of regular
cusps at B ∼ 9.2 T to the formation of a MDD (νdot = 1) and the
following less frequent features to transitions to and between lower
density droplets (LDDs). In the vicinity of B = 11.5 T the conductance
of the quantum dot becomes too small to be distinguished from noise.

D.2 Transitions in the chessboard Kondo
conductance

In chapter 5.4.3 the conductance of a quantum dot in the Kondo regime
for dot filling factors νdot < 4 is analyzed. It resembles a chessboard
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D Additional data on sample 1129-8-7.3
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Figure D.1: Coulomb-peak positions and amplitudes versus B at ex-
tremely high magnetic fields. The grey scale plot shows the linear
conductance on a logarithmic scale from G = 0.03 e2/h (black) to
0.25 e2/h (white). The dotted line at B ∼ 9.2 T marks the forma-
tion of a maximum density droplet corresponding to νdot = 1. At still
higher magnetic fields we observe transitions to LDD states until in
the vicinity of B = 11.5 T the signal vanishes.
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D.2 Transitions in the chessboard Kondo conductance

Figure D.2: (next page) Analysis of the abruptness of the transition
between the two situations of a zero-bias and a split Kondo peak. Left:
Differential conductance. Right: Cuts along the VSD axis sampled every
1 mT and offset for clarity.

pattern if plotted versus B and VG in grey scale. In this appendix we
present additional data on the transitions between the high- and low-
conductance tiles in this regime, i. e. on the transitions between dot
ground states exhibiting single and split Kondo peaks.

In Figure D.2 the switching of the Kondo effect as a function of mag-
netic field is shown. The transition between single-peak and split-peak
Kondo effects is obviously very abrupt over a range of a few millitesla.
A variation of the splitting at the transition, e. g. a merging of the
two peaks, is not observed, although it cannot clearly be ruled out.
The single peak seems to vanish while simultaneously the split peaks
emerge and vice versa. On the analyzed magnetic field range the split-
ting of the Kondo peaks in low-conductance tiles is constant. Because
of the small magnetic field range a variation due to a changed Zeeman
energy would not be visible. The abruptness of the modulation shows
that two ground states exhibiting different Kondo effects alternate.

Figure D.3 shows the differential conductance as a function of mag-
netic field, both for zero bias voltage and at the positions of the split
Kondo peaks. For zero bias voltage the transition seems to be sharper
than for finite source-drain voltage. This could be due to an increased
dephasing at finite bias voltages. Apparently the transition from high-
to low- conductance tiles seems to be wider than the opposite transi-
tion. The data is not clear enough to reliably analyze these transitions.
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D.2 Transitions in the chessboard Kondo conductance
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Figure D.3: Differential conductance at zero and finite source-drain
bias voltage as marked by the dotted lines in Figure 5.13 as a function
of magnetic field. Transitions between high- and low-conductance tiles
are shown.
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[20] J. Göres, D. Goldhaber-Gordon, S. Heemeyer, M. A. Kastner, H.
Shtrikman, D. Mahalu, and U. Meirav, Fano resonances in elec-
tronic transport through a single-electron transistor, Phys. Rev.
B 62, 2188 (2000).

162



Bibliography

[21] I. G. Zacharia, D. Goldhaber-Gordon, G. Granger, M. A. Kast-
ner, Y. B. Khavin, H. Shtrikman, D. Mahalu, and U. Meirav,
Temperature dependence of Fano line shapes in a weakly coupled
single-electron transistor, Phys. Rev. B 64, 155311 (2001).

[22] U. Meirav and E. B. Foxman, Single-electron phenomena in semi-
conductors, Semicond. Sci. Technol. 11, 255 (1996).

[23] J. Weis, Electrical Transport Through Quantum Dot Systems (to
be published, 2002).

[24] T. Chakraborty, Quantum dots: a survey of the properties of ar-
tificial atoms, 1. ed. (Elsevier, Amsterdam, 1999).

[25] M. A. Kastner, Transport spectroscopy of a confined electron sys-
tem under a gate tip, Physics Today (January) 24 (1993).

[26] R. C. Ashoori, Electrons in artificial atoms, Nature (London)
379, 413 (1996).

[27] L. Kouwenhoven and C. Marcus, Quantum Dots, Physics World
(June) 35 (1998).

[28] T. A. Fulton and G. J. Dolan, Observation of Single-Electron
Charging Effects in Small Tunnel Junctions, Phys. Rev. Lett.
59, 109 (1987).

[29] U. Meirav, M. A. Kastner, and S. J. Wind, Single-Electron Charg-
ing and Periodic Conductance Resonances in GaAs Nanostruc-
tures, Phys. Rev. Lett. 65, 771 (1990).

[30] M. A. Reed, J. N. Randdall, R. J. Aggarwall, R. J. Matyi, T. M.
Moore, and A. E. Wetsel, Observation of discrete electronic states
in a zero-dimensional semiconductor nanostructure, Phys. Rev.
Lett. 60, 535 (1988).

[31] Schwabl, Quantenmechanik, 4. Auflage (Springer, Berlin, Heidel-
berg, New York, 1993).

[32] V. Fock, Z. Phys. 47, 446 (1928).

163



Bibliography

[33] C. G. Darwin, Proc. Camb. Phil. Soc. 27, 86 (1930).

[34] P. L. McEuen, E. B. Foxman, J. Kinaret, U. Meirav, M. A. Kast-
ner, N. S. Wingreen, and S. J. Wind, Self-consistent addition
spectrum of a Coulomb island in the quantum Hall regime, Phys.
Rev. B 45, 11419 (1992).

[35] D. B. Chklovskii, B. I. Shklovskii, and L. I. Glazman, Electro-
statics of edge channels, Phys. Rev. B 46, 4026 (1992).

[36] K. Lier and R. R. Gerhardts, Self-consistent calculations of edge
channels in laterally confined two-dimensional electron systems,
Phys. Rev. B 50, 7757 (1994).

[37] T. Inoshita, A. Shimizu, Y. Kuramoto, and H. Sakaki, Correlated
electron transport through a quantum dot: The multiple-level ef-
fect, Phys. Rev. B 48, 14725 (1993).

[38] S. de Franceschi, S. Sasaki, J. M. Elzerman, W. G. van der Wiel,
S. Tarucha, and L. P. Kouwenhoven, Electron Cotunneling in a
Semiconductor Quantum Dot, Phys. Rev. Lett. 86, 878 (2001).

[39] C. W. J. Beenakker, Theory of Coulomb-blockade oscillations in
the conductance of a quantum dot, Phys. Rev. B 44, 1646 (1991).

[40] G. Breit and E. Wigner, Capture of Slow Neutrons, Phys. Rev.
49, 519 (1936).

[41] E. B. Foxman, U. Meirav, P. L. McEuen, M. A. Kastner, O.
Klein, P. A. Beld, and D. M. Abusch, Corssover from single-
level to multilevel transport in artificial atoms, Phys. Rev. B 50,
14193 (1994).

[42] S. Pedersen, Aharonov-Bohm Experiments in Mesoscopic Sys-
tems, PhD thesis, Ørsted Laboratory, Niels Bohr Institute fAFG,
University of Copenhagen, Copenhagen, Denmark, 2001.

[43] Properties of Aluminium Gallium Arsenide, edited by S. Adachi
(INSPEC, Gunma University, Japan, 1993).

164



Bibliography

[44] K. v. Klitzing, G. Dorda, and M. Pepper, New Method for High-
Accuracy Determination of the Fine-Structure Constant Based
on Quantized Hall Resistance, Phys. Rev. Lett. 45, 494 (1980).

[45] Halbleiter-Technologie: Eine Einführung in die Prozesstechnik
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